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parabolic equation given by the related Darcy’s law, is proven. Finally, the optimal
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1 Introduction

In this note, we consider a bipolar hydrodynamic model (Euler-Poisson system) in one
space dimension. Denoting by #,, j;, P(n;), i = 1, 2, and E the charge densities, current
densities, pressures and electric field, the scaled equations of the hydrodynamic model
are given by

N1 +jix = 0,
(7 :
]1t+(n1 +P1(n1)> =mE — jrll,
A X
Ny +]2x2= 0, (1.1)
j2t+ (]2 +P2(1’12)> = —an— ?[2’
ny x 2

A.ZEX =MNny —Nnj.

The positive constants 7,(i = 1,2) and A denote the relaxation time and the Debye
length, respectively. The relaxation terms describe in a very rough manner the damp-
ing effect of a possible neutral background charge. The Debye length is related to the
Coulomb screening of the charged particles. The hydrodynamic models are generally
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used in the description of charged particle fluids. These models take an important
place in the fields of applied and computational mathematics. They can be derived
from kinetic models by the moment method. For more details on the semiconductor
applications, see [1,2] and on the applications in plasma physics, see [1,3]. To begin
with, we assume in the present article that the pressure-density functions satisfy

Py(n)=Py(n)=n", y=>1,

and set 7, 75 and A4 to be one for simplicity In particular, we note that y = 1 is an
important case in the applications of engineer. Hence, (1.1) can be simplifies as

Ny +j1x = 0,
(A .
]1t+< +P(n1)> =Tl1E—]1,
ny x
Not +j2x =0 (12)

2
j2t + (]2 + P(n2)> = —an —jz,
ny x

Ex=n1 — Nnj.

Recently, many efforts were made for the bipolar isentropic hydrodynamic equations
of semiconductors. More precisely, Zhou and Li [4] and Tsuge [5] discussed the
unique existence of the stationary solutions for the one-dimensional bipolar hydrody-
namic model with proper boundary conditions. Natalini [6], and Hsiao and Zhang
[7,8] established the global entropic weak solutions in the framework of compensated
compactness on the whole real line and spatial bounded domain respectively. Zhu and
Hattori [9] proved the stability of steady-state solutions for a recombined bipolar
hydrodynamical model. Ali and Jiingel [10] studied the global smooth solutions of
Cauchy problem for multidimensional hydrodynamic models for two-carrier plasma.
Lattanzio [11] and Li [12] studied the relaxation time limit of the weak solutions and
local smooth solutions for Cauchy problems to the bipolar isentropic hydrodynamic
models, respectively. Gasser and Marcati [13] discussed the relaxation limit, quasineu-
tral limit and the combined limit of weak solutions for the bipolar Euler-Poisson sys-
tem. Gasser et al. [14] investigated the large time behavior of solutions of Cauchy
problem to the bipolar model basing on the fact that the frictional damping will cause
the nonlinear diffusive phenomena of hyperbolic waves, while Huang and Li recently
studied large-time behavior and quasineutral limit of L™ solution of the Cauchy pro-
blem in [15]. As far as we know, no results about the global existence and large time
behavior to (1.2) with boundary effect can be found. In this article we will consider
global existence and asymptotic behavior of smooth solutions to the initial boundary
value problems for the bipolar Euler-Poisson system on the quarter plane R, x R,.
Then, we now prescribe the initial-boundary value conditions:

(nlljll nZ/jZ) (xl 0) = (nl()ljl()/ n20/j20) (x) — (n+lj+l n+lj+) as X — +0Q, (13)
and
j1(0,) = 2(0,1) = 0 = E(0, ). (1.4)

Moreover, we also investigate the time-asymptotic behavior of the solutions to (1.2)-
(1.4). Our results discussed below show that even for the case with boundary condi-

tion, the solutions of (1.2)-(1.4) can be captured by the corresponding porous equation
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as in initial data case. For the sake of simplicity, we can assume j, = 0. This assump-
tion can be removed because of the exponential decay of the momentum at x = +e
induced by the linear frictional damping.

