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Abstract

In this article, we mainly construct multiple blowing-up and concentrating solutions
for a class of Liouville-type equations under mixed boundary conditions:

—Av=2¢g2¢’ —Ax Zfil aidp, in Q,

3
e(1— t)a: +th(x)y=0, onaQ,

for & small, where t € (0, 1], N € NU {0}, {1, @2, ..., an} C (=1, +c0)\(N U {0}), Q
is a bounded, smooth domain in R2 T == {py, .., pn} € Q is the set of singular
sources, d, denotes the Dirac mass at p, v denotes unit outward normal vector to dQ)
and b(x) > 0 is a smooth function on 0Q.
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1 Introduction

In this article, we mainly investigate the mixed boundary value problem:

—Av=¢g2e’ —4n Y N by, in Q,
e(1—1t) sz +th(x)v =0, on 92, @)

for & small, where t € (0,1], N € NU {0}, {a1, @2, ..., an} C (=1, +00)\(N U {0}), O
is a bounded, smooth domain in R2, I':= {py, .., pa} € Q is the set of singular sources,
0, denotes the Dirac mass at p, v denotes unit outward normal vector to dQ and b(x)
> 0 is a smooth function on 0Q.

Such problems occur in conformal geometry [1], statistical mechanics [2-4], Chern-
Simons vortex theory [5-11] and several other fields of applied mathematics [12-16]. In
all these contexts, an interesting point is how to construct solutions which exactly
“blow-up” and “concentrate” at some given points, whose location carries relevant
information about the potentially geometrical or physical properties of the problem.
However, the authors mainly consider the Dirichlet boundary value problem, and little
is known for the problem with singular sources satisfying ¢; € (-1, 0) for some i = 1,
... N. The main purpose of this article is to study how to construct multiple blowing-
© 2012 Chang and Yang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.


mailto:yibin10201029@zju.edu.cn
http://creativecommons.org/licenses/by/2.0

Chang and Yang Boundary Value Problems 2012, 2012:33 Page 2 of 25
http://www.boundaryvalueproblems.com/content/2012/1/33

up and concentrating solutions of the Equation (1) with the mixed boundary condi-
tions and singular sources.

Let G, denotes the Green’s function of -A with mixed boundary conditions on Q,
namely for any y € Q,

—AxGe(x,y) = 28y (x), in €,

3Gy (x, 2
e(1—1) f'al()x ") 4 th(x)Gos (x,7) = 0, on 92, @)

and let H, (%, y) = G,.(x, y) + log |x - y| be its regular part. Set G; = G;, and H; =
H, .. Since ¢ exactly disappears in the Equation (2)|, - 1, G; and H; don’t depend on .

The Equation (1) is equivalent to solving for u=v+2Y"Y &G, (x p;), the regular

part of v, the equation

2 2 _ N . . .
—Au = 82|x - p1| “ |x - pN| N 22i=10‘xHr,s(x/P:)eu, in

d
e(1 - t)af)’ + th(x)u = 0, on 9.

Thus, we consider the more general model problem:

—Au=lx—pi | x— o[V (), in @,
u 3)
e(1— t)a +th(x)u =0, on 0€2,
v

where f: Q — R is a smooth function such that fipi) > 0 for any i = 1, ..., N. Set (¥’
={xe Q:fl) > 0}, S(x) = |x—pu | ... |x — pn |V and A, = {p = (p1, o p) € Q"
p; = pj for some i = j}.

It is known that for {1, ..., an} C (0,+00)\N, or o;; =0 for any i = 1, .., N, if u, is a
family of solutions of the Equation (3)|, - ; with infg f > 0, which is not uniformly
bounded from above for & small, then u, blows up at different points Pk, - - -  Pr,,., with
n+m=1,0<n<N,p=Pryr--rPpn) € (\T)"\Ap and {pr,,....pr,} C T, and
satisfies the concentration property:

n n+m
2x—pr [ — [P F(x)e" = 8T Y (1 + )8y, + 8T Y 8y, (4)
i=1 i=n+1
in the sense of measures in . Moreover, p = (Pi,,,, - - -+ Pk,.,,) is a critical point of the
function:
n+m l n+m
Pun(8) = 3 [H1lpiapi) + ) log SISO |+ D Galpys )
i=n+1 ij=n+1,i#
n nem ()
+2 Z Z (1 + aki)cl(pkj' pki)'
i=1 j=n+1

(see [7,17-23]). An obvious problem for the Equation (3) is the reciprocal, namely the
existence of multiple blowing-up solutions with concentration points near critical
points of ¢, ,,,.

