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Abstract

In this article, we give conditions on parameters k, / that the generalized eigenvalue
problem x"" + kx" + Ix = Ah(t)x, 0 < t <1, x(0) = x(1) = X'(0) = X'(1) = 0 possesses an
infinite number of simple positive eigenvalues {Ax},2; and to each eigenvalue there
corresponds an essential unique eigenfunction w, which has exactly k - 1 simple
zeros in (0,1) and is positive near 0. It follows that we consider the fourth-order two-
point boundary value problem x"" + kx" + Ix = f(tx), 0 < t <1, x(0) = x(1) = X'(0) = x’
(1) = 0, where f(t, x) € C([0,1] X R, R) satisfies f(t, x)x >0 for all x # 0, t € [0,1] and
IimM_)() fitx)/x = a(t), IimM_Hm fitx)/x = b(t) or lim,_... AtX)/x = 0 and lim,_, ftx)/x
= ¢(t) for some a(t), b(), ct) e C([0,1], (0,4+0)) and t € [0,1]. Furthermore, we obtain
the existence and multiplicity results of nodal solutions for the above problem. The
proofs of our main results are based upon disconjugate operator theory and the
global bifurcation techniques.
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1 Introduction
The deformations of an elastic beam in equilibrium state with fixed both endpoints can
be described by the fourth-order boundary value problem

"+ x = Ah(0)f (x),0 <t <1,

(1.1)
x(0) =x(1) =x'(0) =«'(1) = 0,

where f R — R is continuous, A € R is a parameter and / is a given constant. Since
the problem (1.1) cannot transform into a system of second-order equation, the treat-
ment method of second-order system does not apply to the problem (1.1). Thus, exist-
ing literature on the problem (1.1) is limited. Recently, when [ = 0, the existence and
multiplicity of positive solutions of the problem (1.1) has been studied by several
authors, see Agarwal and Chow [1], Ma and Wu [2], Yao [3,4] and Korman [5]. Espe-
cially, when [ = 0, [ satisfying (H1) and h(t) satisfying (H2), Xu and Han [6] studied the
existence of nodal solutions of the problem (1.1) by applying bifurcation techniques,
where

(H1) l e (-n*, 7*/64) is given constant.
(H2) h e C([0,1], [0, e=)) with A(f) £ 0 on any subinterval of [0,1].
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Motivated by [6], we consider the existence of nodal solutions of general fourth-

order boundary value problem

X vk +lx=f(t,x), 0 <t <1,

(1.2)
x(0) =x(1) =x'(0) =x'(1) =0,

and under the assumptions:

(A1) One of following conditions holds

(i) k [ satisfying (D) € {(k,l)‘ke(—oo,o],le(0,00)}\{(0, ’g;)}u{(k,l)‘k € (—oo, 7)1 €
(=00, 0]}

are given constants with

1 72\>
nz(k—n2)<l§4<k— 4); (1.3)

2
(ii) k [ satistying (k,1) € {(k, DIk e (0, 712 ) e (0, oo)} are given constants with

4
i (nzk— ’; ) << ikz. (1.4)

(A2) fit, x) € C([0,1] x R, R) satisfies f{t, x)x >0 for all x = 0 and ¢t € [0,1].
(A3) There exists a(t) € C([0,1], (0, =)) such that
lim f(tx)

=a(t), Vi €0, 1]. (1.5)
[x][-0 X

(A4) There exists b(t) e C([0,1], (0, =)) such that
lim f(ox)
X

[x|— o0

=b(t), Yt e[0,1]. (1.6)

(A5) There exists c(t) € C([0,1], (0, «)) such that

lim yce) =0, lim f(zx)

x—>—00 X X—>+00

=¢(t), Vvt € [0, 1]. (1.7)

However, in order to use bifurcation technique to study the nodal solutions of the
problem (1.2), we first prove that the generalized eigenvalue problem

s+ le = Ah(t)x, 0 <t <1,

(1.8)
x(0) =x(1) =x'(0) =x'(1) =0,

Page 2 of 18



Shen Boundary Value Problems 2012, 2012:31
http://www.boundaryvalueproblems.com/content/2012/1/31

(where /& satisfies (H2)) has an infinite number of positive eigenvalues
0 <A1(h) <Azx(h) <--- <Ap(h) < Apr(h) < --- (1.9

and each eigenvalue corresponding an essential unique eigenfunction y; which has
exactly k - 1 simple zeros in (0,1) and is positive near 0. Fortunately, Elias [7] devel-
oped a theory on the eigenvalue problem

