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Abstract

In this article, by the fixed point theorem in a cone and the nonlocal fourth-order
BVP's Green function, the existence of at least one positive solution for the nonlocal
fourth-order boundary value problem with all order derivatives

u@ () + Au”(t) = Af(t,u(t), ' (1), u’(t), u" (1)), 0<t<l1,
u(0) = u(1) = fy pls)u(s)ds,
u’(0) =u"(1) = fol q(s)u”(s)ds

is considered, where f is a nonnegative continuous function, A >0, 0 <A < 7%, p, g €
L[0, 1], p(s) = O, g(s) = 0. The emphasis here is that f depends on all order derivatives.

Keywords: fourth-order boundary value problem, fixed point theorem, Green'’s func-
tion, positive solution

1 Introduction
The deformation of an elastic beam in equilibrium state, whose two ends are simply
supported, can be described by a fourth-order ordinary equation boundary value pro-
blem. Owing to its significance in physics, the existence of positive solutions for the
fourth-order boundary value problem has been studied by many authors using non-
linear alternatives of Leray-Schauder, the fixed point index theory, the Krasnosel’skii’s
fixed point theorem and the method of upper and lower solutions, in reference [1-10].
In recent years, there has been much attention on the question of positive solutions
of the fourth-order differential equations with one or two parameters. By the Krasno-
sel’skii’s fixed point theorem in cone [11], Bai [5] investigated the following fourth-
order boundary value problem with one parameter

u®(6) + pu”(t) = Af(t, u(t), u'(t)), 0<t<1,
u(0) = u(1) = g p(s)u(s)ds,
u’(0) =u"(1) = [y q(s)u’(s)ds,
where A >0, 0 < B < 7% f C([0, 1] x [0, o) x (-o0, 0], [0, o)) is continuous, p, g € L[0, 1],
p(s) 20, gq(s) 20, fol p(s)ds < 1, fol q(s) sin/Bsds + fol q(s) sin/B(1 —s)ds < sin /B -
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By the fixed point index in cone, Ma [7] proved the existence of symmetric positive
solutions for the nonlocal fourth-order boundary value problem

u® () = h(O)f(tu(t)), O0<t<l,
u(0) = u(1) = [, p(s)u(s)ds,
w'(0) = u’(1) = [ q(s)u’(s)ds.

All the above works were done under the assumption that all order derivatives «’, u”,
u" are not involved explicitly in the nonlinear term f. In this article, we are concerned
with the existence of positive solutions for the nonlocal fourth-order boundary value

problem

u (6) + Au(t) = Af (t, u(e), ' (1), ' (1), u”(t)), O <t<1,
u(0) = u(1) = [ p(s)u(s)ds, (1.1)
w'(0) =u'(1) = [ q(s)u" (s)ds.

Throughout, we assume
(H) A >0,0< A < 7%

(H,) £ [0, 1] x R* > R* is continuous, p, g € L[0, 1], p(s) = 0, g(s) > 0, fol p(s)ds < 1,
[ q(s) sin V/Asds + [} q(s) sin v/A(1 — s)ds < sin VA

We will impose all order derivatives in f and make use of two continuous convex
functionals which will ensure the existence of at least one positive solution to (1.1). Bai
[5] applied Krasnoselskii’s fixed point theorem. Ma [8] used fixed point index in cone
and Leray-Schauder degree. In this article, to show the existence of positive solutions
to (1.1), we define two positive continuous convex functionals. Then, using the new
fixed point theorem [12] in a cone and the nonlocal fourth-order BVP’s Green func-

tion, we give some new criteria for the existence of positive solutions to (1.1).

2 The preliminary lemmas
Let Y = C[0, 1] be the Banach space equipped with the norm

[lu()llo = max |u(r)].
te[0,1]

Set A,, A, be the roots of the polynomial P(1) = A*> + AL, namely A, = 0, A, = -A. By
(H,), it is obviously that -77* < A, <0.
Let Qy(t s), Qa(t, s) be, respectively the Green’s functions of the following problems
{—u”(t) +Aau(t)=0, O0<t<l, { —u"(t) +2u(t)=0, O0<t<l,
u(0) = u(1) = fy p(s)u(s)ds, u(0) = u(1) = [, q(s)u(s)ds.