The earlier result concerning the existence of multiple blowing-up and concentrating
solutions of the Equation (3) is given by Baraket and Pacard in [24]. When ¢ = 1 and
a; = 0 for any i = 1,2, ..., N, they prove that any non-degenerate critical point
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p=(brys---sPr,, ) of the function ¢, ,, with n = 0 generates a family of the solutions
u, which blow-up at Pk, - - -+ Pk and concentrate in the sense that (4) holds. Espo-
sito [20] performs a similar asymptotic analysis and extends the previous result by
allowing the presence of singular sources in the Equation (3)|, - ;, that is,
{aq,...,an} C (0, +00)\N. However, the asymptotic analysis method depends on the
non-degenerate assumption of critical point of the function ¢, ,, so much that it pays
in return at a price of the very complicated and accurate control on the asymptotics of
the solutions.

In fact, the finite dimensional reduction method, used successfully in higher dimen-
sional nonlinear elliptic equation involving critical Sobolev exponent (see [6,25]), can
avoid the technical difficulty in carrying out the asymptotic analysis method for the
Equation (3). It is necessary to point out that the key step of the finite dimensional
reduction is the analysis of the bounded invertibility of the corresponding linearized
operator L of the Equation (3) at the suitable approximate solution. In [26,27], the
authors construct the approximate solution, carry out the finite dimensional reduction
and use some stability assumptions of critical points of ¢ ,, to get the existence of
multiple blowing-up and concentrating solutions for the Equation (3)|, - ; with " = ¢,
namely o; = 0 for any i = 1,2, ..., N. When {aq,...,an} C (0, +00)\N, a similar result
for the Equation (3)|; - ; under C°-stable assumption of critical point of Oum (see Defi-
nition 4.1) is also established in [28].

Here in the spirit of the finite dimensional reduction, we try to extend the result of

N
the Equation (1) in [20,28] by allowing the presence of singular sources 45 E ) 1ai8p"
=

with some ¢; € (-1, 0) and Robin boundary conditions (1 — t) ;Jv +th(x)v = 0 with ¢
v

€ (0,1). When we carry out the finite dimensional reduction, we need to get the invert-
ibility of the desired linearized operator L for the Equation (3) under some ¢; € (-1, 0).
Obviously, the linearized operator L easily produces the singularities at some singular
sources with ¢; € (-1, 0), which makes trouble for the analysis of the bounded invert-
ibility of L. But we can successfully get rid of it by introducing a suitable L”-weighted
norm (see (30) below) related with a “gap interval” (-1, o), where oy = min{0, o, ...,

on. On the other hand, the presence of the term g(1 — 1) gu in the Equation (3)]o<s<1
v

brings some new technical difficulties. A flexible approach exactly helps us overcome
the difficulties by making use of the maximum principle. In addition, a weaker stable
assumption of critical points of the function ¢, ,, also helps us construct multiple
blowing-up and concentrating solutions of the Equation (3). As a consequence, we
have the following result.

Theorem 1.1 Let 0 < n < N and m € NU {O}such that n + m > 1. Assume that
p* = 0k DE g Jand pF = (PF.1, - D% )is a CO-stable critical point for ¢,,,, in ('
\ D)™\ A, with m > 1 (see Definition 4.1). Then there exists a family of solutions u, for
the Equation (3) with the concentration property (4), which blow up at n-different
points (Pry, .., pr,)in T, and m-points p = (Pryys - - - 1 Pl )it (LN D)\ A, with ,,,,
(p*) = dum(p). Moreover, u, remains uniformly bounded on Q\ UM B, (pr,), and
SUPB, (py,) e = +for any L > 0.
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Let us point out that from the proof of Theorem 1.1 Robin boundary condition can
be considered as a perturbation of Dirichlet boundary condition for the problem (3) in
using perturbation techniques to construct multiple blowing-up and concentrating
solutions. Based on this point, we also consider the Dirichlet-Robin boundary value
problem:

—Au=glx—pi | e — pu PN (x)e, in R,

d 6
e au +b(x)u=0, onT, u=0, on IQ\T, (©)
v

where T € 0Q is a relatively closed subset and dQ2\T # #. This together with other
similar mixed boundary value problems can be founded in [29,30]. For the problem
(6), we obtain the following result.