Finally, set

o0

(@io, zio) = —f (nio(y) — 71i (y + xi0,0)) dy, jio (x) — ji(x, 0) | ,

X

here the nonlinear diffusion waves (i1, jy, 712, j2) will be defined in Section 2, and the

shift x;o satisty
o0
/ nio (x) — 7; (x + Xio,t = 0)) dx = 0,
0

which can be computed from the standard arguments, see [16-19].
Throughout this article C always denotes a harmless positive constant. L7(R,) is the

space of square integrable real valued function defined on R, with the norm | - llzp(r+)

and HY(R,) denotes the usual Sobolev space with the norm ||-[x.

Now one of main results in this paper is stated as follows.

Theorem 1.1 Suppose that nyy-n,, nyy-n, € L'(R*) and satisfies (2.4) for some dy > 0,
(é100 210, P20, 220) € (H(RY) N LY(R,) x (H*(R,) n L'(RY) x (HX(RY) n LY(R,)) x (H?
(R,) n L*(R,)) with x19 = % and that

Imo — nellpyr,) + In20 — Nl w,) + (@10, 920) 13 (R) + 1210, 220) |12 (R

+ll910, P20ll11(R,) + 11210, 220) I (R,) + 60 K 1

hold. Then there exists a unique time-global solution (ny, j1, na, jo)(x, t) of IBVP (1.2)-
(1.4), such that for i = 1,2,

ni — i € Ct (o, o0, H2 ([R+)>, k=0,1,2,
ji=jie ¢ (0,00, H'* ®R)), k=01,

EeCt (0, o0, H3 ([R+)>, k=0,1,2,3,

and
k
—fi1, Ny — 7p) <C(1+t) 2, k=0,1,2, (1.5)
I2(R,)
c k+2 I

, <C(l1+t) 2, =0,1,2, 1.6
(]1 ]1 j2 — ) 2R (L+1) (1.6)

k <Ce™, k=0,1,2
X L2(|R+) —_— e I’ I’ 7 I’ (1.7)

where a > 0 and C is positive constant.
Next, with the help of Fourier analysis, we can obtain the following optimal conver-
gence rate.
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Theorem 1.2 Under the assumptions of Theorem 1.1, it holds that

2k+3
k n n - —
dy (= 1y, g — 1) . C1+1)” 4+, k=01, (1.8)
-1
l(ny —ny,ny — 7_12)”1})([&) <C(l+t) %, 2<p<+00, (1.9)
. 3 . 3 75
|G =jrj2 =72) | e,y = C(L+1)74. (1.10)

Remark 1.3 The condition (2.4) implies
o0
/ (mo(x) — nao(x)) dx =0,
0

and it is a technique one. As to more general case, we will discuss it in the forthcom-
ing future. Theorems 1.1 and 1.2 show that the nonlinear diffusive phenomena is main-
tained in the bipolar Euler-Poisson system with the interaction of two particles and the
additional electric field, which indeed implies that this diffusion effect is essentially due
to the friction of momentum relaxation.

Using the energy estimates, we can establish a priori estimate, which together with local
existence, leads to global existence of the smooth solutions for IBVP (1.2)-(1.4) by stan-
dard continuity arguments. In order to obtain the asymptotic behavior and optimal decay
rate, noting that E = ¢; - ¢, satisfies the damping “Klein-Gordon” equation (see [14,15]),
we first obtain the exponential decay rate of the electric field E by energy methods. Then,
we can establish the algebraical decay rate of the perturbed densities ¢; and ¢,. Finally,
from the estimates of the wave equation with damping in [20] and using the idea of [16],
we show the optimal algebraical decay rates of the total perturbed density ¢; + ¢,, which
together with the exponential decay rate of the difference of two perturbed densities, yields
the optimal decay rate. In these procedure, we have overcome the difficulty from the cou-
pling and cancelation interaction between #; and #,. Finally, it is worth mentioning that
similar results about the Euler equations with damping have been extensively studied by
many authors, i.e., the authors of [16-19,21,22], etc.

The rest of this article is arranged as follows. We first construct the optimal nonlinear
diffusion waves and recall some inequalities in Section 2. In Section 3, we reformulate the
original problem, and show the main Theorem. Section 4 is to prove an important decay
estimate, which has been used to show the main theorem in Section 3.