Then, carefully calculation yield

3 G (s, x)p(x)dx

Ql(t, 5) = G1(t, S) + 1 fol p(x)dx ,

[sin VAL +sin VA(1 — t)] I Ga(s x)q(x)dx

QU =Gl G a2 g sin At — [} q(a)sin VA - )
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_s(1—1t), 0<s=<t=<1,

Gl =11-s), o=t=s=1,
sin v/Assin vA(1 — t) <1
Gz(t,5)= \/Asin\/A ' -

sin VAt sin vA(1 — s)
, t<s<l1

VAsin VA
Denote

1
w1 = 1 ’
1= Jo p(x)dx

w(t) = sin VAt + sin v/A(1 — t)

sin VA — fol q(x) sin v/Axdx — fo1 q(x) sin VA(1 — x)dx

Lemma 2.1. [5] Suppose that (H;) and (H3) hold. Then for any y(¢£) € C[0, 1], the
problem

u® @)+ Au"(t) = y(t), 0<t<1,
l u(0) = u(1) = f p(s)u(s)ds, 2.1)
u’(0)=u"(1) = fol q(s)u”(s)ds.

has a unique solution

u(t) =//Ql(t,s)Qz(s,t)y(r)drds, (2.2)
00

where

1
Q1) = Ca(t) + o1 [ Gl p
Qa(5,7) = Ga(s, 7) + a)z(s)/o G2 (7, x)q(x)dx.

By (2.2), we get

1 1 1 1
u'(t) = Qa(s, v)y(v)dzds — sQa(s, T)y(t)drds; (2.3)
[ [
1
w0 -~ [ Qoo (2.4
0
F o
u"(t) = — / Qza(ttlr)y(t)dt. (2.5)
0

Lemma 2.2. [5] Assume that (H;) and (H,) hold. Then one has
(1) Qdt 5) 20,V se [0, 1]; Qft, s) >0, V4, s € (0, 1);

(i) G(t, s) = b;Gi(t, )Gy(s, s), Vt, s € [0, 1];

(iii) Gt s) < ¢;Gy(s, s), Vt, s e [0, 1].

Page 3 of 12
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where b; = 1, b, = V/Asin/A; a1 =1, 62 =

sinvA
Let

min w;(t)

d in b;G i=1,2 4=
;= min biGi(t,t),(i=1,2);& = )
a3 it 0 ( )i max w,(t)

45t=y U~

45t=y

Lemma 2.3. [5] Suppose that (H;) and (H,) hold and w,, d;, &; are given as above.
Then

one has

(i) maxws(t) = @2 (3);

(@) 0<di<1, O0<é&<l.
Lemma 2.4. If y(t) € C[0, 1] and y(¢) > 0, then the unique solution u(f) of problem

(2.1)
satisfies
. . d
min_u(t) > dyllullo, min_ (—u"(1)) = 2 .
2

Proof. By (2.2) and (iii) of Lemma 2.2, we get
1 1
u(t) =/(; /o Q1(t, s)Qa(s, t)y(r)drds
1 1 1
Gi(s, Gi(s, d ’ dtd
S/O /0 |:Cl 1(s s)+a)1/0 1(s, x)p(x) x] Qa(s, 7)y(r)drds
1 1 1
=/ / |:Gl(s, s)+a)1/ Gi(s, x)p(x)dx] Qz(s, t)y(r)drds
0o Jo 0
1 1
=/ / Qi1(s, $)Qa(s, t)drds.
o Jo
So,

1 pl
lullo < f [ Q1(55)Qa (5, 7)deds.
o Jo
Using (if) of Lemma 2.2, we have
1 1
1minsu(t) = lr£1[i<n3/0 /0 Q1 (t, $)Qa(s, 7)y(r)drds
4—="=4

<t<
11
min f / [b1G1(t, t)Gi(s, $)
15‘52 o Jo

45I=y
1
+ W] {Gl(s, x)p(x)dx]Qa(s, 7)y(z)drds

v

1,1 1
=/ / I:dIGI(s, s)+ w1 [Gi(s, x)p(x)dx] Qa(s, 7)y(r)drds
0 0 0
1 1 1
> d1/0 /0 |:Gl(s, s) +a)1/0 Gi(s, x)p(x)dx] Qa(s, 7)y(t)drds

=d; /: /01 Qi (s, $)Qa(s, t)y(r)drds

> dy|lullo-
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By (2:4) and (iii) of Lemma 2.2, we get

1
g (-u(0) = max | @ oy

4=t=y4

1
5/ ¢2Gy(7, )+ max wz(t)}cz(l', x)q(x)dx | y(7)dr
0 1_,.3 0

45154

1 1
<c max a)z(t)/(; [Gz(t, T) + ng(r, x)q(x)dx] y(r)dr.