Theorem 1.2 Under the assumption of Theorem 1.1, then there exists a family of
solutions u, for the Equation (6) with the concentration property (4), which blow up at
n-different points (P, ..., pr,)in T, and m-points p = (P - -1 Phpon )it (N D)\ A,
With ¢,,,(p*) = ¢nm(p). Moreover, u, remains uniformly bounded on Q\ UZ" By (pr,),
and SUPB, (p,)Ue = +*for any A > 0.

Finally, it is very interesting to mention that to prove the above results we need to
choose the classification solutions of the following Liouville-type equation to construct
concentrating solutions of the Equation (1) or (3):

—Au=lz]*’¢*, in R?

[z e" < 400,y > —1, @)
RZ
given by
8(1+y) u?
u(z) = log (8)

(12 + |zV+1 _ c|2)2’

with u > 0,ce Cify e NU{0}, ¢ = 0 if y € (—1,+00)\(NU {0}) (see [5,11,31,32]).
Using these classification solutions scaled up and projected to satisfy the mixed bound-
ary conditions up to a right order, the initial approximate solutions can be built up.
Then through the finite dimensional reduction procedure and the notions of stability
of critical points of the asymptotic reductional functional ¢,, ,,, multiple blowing-up
and concentrating solutions can be constructed as a small additive perturbation of the
initial approximations.

This article is organized as follows. In Section 2, we will construct the approximate
solution and rewrite the Equation (3) in terms of a linearized operator L. In Section 3,
we give the invertibility of the linearized operator L, carry out the finite dimensional
reduction and get the asymptotical expansion of the functional of the Equation (3)
with respect to the suitable approximate solution. In Section 4, we give the proofs of
Theorems 1.1 and 1.2.

2 Construction of the approximate solution
In this section, we will construct the approximate solution for the Equation (3). Let y,
i =1, .., N+ m, be positive numbers and set

=0, Vi=N+1,...,N+m,
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and

S(x)

|20[,' .

Qi(x) =

|x = pi
Obviously, Q;(x) = S(x) for any i = N + 1, ..., N + m. Then the function

8u?(1+ai)’

ui(x) = log R , 9)
(u2e? + v — i) F(p) Qi)
satisfies
—Auj = & |x — pi|2aif(pi)Qi(pi)eui/ in R%. (10)

Set {ky, ..., k,} € 1{1, .., N} and k,,,; = N + i forany i = 1, .., m.
n+m

We hope to take Z | W as an initial approximate solution of the problem (3). So
1=

we modify it to be

n+m n+m
Ux) =) Uy =Y (uy +Hp), (11)
i=1 i=1

where H,tzi (x)(x) is the solution of

AH,Z!, =0 in Q,
d ouy,
e(1—1), Hi +b()H, = - [8(1 —0 tb(x)uk,.] , on 9% (12)
v i v
Then Uy, = uy, + H;ii satisfies
AUy, = ‘92|x = Pr; |2akif(pki)Qki (pki)euki’ in @, (13)
e(1— t)8 Uy, + th(x)Uy, = 0, on 9L2.
v
Lemma 2.1 For t € (0, 1] and py, €
8u2_ 1+ oy, 2
Hj, (x) = 4(1 + ai,)Hy e (x, pr,) — log il ) 0o(s?), (14)

F() Qi o)

uniformly in C(Q) and in C2 _(Q)for ¢ small.

loc

8up (1 + ar,)?

Proof. Set z,(x) = Hfﬁ, (x) —4(1 + o, )Hie (x, pr,) + log Then z,(x) satis-

F(Pr)Qu (i)
fies
Azi(x) =0, in €,
e(1—1) 8255}’0 + th(x)z:(x) = Fy(x), on 8%,
where
Fi(x) = 45(1 — 0)(1 5 a) | [ — pi P 2 V() - (x —p;l(zmk.) () (x—fk,-)
Mk182+|x_pkl| ' |‘x—pkt|

+th(x) [2 log (uisz +|x = p, |2(1+a"")) —4(1 + o) log |x — py, |] .
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For any t € (0, 1], it is easy to check ||F; (x) || ~(sq) = O (¢%) . If £ = 1, from the maxi-

mum principle and smooth function b(x) > 0, it follows

max |21 (x)] = rralgx|z1(x)| < C(b)|Fi(x) ||L°<7(BQ) = 0(&?).