Ly+ M h(t)y =0,
(L)) =0, i€ (i, ... ik}, (1.10)
(‘C]y)(b) = 0’ ] € {jlr cee rjnfk}t

where
Loy = poy,
Liy=pi(Licy),i=1,...,n, (1.11)
Ly =Ly,

and p; € C""[a, b] with p; >0 (i = 0,1,..., n) on [a, b]. Lyy,..... L,.1y are called the
quasi-derivatives of y(t). To apply Elias’s theory, we have to prove that (1.8) can be
rewritten to the form of (1.10), that is, the linear operator

L[x] :==x"" + ka" + Ix (1.12)

has a factorization of the form

I{x]=l4<h(b(h(th))i)/ (1.13)

on [0,1], where [; e C*[0,1] with [; >0 (i = 0, 1, 2, 3, 4) on [0, 1], and x(0) = x(1) = x
'(0) = x'(1) = 0 if and only if

(lox)(0) = (lox)(1) = (Lx)(0) = (Lx)(1) = 0. (1.14)

This can be achieved under (A1) by using the disconjugacy theory in [8].

The rest of the article is arranged as follows: In Section 2, we state some disconju-
gacy theory which can be used in this article, and then show that (A1) implies the
equation

L[x] = 0 (1.15)

is disconjugate on [0, 1], and establish some preliminary properties on the eigenva-
lues and eigenfunctions of the generalized eigenvalue problem (1.8). Finally in Section
3, we state and prove our main results (Theorems 3.1 and 3.2 ).

Remark 1.1. If we let k = 0, then the condition (A1) reduces to (H1) in [6].

Remark 1.2. Since the function f{t, x) is more general than the function A(f)f(x) in [6],
then the problem considered in this article is more general than the problem in [6].

Remark 1.3. If we let k = 0 and fit, x) = Mh(£)fx), then Theorem 3.2 reduces to [[6],
Theorem 3.1].

Remark 14. For other results on the existence and multiplicity of positive solutions
and nodal solutions for the boundary value problems of fourth-order ordinary differen-
tial equations based on bifurcation techniques, see [9-14]s and their references.
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2 Preliminary results
Let

L[] =y™ +pi (y" D + - 4 pa(t)y = 0 2.1)

be nth-order linear differential equation whose coefficients p;(-) (k = 1,...,, n) are con-
tinuous on an interval 1.

Definition 2.1 [[8], Definition 0.2, p. 2]. Equation (2.1) is said to be disconjugate on
an interval / if no nontrivial solution has #n zeros on I, multiple zeros being counted
according to their multiplicity.

Lemma 2.2 [[8], Theorem 0.7, p. 3]. Equation (2.1) is disconjugate on a compact
interval I if and only if there exists a basis of solutions Y, ...y,.1 such that

Yo 0 Ve-1
wy = we(Yo, . Ve—1) =| S| >0(k=1,...,n) (2.2)
(k—1) (k—1)
Yo Ve

on 1. A disconjugate operator L[y] = y(") + pl(t)y(”’1)+ o + pu(t)y can be written as

d
L[y] = ouD(pn-1(--D(p1D(poy)) ), D = ., (2.3)
where pye C" () (k = 0,1,..., n) and
2 2
Po = 1,;01=w1,pk= Wi s k=2,...,n—1, (2.4)
wq wr Wrp—1Wk+1

and pop; ... p, = 1.
Lemma 2.3 [[8], Theorem 0.13, p. 9]. Green’s function G(t,s) of the disconjugate
equation (2.3) and the two-point boundary value conditions

y(i)(a)zo, i=0,...,k—1,

) , (2.5)
yWwm)=0,j=0,....n—k—1

satisfies
(—1)"*G(t,5) > 0, V(1,5) € (a,b) x (a,b). (2.6)

Now using Lemmas 2.2 and 2.3, we will prove some preliminary results.
Theorem 2.4. Let (A1) hold. Then

(9) L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization
L[x] = p4 (Ps <,02 (o1 (pox)’)’) ) , 2.7)
where py e C*M0,1] with p, >0 (k = 0, 1, 2, 3, 4).

(i) x(0) = x(1) = x'(0) = x'(1) = 0 if and only if

(Lox)(0) = (L1x)(0) = (Lox)(1) = (L1x)(1) = 0, (2.8)
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where

Lox = pox,

2.9
L,-x = ,oi(L,-_lx)/, i= 1, 2, 3, 4. ( )

Proof of Theorem 2.4. We divide the proof into nine cases.