2 The nonlinear diffusion waves
In this section, we first construct the optimal nonlinear diffusion waves of (1.2) in the
quarter plane. To begin with, we define our diffusion waves as

i =n, +80p(x, L+ 1), j1=—P@),, i=1,2.

Here the function ¢(x, ¢ + 1) (here using ¢ + 1 instead of ¢ is to avoid the singularity
of solution decay at the point ¢ = 0) solves

S0t — P(ny +309) =0, (x,0) € Ry x Ry,
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namely,
1
¢ — P'(n)ay = o (P(n. +80p — P(n,) — P'(n.)¢) . (x1) € R xR,

with the initial boundary values
Oxlx=0 =0,  Plizsoo =0, @lio = d’(xr 1) =! ¢0(x)

Where ¢y(x) is a given smooth function such that
o0
#o@) eL'®) and [ () 20,
0
and d is a constant satisfying

/ (nio(x) — ny) dx — 8o / $o(x)dx = 0.
0 0

(2.1)

(2.2)

(2.3)

(2.4)

Note that from the assumptions in Theorem 1.1 and (2.3), there exists J, satisfies

(2.4).
The existence of ¢(x, t) has been shown in [16], and the following estimates of ¢(x, £)
hold:
ok —(4j+2k+1)/4
0,0, ¢ LR < Cop(1 +1) ,

Ipuellpr(r,) < C8o(1 + 1)~

with the help of the Green function method and energy estimates.
Then (n3, j1, 12, j2) (%, t) is the required nonlinear diffusion wave, and satisfies

flic +jie = 0, ji = —P(iiy)x,
with the boundary restrictions

Nixlx=0 = 0, Nily=so00 = N4
From (2.5) and (2.6), we have

Lemma 2.1 If (7i;,ji) (% ©) is defined as above, then

< C(So(l " t)7(4l+2k+1)/4,

dlok (n; —n,) .

el g,y < Coo(1 + )2,

Next, we introduce some inequalities of Sobolev type.
Lemma 2.2 The following inequalities hold

e, = Clfll pel2 o0l

for some constant C > 0.
Finally, for later use, we also need

(2.5)

(2.6)

(2.11)
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Lemma 2.3 [20]Assume that Ki(x, t)(i = 0,1) are the fundamental solutions of

Kiy + Ky — Ky =0, 1=0,1

with

Ko(x,0) =4(x), Ki(x,0)=0, jtKo(x, 0) =0, jtKl (x,0) =5(x),

where d(x) is the Delta function.
Iffe L'(R,) n H**Y(R,), then

ol / (Ki(x =y 1) — Ku(x +7,0) F()dy
0

I12(R,)
. 2k+1
<C(1+t)7" 4 (HfHLl([RJ + ||f||j+k—1)'
Iffe L"R,) n H*XR,), then
3ok / (Ko(x —y,t) = Ko(x +y, 1)) f(y)dy
0 L2(R,)

F+1

. 2k+
=07 (e, + If1,00)-

3 Global existence and algebraical decay rate

Page 6 of 13

(2.12)

(2.13)

In this section we are going to reformulate the original problem and establish the glo-

bal existence and algebraical decay rate. To begin with, from (1.2) and (2.7), we notice

that

(Tli - ﬁi)(x, t) = (Ttio — n+)dx — 3o ¢0(x)dx =0, i=1,2.
[rmmeo-] [

Thus, it is reasonable to introduce the following perturbations as our new variables

o0
¢i=— / (ni - T_ll)()’/ t)dYI Zj =ji _jil
X

which yields

Pt +21 = 01

ny + Q1x
@ +22 =0,

X

Ny + @ox N
Yot +27 = 01
E= $1 — $2,

(91,21, 92,22) ¢ = (@10, 210, P10, 210) (%),
(01, 92)Ix=0 = 0.