3
4Si=y

So,

1 1
' [lo < ¢ max, a)z(t)/ |:G2(r, 7) +/ Ga(z, x)q(x)dx] y(z)dr.
4§t§4 0 0

Using (if) of Lemma 2.2, we have

3
4Si=y

1
min (—u"(t)) = min / Qa(t, 7)y(r)dr
1 1_,.3Jo

4=St=y

> min3/0 |:b2G2(t, t)Ga(t, r)+w2(t)/0 Gy(z, x)q(x)dx] y(t)dr

4St=y

1 1
2/ |:bzG2(t, t)Ga(z, )+ 1min3wz(t)/ G (7, x)q(x)dxi| y(r)dr
0 4=t=y 0

= /1 |:de2(1’, 7)+ min wz(t)/l Gy(z, x)q(x)dxi| y(r)dr
0 1,3 0

4St=y

1 1
>d, 1rilti<r13a)2(t) /(; |:G2(r, 7) +/0 Gy (7, x)q(x)dx] y(r)dr
4515y

min w,(t)
dy 4=t=4

"
u
2 s a0

451%y

_
2

11w llo-

The proof is completed.

Let X be a Banach space and K € X a cone. Suppose @, 3: x — R are two continu-
ous convex functionals satisfying a(Au) = |A|o(u), B(Au) = [A|B(u), for ue X, A € R,
and ||u|| £ M max{a(u), B(u)}, for u € X and o(u) < ov) for u, ve K, u < v, where M
>0 is a constant.

Theorem 2.1. [12] Let o > r; >0, L >0 be constants and

Qi={ueX :a)<rn Bu) <L}, i=12
two bounded open sets in X. Set
Di={ueX : a(u)=rn}, i=1,2.

Assume T: K — K is a completely continuous operator satisfying

Page 5 of 12
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(A) o(Tu) < ri,ue Dy NK; o(Tu) > ry, ue Dy NK;

(Ay) B(Tu) < L, ue K;

(A3) there is a p € (Qy N K) \ {0} such that a(p) = 0 and o(u + Ap) > a(u), for all u
e Kand 4 > 0.

Then T has at least one fixed point in (£2,\£21) NK.

3 The main results

Let X = C*0, 1] be the Banach space equipped with the norm
ul| = max |u(t)| + max |v/(t)] + max |u”(t)] + max |u”(t)],

] = max (o) + max /()] + max (6] + max u” (1) and
. /" : : 1" do§ " :
K=queX:u(t)>0, u'(t) <0, min u(t) > dillullo, min (—u"(1)) = . [lu”llo ¢ is a cone

4=t=y 4=t=y 2
in X.

Define two continuous convex functionals (%) = tg[l(?f] lu(o)l + tIeI[l(?)l(] [u’(1)] and
_ / "
Bu) = max ' ()] + max [w”(O1, for each u e X, then ||u|| < 2 max{o(u), B(u)} and

o(Au) = [Aolu), BAu) = [A|B(w), for ue X, A e R olu) < a(v) for u, ve K u < v.
In the following, we denote

1 1
B =f / Qi (s, 5)Qa(s, t)drds,
01 0 :
D= [ erte e () Gate, o] ar

1 1
F= f sin vAtdr
sin+/A Jo

. VA [} [ Go(t, x)q(x)dxdr
sin /A — [ q(x) sin vAxdx — [} q(x) sin VA(1 — X)dx’
1 1 2

= s M= s M2 = ’
B+62D 3 362D+4F

JiQ (3. r)dr
4

no 0=min{d1 dz.‘;'}'

27 2¢,

We will suppose that there are L > b > 0b > ¢ >0 such that f(t, u, v, uy, vo) satisfies

the following growth conditions:

(H3)f(t, u, v, up, vo) < Czﬂ, for (t, u, v, uo, vo) € [0,1] x [0, ¢] x [-L, L] x [—¢, 0] x [-L, L],

(Ha) f(t, u, v, uo, vo) > bzl,for(t, u, v, U, Vo) € [‘;, :] x [0b, b] x [-L, L] x [=b, 0] x [-L, L]
U[1 3]x10, b] x [-L, L] x [=b, =6b] x [-L, L],

(Hs)f(t, u, v, ug, vo) < Lzz,for(t, u, v, U, vo) €[0,1] x [0, b] x [-L, L] x [=b, O] x [-L, L].