Case 1. (k1) € | (I, Dl € (—o0,0],1 € (ikz, i(k— ’T:)z)}\{(o, Zi)}

In the case, we have corresponding L[x] = x"" + kx" + Ix = O that the equation A* +
K% + Ix = 0 has 4 roots Ay = my + Wi, Ay = M- Wi, M3 = -mq + Myi, and hy = -m1;-

msi, where

my = \/_k; \/411 my = \/k;\/4l, my < mj. (2.10)

2\ 2 T
Combining ik2 <1< i(k — 71 ) with (2.10), we have 0 < m; < 4 Thus, we get

that either the following (1) or (2) holds:

m T
(1)0<myt < = tanmyt <1< ml,formz c (o, 4), telo,1}
2

b
4
T
(2)051’!’12t<

= tan mzt <1< or mp = [0
— ) , L€ ’ 1]
4 my f 4

Furthermore, it is easy to check that
cos myt > 0, mj cosmyt — my sinmsyt > 0, Vt € [0, 1]. (2.11)

Take

—myt

xo(t) = e ™ cos myt, x1(t) = e ™" sinmyt,

t o (2.12)

x2(t) = €™ cosmyt, x3(t) = €™ sinmyt.

It is easy to check that x(£), x1(£), x2(¢), and x3(¢) form a basis of solutions of L[x] =
0. By simple computation, we have

cos mot my
wy = emt W2 = e2mit’
. (2.13)
4mim;,(my cos myt — my sin myt) 2 2. )
w3 = it , wq = 16mym5(m7] + m3).
This together with (2.11) implies that w; > 0(i=1, 2, 3, 4) on [0,1].
By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization
sl — L amymy(m? + m%?e’"” (m1 cos myt ; my iin myt)?
My COS Myt — My Sin Mot my(my + mj)
(2.14)

NGNS
my cos?mqt [ em! !
X . x
4m cos myt(my cos myt — my sin myt)e2™t my cos myt
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and accordingly

gmt
Lox = pox = X,
cos myt
) , (2.15)
cos?myt [ e™! emt . e™tcosmyt
Lix = x| = (my cos myt + my sin myt)x + x.
my COS Myt my my
Using (2.15), we conclude that x(0) = x(1) = #’(0) = »'(1) = 0 is equivalent to (2.8).
1
Case 2. ke (-o0,0) and | = 4k2.
In the case, applying the similar method used in Case I, we take
xo(t) =™, x1(t) = te™™, x2(t) = ™, x3(t) = te™, (2.16)
where 1 = \/ — k.
2
It is easy to check that xo(t), x1(£), x,(£), and x5(f) form a basis of solutions of L[x] =
0.
By simple computation, we have
wy=e ™, wy=e 2™, wy=4am?e™™, wy = 16m*. (2.17)

Clearly, w; > 0 (i = 1, 2, 3, 4) on [0,1].
By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization

2 mt me NN\
W k! — I = 4mZe 1 1 1ie X (2.18)
1 1\ 4m2e2m \ 1\ 1

and accordingly

Lox = pox = e™x, Lix = p1(Lox) = ™ (mx +x). (2.19)
Using (2.19), we conclude that x(0) = x(1) = x'(0) = x'(1) = 0 is equivalent to (2.8).
Case 3k e (-00,0)and 0 < | < ikz.

In the case, we take

xo(t) = e ™!, xi(t) = ™', xy(t) = e ™, x3(t) = ™, (2.20)
— 2 _ 4 b 2 _ 4
wheremlz\/ k+\/2k l>0,m2=\/ k \gk l>0,m1>m2’
It is easy to check that x(£), x1(£), x2(¢), and x3(¢) form a basis of solutions of L[x] =

0.

By simple computation, we have

wy =e ™ w,y = 2my,
! ? 2 (2.21)
—myt

ws = 2my(mi —m3)e ™!, wy = dmymy(m3 — m3)>.

Clearly, w; >0 (i = 1, 2, 3, 4) on [0, 1].
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By Lemma 2.2, L[x] = 0 is disconjugate on [0, 1], and L[x] has a factorization

X"+ kx4 Ix

n /!
1 2m,elm+ma)t 1 N (2.22)
=2m; (m? — m3)e™" eMix
(i —m3) 2mie?™t\  mi—m3 2m2e2’"2t( )

and accordingly

1
Lox = pox = €™'x, Lix = p1(Lox) = 5 (max +x). (2.23)
mye

Myt
sem

Using (2.23), we conclude that x(0) = x(1) = x'(0) = x'(1) = 0 is equivalent to (2.8).
Case 4. k € (-=,0), [ = 0.
In the case, we take

xo(t) =1, x1() = 1+¢, x(t) =™, x3(t) = €™, (2.24)

where m = «/—k > 0.

It is easy to check that xy(£), x1(£), x2(¢), and x3(¢) form a basis of solutions of L[x] =
0.