= 5\2
Zy + ((_Zl +j1) +P(iy +§01x)_P(ﬁl)> +21 = (M1 + ¢1)E + P(111)

<12
) + _ _ _ _
2ot + ((_2 j2) +P(ny + ¢ax) — P(n2)> +2y = —(Na + @ox )E + P(112)x;

(3.1)
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Further, we have

@1 — (P (1 + @1x) — P(71)) + @1 + (711 + 91x)E = P(i1 )t + frxs (3.2)

9o — (P(fi2 + @2r) — P(112)), + @20 — (712 + 92x) E = P(7i2) st + frxs (3.3)
and

Ey +E + (1 +m)E = f3, (3.4)
here

(¢ic + P(n)x)?
Ji= i + Qi
f3 = =P(11)xt + P(2)w + (P(711 + ¢1x) — P(111)),
— (P (2 + 920) — P(112)), — (91x + 02)E + (i — f2) .

, 1=1,2,

Next, by the standard continuous arguments, we can obtain the global existence of
smooth solutions. That is, we combine the local existence and a priori estimate. For
the local existence of the solution to (3.2)-(3.3), we see, e.g., [20] and references
therein. In the following we devote ourselves to the a priori estimates of the solution
(¢1, P2, E)(O <t <T) to (3.2)-(3.3) under the a priori assumption

2
+(1+ t)kJ'2
12(R,)

2
CHETEEN] )) <1

¥ (p1, 92)

N(T) := sup <(1 +1)f

0<t<T
Noting
(Pi(or t) = (Pit(or t) = (Pixx(oz t) = (Pitxx(or t) = Or l = 1/ 2/

we can obtain the following estimates by using a similar argument of [14]. Since the
proof is tedious but similar as in the previous works, we only list the results and omit
its details.

Lemma 3.1 For T > 0, let (¢1, ¢, E)(x, £) be the solution to (3.2)-(3.3). Then, it holds
for N(T) + 0q that

T
|0 @) + | (e10, <P21/E)H§+/ | (01, 920, 010, 020, E) |3 it 53
35
0

= C(llgro, 02013 + [ (Z10.220) 3 + 8o )

Lemma 3.2 For T > 0, let (¢1, ¢o, E)(x, £) be the solution to (3.2)-(3.3). Then, it holds
for N(T) + ¢ that

2 _
I(E, Ex, Et, Exx, Ext, E0)II* < C (||§01of 92013 + || (10, 220) |5 + 50) e, (3.6)

for some positive constant f.
Lemma 3.3 For T > 0, let (¢1, ¢o, E)(x, t) be the solution to (3.2)-(3.3). Then there
exist positive constants C such that

k
<C(1+t)" 2, k=0,1,2,3, 3.7
D (3.7)

3;{(%/ ®2)
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k+2
<C1+t)” 2, k=0,1,2, (3.8)

3,}5(«21,«?2) LRy S

and

(1 + 1) llz1s 22cllp2 (v,
i (3.9)
+ (1072 (1@ 20 2w, + 1 G 220) l12(r,)) < C.

In conclusion, we have
Theorem 3.4 Under the assumptions in Theorem 1.1, there exists a unique time glo-
bal solution (¢1, z1, P2, 22) of the IBVP (3.1) such that

o1, 92, E € C*0,00, H**(R,)), k=0,1,2,3, (3.10)

21,25 € C(0,00, H**(R,)), k=0,1,2, (3.11)

and there exist positive constants C, o such that

k
(e, <C(1+1t)"2, k=0,1,23, 3.12
. (01,92) . (1+1) (3.12)
1 _k+2
)|, SCO+072, k=012 (3.13)
||(EI Ex/ Etl Extl EXX)HLZ([RJ =< Ce*ﬂtt, (314‘)

and

(1 + ) llz1s 220llp2 (v,
(3.15)

5
+(1+6)72 (i 22 2w, ) + 110 220) 2(w,) < C.

4 The optimal convergence rate
In this section we are going to show the optimal decay rate. First of all, we improve
the decay rates in Theorem 3.4 to be optimal as follows.