If 0 <t < 1, from the maximum principle with the Robin boundary condition (see
[[33], Lemma 2.6]), it also follows

1
m@ax|zl(x)| < tC(b) [ Fe(x) ||L°°(BQ) = O(&?).

Thus using the interior estimate of derivative of harmonic function (see [[34], Theo-
rem 2.10]), there holds

2|

la|
dist(K,BQ)) max |z(x)| = O(e?),

mKax}D"‘zt(x)| < (
for any compact subset K of 2, any ¢ € (0, 1] and any multi-index a with |a| < 2,
which derives (14) uniformly in C(2) and in CZ () for & small. O

loc

From this lemma we can construct the approximate solution U(x) = Y 11" (ug, + H,Zi ),

which satisfies the mixed boundary conditions. On the other hand, we hope that the
error U(x) — uy, is smaller near every Pr. In fact, we can realize this point by further
choosing positive number Mk such that

8#;(1 + Olki)z j=n+m
lo l = 4(1 + o )Hee(pr,, pr;) + 4 1+ 0t ) G (P10 Pr)- 15
8 F(o)Qu(r) (1 + o) Hoe (P, i) + ,.ﬂ%( + i) Gue (Prys Piy) (15)

Consider the scaling of the solution of the Equation (3)
v(y) = u(ey) + 4loge,
then v(y) satisfies

—Av = S(ey)f(ey)e”, in €,

(1-1) 3" + th(ey)v = 4b(ey) loge, on 92, (16)
v

1 1
where Q, = Q. We also set p; = pj, and define the new approximation in
& g

expanded variables as V(y) = U(ey) + 4 log ¢. Furthermore, set

1
P, = & 1+ ay, ) (17)
and
W(y) = S(ep)f (ey)e” . (18)

Obviously, Pk, =€ foralli =1, .., m.
Here, we want to see how well -AV(y) match with W(y) through V(y). A simple com-
putation shows

Page 6 of 25
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—AV(y) = —e*AU(x)

n+m
= g2 Z Ay [ (x) + Hj, (x)]
i=1
20y,
gy — pr, |
n+m< e )28Mé(1 +0lki)2 Y P

= Z i R

o1 P |: 2 |V = Pr 2(1+a'(i):|

Mk,‘ +
Pk
— D 8
Then given a small number ¢ > 0, if oV Pl > foralli=1,.,n+m,
pki pki
—AV(y) = O(e"), (19)
— D )
and if &Y = P < for some i,
Pl Pk,
_ 2a;
28M£(1 +aki)2 8)/ pki
& ' Pr;
~ave)- () , +Oe). 00)
Pk &Yy — pki

[M}:i i

gy — P
Pk;

W(y) = O(e*), (21)

2(1+Otk,-):|

1)
> for all i = 1, ..., n + m, obviously,
Pk;

Pk;

On the other hand, if

3 ,
< for some i,

Pr

ey — Pr;
Pk;

and if

W) = ey — pi [ Qi (e7)f (ey)e" )
_ a8k e ley = p " fen)Quten

- 2
[82% tley— pk..lz(l“”")] f ) Qi (1))

ntm 8#3(1 +ap )2
X exp lH;e‘ (sy) + Z |:log ( & ' +H§e) )| ¢-

N 2
j=1,j#i 82;4;3[ + |ay — Py |2(1 dkﬂ) 1 (1) Qu (1)

Now from (14), (15) and (17), we have

. 28,u£i(1 +oy,)
w-(2)
ki |: 2 €Y — Pr;
M, +

O,
R(y) = AV(y) + W(y), (23)

zahi

&Y — Pr;
Pk; { &y — pki

1+0 v
2(1+"‘ki):|2 |: (pkl Pk;

2

)+Owﬁ]wn)

In summary, we set

Page 7 of 25
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— By, 8

and if &Y = P > foralli=1, .. n+ m,
pki pk1

R(y) = O(e*), (24)

— . )

while &Y =Py < for some i,
Pk; Pk;

ey — Pr; 20%

28up (1+ ar,)?