By simple computation, we have

mt

wi =1, wy =1, wy =m?e ™, wy =2m°. (2.25)

Clearly, w; >0 (i = 1, 2, 3, 4) on [0, 1].
By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization

mt A\
" kx4 Ix = 2m3e™ 1 (1 1x (2.26)
2me2mt \ m2\ 1\ 1

and accordingly
Lox = pox =x, Lix =x. (2.27)

Using (2.27), we conclude that x(0) = x(1) = x'(0) = x'(1) = 0 is equivalent to (2.8).
Case 5. k = 0, [ = 0. The case is obvious.

Case 6. ke (0,77, [ = 0.

In the case, we take

xo(t) =1, x1(t) =1+t x2(t) = —sinm(t + o), x3(t) = cosm(t + o), (2.28)
where m = «/k > 0, © is a positive constant. Clearly, m € (0,7) and then
sinm(t+o) >0, Vt € [0, 1]. (2.29)

It is easy to check that x(£), x1(£), x2(¢), and x3(¢) form a basis of solutions of L[x] =
0.
By simple computation, we have

wi =1, wy=1, w3 =mysinm(t +0), wy =m’. (2.30)

Clearly, w; >0 (i = 1, 2, 3, 4) on [0, 1].
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By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization

3 -2 N N
Wl v e M (somtee) (o "k (231)
sinm(t+0) m m2sinm(t+o)\1\1

and accordingly
Lox = pox =x, Lix=x. (2.32)

Using (2.32), we conclude that x(0) = x(1) = #’(0) = x'(1) = 0 is equivalent to (2.8).
Case 7. * (k - %) < [ <0.
In the case, we take

xo(t) =e ™!, x1(t) = €™, xp(t) = —sinmy(t + ), x3(t) = cosmy(t +0), (2.33)
_ 2 _ 2 _
where 4, — \/ e+ “/Zk 4l =0, my = \/k + \/’; 4 ~ (0 O is a positive constant.

Clearly, m, € (0,7) and then
sinmy(t+0) >0, Vt € [0, 1]. (2.34)

It is easy to check that x(£), x1(£), x2(¢), and x3(¢) form a basis of solutions of L[x] =
0. By simple computation, we have

myt

wy=e ", wy =2my,

(2.35)
ws = 2my(m? + m2)sinmy(t + o), wy = 2mymy(m3 + m3)>.

Clearly, w; >0 (i = 1, 2, 3, 4) on [0, 1].
By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization

X"+ kx4 Ix

my(m? +m3) [ sin?my(t + o) 2me™! 1 e\ " (2.36)
- 2m1e2m1f(e %)

sinmy(t + o) my (m? + m3)sinmy(t + o)
and accordingly

1
Lox = pox = e™'x, Lix = p1(Lox) = e (mix +x). (2.37)
1

mit
Using (2.37), we conclude that x(0) = x(1) = x'(0) = x'(1) = 0 is equivalent to (2.8).
2
Case 8. k € (O,n )andl: 1k2
2 4

In the case, we take

xo(t) = cosm(t + o), x1(t) = sinm(t +0),

. (2.38)
x2(t) = —tcosm(t +0), x3(t) = —tsinm(t + o),
k. o 7
where y; = \/ , © is a positive constant. Clearly, m € (0, 2) and then
2
cosm(t+o0) >0, sinm(t+o) >0, Vt € [0, 1]. (2.39)

It is easy to check that xo(t), x1(£), x2(£), and x5(f) form a basis of solutions of L[x] =
0. By simple computation, we have
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wy = cosm(t+0), wy =m, wy =2m*sinm(t+0), wy = 4m*. (2.40)
Clearly, w; >0 (i = 1, 2, 3, 4) on [0, 1].
By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization

X"+ Ry + Ix

_2m? sinm(t+0) 1 cos’m(t+0) 1 VY (2.41)
N sinm(t+a)( m (sian(Ha)( m <cosm(t+a)x> ) ) )

and accordingly

1

Lox = pox = X,
o= po cosm(t +0)

1 (2.42)
Lix = p1(Lox) = m (msinm(t+0)-x+cosm(t+0)-x).
Using (2.42), we conclude that x(0) = x(1) = x'(0) = x'(1) = 0 is equivalent to (2.8).
2 1(, = 1,
Case 9.k € (0, 1€ (0,00), |7m°k— <l< k
2 4 4 4

In the case, we take

Xo(t) = cosmyt, x1(t) = sinmyt, x,(t) = — cos myt, x3(t) = —sin myt, (2.43)
k— k2 — 4l k+ k2 — 4l 7 T
where 4, =\/ 5 . my =\/ ) Clearly, m; € (0, 2), my € (O, 2),

m, <m, and then
cosmit > 0, cosmyt > 0, Vt € [0, 1]. (2.44)

It is easy to check that xy(£), x1(£), x5(¢), and x3(¢) form a basis of solutions of L[x] =
0.