Let fi(t, u, v, uo, vo) = fi (&, u*, v*, uf, vj), where

u* = min{max(u, 0), b}, v* = min{max(v, —L), L},

uy = min{max(uo, —b), 0}, v5 = min{max(v, —L), L}.

We denote

(Tu)(t) = A//Ql(t, $)Qa(s, T)f1(z, u(z), v (z), u'(x), u”(r))dzds, (3.1)
00
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(Tu), (t) =A {/“/‘QZ(S/ T)f] (f, u(r), u’(r), u”(‘[), u”’(r))drds
0

t

11 (3.2)
—//st(s, Ofi(z, u(r), v'(z), u”(‘t’),u”’(r))d‘rds:|,
1
(10)(0) = =3 [ Qalt, (e, u(e), u(0), u' ()l (2D, (3
0
1 0
(Tw)"(t) = —A/ Qza(tt't)fl(r, u(z), v'(z), u'(z), v (7))dr. (3.4)

0

Lemma 3.1. Suppose that (H;) and (H,) hold. Then T: K — K is completely
continuous.

Proof. For u € K, by (3.1), (3.3) and Lemma 2.2, it is obviously that Tu > 0, (Tu)" <
0. In view of ¢; = 1, ¢y >1, so

[ITullo = max

max A/: /01 Qi(t, $)Qa(s, D)f1(t, u(z), v/ (z), u'(zx), v (z))dzds

5)\/01/: [c1G1(s. s)
1

+a)1/0 Gi(s, x)p(x)dx]Qa(s, T)f1(z, u(z), v (z), v'(z), u”(z))dzds

= )‘/1 /1 Qi(s, 9)Qa(s, T)fi(z, u(z), v'(zx), v' (), u"(v))drds,
o Jo

170 = max ]—x / LQult, (e, (@), W@, W' (w), W ())de

< )»/1 [CQCQ(T, 'L')
0

1
+ max wz(t)/o Ga(z, x)q(x)dx]fr(z, u(z), v'(z), u’(z), u"(z))dr

3
4=t=y

< 1max3w2(t) /01 [Gz(r, 7) +/O1 Ga(z, x)q(x)dx}

4St=y

x fi(z, u(z), v'(z), v'(z), v (7))dr.

Page 7 of 12
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By Lemma 2.3, (3.1) and (3.3), we have

min

1 p1
T (Tu)(t) = lril[ii]3)"h/(; /(; Qi1(t, $)Qa(s, )fa(z, u(r), v (z), v'(x), v (r))drds
4=t=y 4==y

11
= }u/(; /(; [b]Gl(t, I)Gl(S, S)
+w1/0 G1(s, 2)p(x)dx]Qa(s, T)fi(z, u(z), v'(z), u’(z), " (z))drds

:A/Ol /01 [dlcl(s, s) + w1 /01G1(5r X)P(x)dx]

x Qa(s, D)fi(z, u(z), v (z), u'(z), v (r))drds

> dlkzZQl(s, $)Qa(s, T)f1(z, u(z), v'(zx), u'(z), v (v))drds
> di|Tullo,

g{i:i(*(Tu)”(f)) = lfilirg /01 Qa(t, Dfi(x, u(z), w(7), w'(x), w”(r))dr

455y

1
> lmin3/ [b2Ga(t, £)Ga(T, T)
4st=3 70

1
+wy(t) /(; Ga(t, x)q(x)dx]fi(z, u(z), v'(x), u"(z), u"(z))dr
> /] [bzcz(l, t)Cz(T, ‘L’)
0

+ min
1

1
3a)z(t) /o Ga(t, x)q(x)dx]fi(z, u(z), v'(z), v"(x), u"(z))dz
4Sf54
1
=/ [dzCz(T, T)
0

+ min w,(t) fl Ga(z, x)q(x)dx]fi(z, u(z), v'(z), u'(z), u"(z))dc
<t< 0

1__3
45ty
1
> d, min w,(t) / [G2(z, T)
a0

1

+/(; Ga(t, x)q(x)dx]fi(z, u(z), v'(x), u"(x), u"(z))dr
min w,(t)

4 13

)’
=6 max a)z(t)H( )Mo

4=1=4

d /1
> P8y,
(%]

So we can get T(K) <€ K: Let B € K is bounded, it is clear that T(B) is bounded.
Using f1, Q1(¢ s), Qx(¢ s) is continuous, we show that T(B) is equicontinuous. By the
Arzela-Ascoli theorem, a standard proof yields 7: K — K is completely continuous.