Proposition 4.1 Under the assumptions in Theorem 1.1, the solution (¢, z1, ¢o, 22)
decay time asymptotically as

2k+1
<C(1+t)” 4, k=012, (4.1)
2(R.)

aalcz((/)ll ©2)

5
||(ZIIZ2)||L2([RJ <C(1+¢t) 4. (4.2)

Based on the above Proposition, we can immediately prove Theorem 1.2.
Proof of Theorem 1.2 Thanks to Proposition 4.1, and by noting that

@ix = N — 7, i = j; — ji» we have

Page 8 of 13
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(o1, 02)(0)

(o1, 02)(0)

2(k+1)+1
<C(1+t)- 4 , k=01,

O (ny — iy, ny — y) (1)

12(R.) L(R,)

=

L2(R,)

and

11 =12 =) Ol ey = 16120 e
<C(1+ t)_i.

This proved (1.8) and (1.10). Next, using Lemma 2.2, we get
p—2 2
I =l < I =l gy Im =l g
p—2
p

2
”nl - ﬁl ”l’;(lRJ

1 1
=< <\/2 ”nl - 7711||L22(IR+) ” ax(nl - ﬁl)”fz(RJ)

p—2 ﬂ*2+2 p—2
_ 2 — 2
=272 ”nl —m ”LZE)[R*)p HBX(nl - nl)HLZFIRJ

,3X(P—2+2) 5 =2
<C(+t) ¥\ P)4+r)y 4" »

<C(1+ t)f(llel’),

and

p—2 2
I = 2 llpw,y < lln2 = f2ll L 12 = A2l e
p—2
1 1 p 2
= ‘/2 lny — ﬁ2||52(9;+) ” 0x(n2 — 12) ||L22([R+) lln2 — ﬁleLPZ([R*)

p—2 p72+2 p—2
- 2 - 2
=27 |Iny = ol () 18:(n2 = 7i2) | (i

_3X(p72+2) 5 2

<C(+t) ¥\ P4y 4" »
1

<C(1+ t)_(l_zf’).

This prove (1.9).
In the following we focus on the proof of Proposition 4.1. To begin with, we notice
that

(1 +92)u — P'(n)(@1 + @2)xe + (91 + 92): = F, (4.3)
with

F = (P(f1 + @1x) — P(711) — P'(n.) 1), + (P(712 + @2x) — P(2) — P'(n2)enx)
— P(711)x — P(12)xt — (@12 + ©22)E + (f1 + f2)x-

Proof of Proposition 4.1. Firstly, we prove the optimal decay rates for

3f(§01,§02)HL2(k =0,1,2), namely, (4.1). By (4.3) and Lemma 2.3, we obtain
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(o1 + 02)(x, 1)

o]

= / (Ko(x = y,t) = Ko(x + ¥, 1)) (10 + 920) (¥)dy
0

+ / (K1 (x—y,t)—Ki(x+y, t)) (z10 +220) () dy s
0

+

o _

/ (Ki(x—y,t — 1) — Ki(x+y,t — 7)) F(y, T)dydr.
0

By differentiating (4.4) k-times (k = 0, 1, 2) with respect to x, and by taking its L*(R

+)-norm, we obtain

(1 +@2)(1)

(R,)

= | f (Ko(x — 7,1) — Ko+ 3, 1)) (@10 + 020) 1)y
0 L2([R+)
f"" (4.5)
0

+ (Ki(x =y, t) = Ki(x +y,1)) (210 +220) (y)dy

12(R,)
o0
+/ Bf/(Kl(x—y,t—r)—Kl(x+y,t—t))F(y,r)dy dr.
0 0 LZ([R,,)

Since ¢ + ¢ao € L'(R,) n H*(R,) and z10 + 200 € L'(R,) N H*(R,), we apply
Lemma 2.3 then to have

[e¢]

89}:/ (Ko(x =y, 1) = Ko(x +7, 1) (@10 + 920) (v)dly wo
° P(R,)
< C(llgr, 920 l2(r.) + 010, 20115) (1 + 1)~k
and
i~
/ (Kl (x—y 1) = Ki(x+y, t)) (210 + 220) (¥)dy
0 e 4.7)
< C(llz10, 220l (R, + 1210, Z20112) (1 + 1)~ ()4

fork=0,1, 2.
Now we are going to estimate the last term in (4.5). By Taylor’s expansion, and by

noticing the definition of F, we have

|F| ~ O(1) (Ifinfine] + vl + (1 — n2)re) | + (i — n2) 20|
+ |ﬁ1x| + |(<ﬂ%x)x| + |(<P%x)x| + Q1] + |§0%[ﬁ1x| + |Qou@2x| + |§0%[ﬁ1x|