By simple computation, we have
2
wy = cosmyt, wy = my, ws = my (M3 —mj) cosmyt, wy = mymy(m3 —mj) (2.45)

Clearly, w; >0 (i = 1, 2, 3, 4) on [0, 1].
By Lemma 2.2, L[x] = 0 is disconjugate on [0,1], and L[x] has a factorization

I I
n /!
my (m3 —m?) [ cos?myt m cos?myt 1 N\ (2.46)
= x
cos myt my  \ (m3 —m?)cosmytcosmpt\  my  \cosmit

and accordingly

1 1 , .
Lox = pox = x, Lix = p1(Lox) = (cosmyt - x" + my sin myt - x). (2.47)
cosmit my

Using (2.47), we conclude that x(0) = x(1) = x'(0) = x'(1) = 0 is equivalent to (2.8).
This completes the proof of Theorem 2.4.
Remark 2.5. If condition (A1) does not hold, the results of Theorem 2.4 cannot be

obtained. For example, in the case of L[x] = 0 with k= —n2,1=7%1t= 2 €[0,1], we

2
have | > i(k — ’f) ,k € (—o00,0) Applying the similar method to prove case I in
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Theorem 2.4, we conclude that

371[

b T _«/371 . _«/
tcoszt,xl(t)=e 2[sm2t,x2(t)=e 2

V3 7 Vi, om
xo(t)=e 2 coszt, x3(t)=e 2 smzt

form a basis of solutions of L[x] = 0. By simple computation, we have

Tt 3 V3
wy = :?/S;’jt’ wy = ;Te*‘/&”, w3 = \é 3 («/3 cos Zt— sinZt) e 271[, wy = 37°,
From ’;t = ]52 7, we easily get that tan ’zft =2 ++/3 > 4/3. Furthermore, w3 < 0. Thus,
Theorem 2.4 does not hold in this case.
Remark 2.6. In the following, consider L[x] = 0, for k, [ are given constants, by the
similar method in Remark 2.5, we may gain the location of (/) in the (k, [)-plane and
2
the results of w3 or wy corresponding k,1: k = ’1’2,1 = ‘i’éj, t= js’l > i(k - ’Z) and

2 2
L1, _ 7t _ 9nt _ _1 72 1, w2 _ ot _ 4 11,2 1 _n?
wy < 0=, 1= re e=10= (k=) and ws < 0; k=7, 1= T o= G P <1< L(k=T)

and w3 = 0; k=n2%1= Jf:,t= 2§2,l: };kz and w, <O k=n21= ”84,t=\/2—x/2, 0<l< ikz
and w3 < 0;k=4n2%,1=0,t= i and w; < 0;k = ”;,l: —’T;,t= 1,1 = 7%(k — 7*) and
wy=0; k=—n? 1=—8x%1t= *éz,l < n?(k — n?) and w3 < 0. Furthermore, it follows

that the conclusion of Theorem 2.4 cannot be yielded in the cases.
Theorem 2.7. Let (A1) hold and h satisfy (H2). Then

(i) The problem (1.8) has an infinite number of positive eigenvalue

Ai(h) < Ag(h) < - < dp(h) < Apgr(h) < -+ .

(i) Mp(h) — o0 as k — oo,

(iii) To each eigenvalue \i(h) there corresponds an essential unique eigenfunction yy
which has exactly k - 1 simple zeros in (0,1) and is positive near 0.

(iv) Given an arbitrary subinterval of [0,1], then an eigenfunction which belongs to a
sufficiently large eigenvalue change its sign in that subinterval.

(v) For each k € N, the geometric multiplicity of \i(h) is 1.

Proof of Theorem 2.7. (i)-(iv) are immediate consequences of Elias [[7], Theorem 1-5]
and Theorem 2.4, we only prove (v).
Let

Ix:=x"+kd +1Ix, xe D (I:) , (2.48)
with

D (L) = (x € C*[0, 1]1x(0) = x(1) = ¥'(0) = ¥'(1) = O}.
To show (v), it is enough to prove

ker(i - Ak(h)h(~))2 = ker (i - Ak(h)h(-)) .
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Clearly
ker(i - Ak(h)h(~))2 > ker (i - kk(h)h(~)) . (2.49)

Suppose on the contrary that the geometric multiplicity of A,(h) is greater than 1.