Theorem 3.1. Suppose that (H;)-(Hs) hold. Then BVP (1.1) has at least one positive
solution u(t) satisfying

c<a(u)<b B(u) <L

Proof. Take

Q={ueX :aw)<c Bu)<L}, Q={ueX:aw)<bdb Bu) <L}

Page 8 of 12
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two bounded open sets in X, and
Di={ueX : a(u)=c}, Dy={ueX: a(u)=">}.
By Lemma 3.1, T: K — K is completely continuous. Let
p= i € (22 NK\{0}, a(p) #0. It is easy to see that a(u + Ap) = o(u), for all w € K

and 4 > 0.
Let u € D;, we have

[|Tullo = rnax‘ / / Qi(t, $)Qa(s, )fi(z, u(z), v (z), u'(z), u”(r))drds
< )\/0 /0 |:61G1(s, s) +a)1£G1(5, x)p(x)dx]Qz(s, 7)drds X
1 el
=cn0/0 /0 Q1(s, 5)Qa(s, T)drds

= Beno,

[1(Tu)"|lo = LIeI[lél,Xl] ‘_)\/01 Qa(t, Dfi(z, u(z), v'(z), v'(z), v (v))dr

1
< A/O |:6sz(1, ) +w (;)ZGZ(T' x)q(x)dx]dr X CZO

1 1
< czcm){[(;z(t, )+ w (;) {Gz(r, x)q(x)dx] dt
= ¢2Deno,
Hence, for u € D; N K, ofu) = ¢, we get

a(Tu) = ||Tullo + |1(Tu)"|lo < Beno + caDeng = (B + ¢2D)eno = c.

Whereas for u € D, N K, o(u) = b, there is |u||g > g or ||u’|lp > z, By Lemma

2.4, we get
) ) . d b
min, u(t) > dillullo > ; or min (—u"(1)) = zg:||u llo 2252 .
4=y 4Si=y
Therefore, using (H4) and (3.3), we have
|(Tw)” (3 ' / Q2 (3, ) filr, u(x), v'(r), u'(x), u”(r))dr

3

> )»/14 Q2 (3, ) fi(r, u(x), v'(r), u'(x), u”(r))dr
4

3
by 4
> A X )Ll‘/l Q> (;, ‘L')d‘L'
4

Hence,

a(Tu) = |(Tu)"(3)] > b.

Page 9 of 12
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By (3.2), (3.4), and (Hs), for u € K, we have

)»/Ll-/ol Qa(s, Dfi(zr, u(z), v'(z), v (z), v (r))drds

4 =
l(my, = max

—)L/: ‘/Olst(s, )fi(z, u(z), v'(z), v'(7), u”/(r))dtds‘

< max
te[0,1]

)\‘/t‘l /0\1Q2(5r l')fl(T, u(7), u/(f), u//(‘[), um(f))drds

+ max
te[0,1]

/01/01 (1 +9)Qa(s, T)f1(z, u(r), v (z), u'(x), v (r))drds
1 1 1
<Ax ”iL /0 /(; (1+5) [CZGZ(T, 1) +w) (é)/o Ga(r, x)q(x)dx] deds

1
< 1’}2L X 262-/(; |:G2('L', 'L’) + W) (;)sz(r, x)q(x)dxi|dt

AA1AISQ2(5’ T)fl(‘f, U(T), U,(T)/ u,/(‘f), u/”(f))d‘tds‘

<A

3
= 262D772L,
” (Tu)///HO _ [121151/)1(] }‘,‘/(;1 aQZB(:/ T)fl(fz u(r), u’(r), u”(‘[), l/”(‘[))dl’
_ 2A/1 sin /At . «/Afol Ga(t, x)q(x)dx
N o | sinv/A  sinvA— fol q(x) sin ~/Axdx — fol q(x) sin VA(1 — x)dx
x fi(z, u(z), v'(z), v'(z), v (zx))ldc
<aapx M
A
= 2Fp,L.