+ |0 01| + |03 025| + | (@1 + 02),E

’
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and
aFF| ~ 0(1) ([0*7 7 7 (A — k(7 —
» x| + |0 Maxe | + x((ﬂl n+)<ﬂ1x)x + |0, (11 — 1y )ga),
len k( 2 k( 2 k k2= k
+ 8xnlx + 3x(</?1x)x + 3x(<ﬂ2x)x + 8x(p1xl(p1x + 3x<.01;"1x + 8x§02xt(p2x
w|otgdin + [oletona] + [keien + |0k(01 + 92),B)|.

From (2.9), (2.10), and (3.12)-(3.15), and by Holder’s inequality, then the L'-norm for

F can be estimated as follows

IFll g,y < C(1+ )7 + Ce®". (4.8)

Similarly, we can also prove
IFll, < C(1 + )32 + Ce™®". (4.9)

By noting (4.8), (4.9) and 3/2 > 5/4 = (2k + 1)/4 for k = 0, 1, 2, and applying Lemmas
2.2 and 2.3, we obtain optimal rates for the last term of (4.5) as follows

t

/

0

o0

Bﬁf(Kl(x—y,t—r)—Kl(x+y,t—r))F(y,r)dy
0

dt

I2(R,)

t
<c / (1+ =) D (g, + [IFll) de (4.10)
0

¢
= C/ (1+¢—) G ((1 )7 (e e_‘”) dr
0
< C(l + t)_(2k+1)/4.

Applying (4.6), (4.7) and (4.10) to (4.5), we have

2k+1
<C(1+t)” 4, k=0,1,2. 4.11
ey €D (.11)

3;{(901 +¢2)

Moreover, recall that

<Ce™, k=0,1,2. (4.12)

olor =), =

Therefore, (4.11), (4.12) and the triangle inequality lead to (4.1).
Now, we are going to prove (4.2). It is well known that

(71 +22)(x,t) = (1 + 92)(, 1)
- Bt/ (Ko(x —yt) —Ko(x+y, t)) (10 + 920) (y)dy
0

+ 3t/ (Ki(x =y, t) = Ki(x +y, 1)) (210 + 220) (y)dy
0 (4.13)

t

+

Bt/ (Ki(x—y. t — 1) —=Ki(x+y,t — 7)) F(y, )dydr
0

+ | (Ki(x —,0) — Ky (x +7,0)) F(y, t)dy.

oty O —,
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By making use of the fashion as before, then Lemmas 2.2 and 2.3 help us to reach
the goal

21 + Z2ll 2w,y = | (o1 + (pZ)tHU([R,,)

[e¢]

= at/ (Ko(x -y t)—Ko(x+y, t)) (@10 + @20) (y)dy
0 L’(R,)

+ at/ (Kl (.X' - t) —K; (.X' +7Y, t)) (Z10 + Zzo)()/)d)/
0 12(R.)

at/(Kl(x—y,t—r)—Kl(x+y,t—r))F(y,r)dy dr
0 2(R,)

t
°f
0
50
o | [ =, 0) = KaGarp,0)) FO 0y
0 L2(R,)
< C(llgo + @20llar.) + @0 + ¢20ll3) (1 +1)~/* (4.14)

+C (llz10 + 220/l (. + 1210 + 220115) (1 + )74
t
—5/4
+c/ (1+t—7) " (IFl g, + IFll,) de
0

+ C(IFlLig,) + IF1l2)
< C(llgw + @20l + oo + @20ll5) (1 + O

+C (llz10 + 220/l (R, + 1210 + 220ll5) (1 + €)™/
t

0

+C ((1 + t)_5/4 +(1+ t)_s/2 + 67“t>
<C(1+1)7

On the other hand, (3.14) gives
lz1 = 22ll2g,) = o1 = @2ll2w,y = 1B 2(R,) < CE™*. (4.15)

Combining (4.14) and (4.15), and using the triangle inequality, we can obtain (4.2).
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