~ 2 ~
Then there exists x e ker(L — Ak(h)h(.)) \ker (L — Ak(h)h(.)) and subsequently

Lx — e (M)h(0)x = y Y, (2.50)

for some y = 0. Multiplying both sides of (2.50) by y,(¢) and integrating from 0 to 1,

we deduce that

0=y [y [ve(t)] dt, (2.51)

which is a contradiction !
Theorem 2.8 (Maximum principle). Let (A1) hold. Let e € C[0,1] with e > 0 on [0,1]
and e ¥ 0 on any compact subinterval in [0,1]. If x € C'0,1] satisfies

X"+ k" +lx=e(t), 0 <t <1,

(2.52)
x(0) =x(1) =4'(0) =x'(1) =0,
Then x >0 on (0,1).
Proof. When (A1) holds, the homogeneous problem
k" +Ix=0,0<t<1,
(2.53)

x(0) =x(1) =4'(0)=4'(1) =0

has only trivial solution. So the boundary value problem (2.52) has a unique solution

which may be represented in the form

1
() = [ Gles)ets) .50
0
where G(t, s) is Green’s function. By Theorem 2.4 and Lemma 2.3 (take n = 4, k = 2),
we have
(—1)*72G(t,5) > 0, V(,5) € (0,1) x (0, 1), (2.55)

that is, G(4, s) >0, for all (4, s) L (0,1) x (0,1).
Using (2.54), when e > 0 on [0,1] and e # 0 on any compact subinterval in [0,1], then
x > 0 on (0,1).

3 Main results
Theorem 3.1. Let (A1), (A2), (A3) and (A4) hold. Assume that either (i) or (ii) holds for
some ke N andje {0} UN:

(DAe(b) < -+ < Auj(b) < 1 < Ag(a) < -+ < Asj(a);

(iD)Ar(a) < - < Awj(a) <1 < Ag(b) < -+ < Aj(b). 6D

Then the problem (1.2) has 2(j + 1) solutions Xj,,; X, 1=0,...,], X; has exactly k+i-
1 zeros in (0,1) and is positive near t = 0, and X, ;has exactly k + i - 1 zeros in (0,1)

and is negative near t = 0.
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Theorem 3.2 Let (A1), (A2), (A3) and (A5) hold. Assume that for some k € N,
re(a) < 1. (3.2)

Then there are at least 2k - 1 nontrivial solutions of the problem (1.2). In fact, there
exist solutions ...y, such that for 1 < j < k w; has exactly j - 1 simple zeros on the
open interval (0,1) and w]f’(O) < Oand there exist solutions z,,...,zp, such that for 2 < j <
k, z; has exactly j - 1 simple zeros on the open interval (0,1) and z(0) > 0.

Let Y = C[0,1] with the norm

X = max (x| .
Il = max | (3.3)

Let E = {x € C?[0, 1]|%(0) = (1) = #'(0) = «'(1) = 0} with the norm

il = max {Ilxlloo, || o %[0} - (3.4)

Then [-1 .y — E is completely continuous. Here | is given as in (2.48).
Let {(-), &1(+), &a(+) € C([0,1] xR,R) be such that

f(tx) =a(t)x+¢(t,x), f(t x)=b(t)x+& (¢ x),

3.5
F(t,) = (0" +E2(8,%), V(%) € 10,11 x R. 2
Here x* = max{x,0}.
Clearly,
lim S _o, pim 51 _g i 82009 g (3.6)
x>0 X x| =00 X x| =00 X
uniformly for £ € [0,1].
Let
£1(x) = max{|&(t,5)] : 0 <Is| <x,t€[0, 1]}, 5
éz(x):maxﬂsz(trs)’:ofblerte[orl]}r .
then &; and &, are nondecreasing and
lim §1(%) =0, lim £2(%) =0. (3.8)
x—>00 X x—>00 X
Let us consider
Lx = xa(t)x + A2 (t, x) (3.9)

as a bifurcation problem from the trivial solution x = 0.
Equation (3.9) can be converted to the equivalent equation

x(t) = AL [a()x()] (1) + AL [2 (o x(-))] (1) (3.10)
Clearly, the compactness of j-1 together with (3.6) imply that

[L7 [eCoxn]] = ol aslixls — o.

Let S; denotes the set of functions in E which have exactly k - 1 interior nodal (i.e.,

non-degenerate) zeros in (0,1) and are positive near ¢ = 0, set S, = —S;, and
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<I>ki =R x Ski. They are disjoint and open sets in E. Finally, let d>ki =R x Ski and @, =
R x S

The results of Rabinowitz [15] for (3.9) can be stated as follows: For each integer k >
1 and each v = {+, -}, there exists a continuum C; € ®; of solution of (3.9), joining (Ax
(a), 0) to infinity in ®,. Moreover, C;\(Ar(a),0) C @;.

Notice that we have used the fact that if x is a nontrivial solution of (3.9), then all
zeros of x on (0, 1) are simple under (A1), (A2), (A3), and (A4).