So,
3 3
B(Tu) = | (Tw)|| o+ [ (Tw)" |, < L DL+ 2FoL = (262D + 2F) mL=L.

Theorem 2.1 implies there is (2,\2;) NK such that # = Tu. So, u(t) is a positive
solution for BVP (1.1) satistying

c<a(u)<b Bu)<L.
Thus, Theorem 3.1 is completed.

4 Example
Example 4.1. Consider the following boundary value problem

uB () + Tu'(6) = 7t u(), W (), u'(t), W), O0<t <1,

u(0) =u(1) = /1 su(s)ds, (4.1)
0

u’(0) =u"(1) =0,

Page 10 of 12
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where

1 1
2O(u —Up) + N | cos(v+wp)l,

(t, u, v, ug, vo) € [0,1] x [0,2] x [~16000, 16000] x [—2, 0] x [—16000, 16000],
1 27 1
20(2 —up)(3 —u)+ ) (3 —uo)(u—2)+ N | cos(v +vp)l,

(t, u, v, U, o) €[0,1] x [2,3] x [~16000, 16000] x [—2,0] x [~16000, 16000],
1 27 1
20(u +2)(uo +3) — A (u+3)(uo +2) + 2|cos(v+ vo)l,
S v v0) =0 (0w, g, w) € [0, 1] % [0, 2] x [~16000, 16000] x [=3, —2] x [~16000, 16000],
1 135 27 1
5(3 —u)(uo +3) + N (u—2)(uo +3)— 2 (u+3)(uo +2) + ) | cos(v + o),

(t, u, v, U, o) €[0,1] x [2,3] x [~16000, 16000] x [—3, —2] x [~16000, 16000],
27 1
) (u—up) + 2 | cos(v + vp)l,

(t, u, v, U, ) € [0,1] x [3,40] x [~16000, 16000] x [—40,0] x [—16000, 16000],
U[0,1] x [0,40] x [~16000, 16000] x [—40, —3] x [—16000, 16000].

2
In this problem, we know that A = 7T9 ,A=m2 p(t) =t q(t) =0, then we can get

.
b1 3 . 23 5 2«/351n3(1+t) J .
=1, = ’ Cc1 = ’ CHh = ’ = " = ’ = ’ =
1 2 6 1 2 3 ] (25} 3 1 16 2 4

more, we obtain

3 V3-1 5_\/2“/3 Further
cE=TT0T

19444/3 — 9727 — 973 9— .37 V3
B= , D= , .
475 272 T

127° ~ w?
" 58324/3 — 29167 — 2773 + 36+/373 — 1274 " 3/6433-9
d d25}=\/2+«/3(3—\/3)7 {d1 dz%'}:\/2+\/3(3—«/3),
2" 2c 32 2 2 32
0b ~ 3.06 > 3.
If we take ¢ = 2, b = 40, L = 16000, then we get

then 19

0=min{ 6 = min

1 1 Mo
t, u, v, up, = - <0.7 ~ 0.8,
f(t, u, v, ug, vo) 2O(u up) + 2|cos(v+1/0)| < < N

for (t, u, v, ug, vo) € [0,1] x [0,2] x [~16000, 16000] x [—2, 0] x [—16000, 16000,

27 1 b
f(t, w v, ug, vo) = ) (u—up) + 2|cos(v+vo)| > 40 > :1 ~ 38,

for (t, u, v, ug, vo) € [}, 2] x [0b, 40] x [=16000, 16000] x [—40, 0] x [-16000, 16000]
13
u[4, 4] x [0,40] x [—16000, 16000] x [—40, —0b] x [—16000, 16000],

Ln

ft, u, v, ug, vo) < 1080.5 < AZ ~ 1146,

for(t, u, v, ug, vo) € [0, 1] x [0,40] x [—16000, 16000] x [—40, 0] x [—16000, 16000].

Then all the conditions of Theorem 3.1 are satisfied. Therefore, by Theorem 3.1 we
know that boundary value problem (4.1) has at least one positive solution u(¢) satisfy-
ing

2 < a(u) < 40, B(u) < 16000.
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