In fact, (3.9) can be rewritten to

Lx = rd(0)x, (3.11)
where
ft,x(1))
i) = (1) x(t) #0,
a(t), x(t) = 0.

Clearly d(t) satisfies (H2). So Theorem 2.7 (iii) yields that all zeros of x on (0,1) are
simple.

Proof of Theorem 3.1. We first prove the theorem when j = 0.

It is clear that any solution of (3.9) of the form (1, x) yields solutions x of (1.2). We
will show that C, crosses the hyperplane {1} x E in R x E. To do this, it is enough to
show that C}, joins (Ai(@),0) to (Ax(b),e). Let (tn, Xu) € C}, satisfy

pn + IXnllg — oo. (3.12)

We note that y,, >0 for all » € N since (0, 0) is the only solution of (3.9) for A = 0
and C; N ({0} x E = 0.

Case 1. M(b) <1 <\i(a).

In this case, we show that

(e(b), 1e(a)) € {1 € R : 3(A,x) € C).

We divide the proof into two steps.
Step 1. We show that if there exists a constant number M >0 such that

tin € (0,M], (3.13)

then Cj, joins (Ax(a),0) to (Ax(b),e).
In this case ||x,, || £ — . We divide the equation

Ly = pnb(0)xn + pn&1 (t, x,), t € (0,1) (3.14)

Xn

by ||x,,||g and set Yn = x|

. Since ¥, is bounded in C*[0,1], choosing a subsequence
E

and relabeling if necessary, we have that y,, — y for some y € E with || y” £ = 1. More-
over, from (3.8) and the fact that &, is nondecreasing, we have that

lim }gl (¢, xn(t))|

n—oo ||xnllg

=0, Vt €0, 1], (3.15)
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since
|§1(t/xn(f))| < él(|xn(t)|) < él(”xn(t)”oo) < él(”xn(t)”E)’ Vie[0,1]. (3.16)
ll2¢1 11 £ ll2¢ 11 Nl 1l £ ll2¢1 11
Thus
y(1) = L7 [ub(-)y()] (1), (3.17)

where y: = lim,, .., again choosing a subsequence and relabeling if necessary. Thus
Ly = ub(t)y. (3.18)
We claim that
yest. (3.19)
Suppose, to the contrary, that y € S,.. Since y = 0 is a solution of (3.18), all zeros of y

in [0,1] are simple. It follows that y € S, # S} for some 1 e R and [ € {+, -}. By the
openness of SL we know that there exists a neighborhood U(y,po) such that

U(y, po) C S},
which, together with the fact y, — y, implies that exists 15 € N such that
Yn € Sil, n > ng.

However, this contradicts the fact that y» € S, Therefore, y € S,

Now, by Theorem 2.7, we obtain y = A(b).

Thus C, joins (A(a),0) to (Ax(b),°).

Step 2. We show that there exists a constant number M >0 such that y,, € (0, M],
for all n.

Suppose there is no such M. Choosing a subsequence and relabeling if necessary, it
follows that

lim p, = oo. (3.20)

n—oo
Let

0=7(0,n) <t(l,n)<---<t(kn)=1

denotes the zeros of x,. Then there exists a subsequence {z(1, n,,)} € {z(1, n)} such

that
"%grolo (1, 1) = (1, 00).
Clearly

”%glgo 7(0, 1) == 7(0,00) = 0.

We claim that

(1, 00) — 7(0, 00) = 0. (3.21)
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Suppose, to the contrary, that
7(0,00) < 7(1, 00). (3.22)

Define a function p: [0,1] x [0, ) — R by

f(t x)
, 0, tel0,1],
ptx)=] x 7O (3.23)
a(t), x=0, t€[0,1].
Then, by (A2), (A3), and (A4), there exist two positive numbers p; and p,, such that

o1 < f(zx) < pa, forallx>0,t€[0,1]. (3.24)

Using (3.22), (3.24), and the fact that lim,,_, oo un, = 00, we conclude that there exists
a closed interval I; € (7(0, =), 7(1, «)) such that

lim e, p(t, %, (1)) = 00

uniformly for t € I;.
However, since Xn,, satisfies

L, () = s, Pt X, (1)), (1),

the proof of Lemma 4 in [7] (see also the remarks in the final paragraph in [[7], p.
43]), shows that for all # sufficiently large, Xn, must change sign on I;. However, this
contradicts the fact that for all m sufficiently large we have I; < (z(0, n,,),7(1,n,,)) and

vxp, (t) > 0, t € (z(0, 1), T(1, nw)).

Thus, (3.21) holds.
Next, we work with (z(1, n,,), ©(2, n,,)). It is easy to see that there is a subsequence
7(2,nw;) € 7(2, 1) such that

]1_1)12) T(2, ;) = 7(2,00).
Clearly

]lirglo (1, ny;) = 7(1, 00). (3.25)
We claim that

7(2,00) — 7(1,00) = 0. (3.26)

Suppose, to the contrary, that 7(1,e0) < 7(2,00). Then, from (3.23), (3.24), and the fact

that ]lirglo Hny; = OO, there exists a closed interval I, € (z(1, ), 7(2, «)) such that
lim i, p (t, X, (t)) - 00
j—oo 1 U

uniformly for t € I,.
This implies the solution *ns; of the equation

B () = tny (1%, () 3, (0
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must change sign on I,. However, this contradicts the fact that for all j sufficiently
large we have I C (7 (1, nm;), (2, im;)) and

Vxn,,,].(t) >0, te (r(l,nm].), 7(2, nm].)).
Therefore, (3.26) holds.

By a similar argument to obtain (3.21) and (3.26), we can show that for each [ €
{2,..,k-1},

t(l+1,00) —1(l,00) = 0. (3.27)

Taking a subsequence and relabeling it as {(y,, x,)}, if necessary, it follows that for
each [ € {0,..., k-1},

nli)rglo (z(1+1,n) —(l,n)) = 0. (3.28)

But this is impossible since
k=1
1=1t(kn)—1(0,n) =Z(t(l+1,n)—t(l,n)) (3.29)
1=0

for all n. Therefore,

[nl =M

for some constant number M >0, independent of n € N.
Case 2. M(a) <1<hi(b).
In this case, if (in, xn) € C}, is such that

Jim (g + [l ll) = o0 (3.30)
and

lim e, = 0o, (3.31)
then

((@)m, A (b)) € {1 € (0, 00)|(% x) € C}} (3.32)

and, moreover, ({1} x E)NC}, #0.
Assume that there exists M >0 such that for all m € N,

fin € (0, M]. (3.33)

Applying a similar argument to that used in step 1 of Case 1, after taking a subse-
quence and relabeling if necessary, it follows that

(tns xn) = (Ar(b), 00), n — oo. (3.34)

Again C}, joins (Ai(a), 0) to (Ax(b), =) and the result follows.
Finally, let j € N. By repeating the arguments used in the proof of the case j = 0, we
see that for each ve {+, -} and eachie {k k + 1,..., k + j},

C N ({1) x E) #0. (3.35)

The result follows.
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Proof of Theorem 3.2.
We only need to show that

C N1} xE)#p0,j=1,2,...,k
CrN ({1} xE) #0, j=2,....k.

Suppose on the contrary that

Cln ({1} x E) = p, for some (i,1) € T, (3.36)
where
F:={@G,v)lje{2 ... ktasv=+j€e{l1,2,..., k}asv =—}. (3.37)

Since Cg joins (A,(a), 0) to infinity in <I>5 and (4, x) = (0, 0) is the unique solution of
(3.9);. = ¢ in E, there exists a sequence {(uy, X,)} C Cﬁ such that y,, € (0,1) and "xn ||E
— o0 as n —> . We may assume that y,—u € [0, 1] as n —> oo. Let y,, = x,,/"x,,”B n>
1. From the fact

L (£) = panc(£) (%) (1) + pna (8, %0 (1)) (3.38)

We have that

(3.39)

1) = sk [ 0) 1(0) + ! [52("’6")} 0)

[l Il g

Furthermore, since ]:—1|E : E — E is completely continuous, we may assume that

there exists y € E with "y"E = 1 such that "yn - y"E — 0 as n —>oo. Since

&2 x| _ &(lxnllee) _ E2(lxulle)

(3.40)
Ixalle = llxalle = lxallg
uniformly for ¢ € [0,1], we have from (3.39) and (3.8) that
y=ul[c()y], (3.41)
that is,
V"' + Ry +ly=pc(t)yt, 0 <t <1, (3.42)

y(0) =y(1) =y'(0) =y'(1) = 0.

By (A1), (A5), and (3.42) and the fact that ||y||E = 1, we conclude that pc()y" # 0 on

any compact subinterval in [0,1], and consequently

u > 0,y") # 0, on any compact subinterval in[0, 1]. (3.43)

By Theorem 2.8, we know that y(¢) >0 in (0,1). This means y is the first eigenvalue
of [x = A¢(t)x and y is the corresponding eigenfunction. Hence y € S} and therefore,
since S7 is open and ||yn - y”E — 0, we have that y, € S for n large. But this contra-
dicts the assumption that (u,, y,) € Cﬁ and (i) € T, so (3.36) is wrong, which com-
pletes the proof.
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