Ro- (1) [ 2
1+

In the rest of this article, we try to find a solution v of the form v = V + ¢ of the

&Y — Pr;
Pk;

i

O )
2(1+0(}ei):| 2 |: (pkl

) + O(sz):| . (25)
&Y — Pr;

Pk;

Equation (16). In terms of ¢, the problem (3) becomes

Lo = Ap + W = —[R + N(¢)], in S,
{ (1 -1 2?}) +b(ey)p = 0, on 9€2, (26)
where
N(¢) = W[e? —1 - ¢]. (27)

3 The finite dimensional reduction
In this section, we will carry out the finite dimensional reduction to solve the Equation
(26). First of all, we need to get the desired invertibility of linearized operation L. Set

|z|2(l+aki )—u;fi

zio(z) = |z|2(1+aki)+”“§i , for i=1,2,...,n+m,
4z;
zii(z) = b, fori=n+1,...,n+m, j=1,2,
T P e}
8ul (1 + o) [z
Li¢p = Ap + i ¢, fori=1,...,n+m.

2
(42 + o]

A basic fact to get the needed invertibility is that the linearized operator L formally
approaches to the operator L; under suitable dilations and translations, which have
some well-known properties that any bounded solution of L,p = 0 is

- a linear combination of z;p and z; for i = n + 1, .., n + m, j = 1, 2 (see [24,35]);

- proportional to z; for 0 < oy, ¢ Nand i = 1, 2, .., n (see [20,28,36]).

Remark 3.1 These properties of the operator L; have been discussed in the above
papers only if 0 < o, ¢ Nfori =1, .., morap=0fori=n+1,.,n+m In fact, if
—1 <ap, <0 for some i = 1, ..., n, the operator L; has also the corresponding
properties.

Lemma 3.2 For —1 < o ¢ NU {0}, any bounded solution ¢ of

8u2(1 +a)?|z|™

A + )
(Mz + |z|2(1+a)>

¢ =0, Vze C\[0}, (28)

Page 8 of 25
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] ) |Z|2(l+u¢) _ 'u2
is proportional to JEC Mz.

Proof. 1f we express the bounded solution ¢ of the Equation (28) in Fourier expan-
sion form as follow

+00

#(z) = Z uy(r)e™™, z=re",

u,(r) is a bounded nontrivial solution of the equation

n?  8u?(1+a)*r

1
W)+ W) — L u+ 29
(r) T (r) r2 (12 +T2(1+a))2 (29)

Since any solution of -Au = € in C is given by the Liouville formula
8|F (2)|”
2 !
(1+IF@I)

for any meromorphic function F defined on {z € C : F'(z) # 0}, the function

In

n+o+1 2

1+ az
a+1

(n? + 22+ | 1 4 az"lz)2

n

8u2(1 +a)?

In

with any n € Z and |a| < , is the solution of -Au = |z|**¢* in C\{0}. More-

a+

n|+a+1

over, its derivative with respect to a at a = 0

1 (n+a+1)p?+(n—a—1)P0
Z', nelZ,

+1 w2 + |z 21+

Pn(2) = o

is a solution of the Equation (29) with r = |z|.

For |n| = 1, since {@,(r), ¢_,(r)} is a set of linearly independent solutions of the sec-
ond order linear homogeneous ODE (29), any bounded solution is a linear combina-
tion of ¢,(r) and ¢_,(r). However, @, (r) ( resp. ¢_,(r) ) tends to 0 ( resp. ) as r = 0
and @y,(r) ( resp. @_j,(r) ) tends to e ( resp. 0 ) as r = + oo, which implies that the
Equation (29) ||,>1 has no bounded nontrivial solution.

220+ _ 2
- |2 2(1%) 4 2

that is, of the Equation (28). We claim that there does not exist the second linearly

For n = 0, ¢p(z) = is a bounded solution of the Equation (29)|, - o,

independent bounded solution of the Equation (29)],, - o. Otherwise, let @ be another
linearly independent bounded solution of (29)|, - o. Writing w(r) = c(r)@(r), we get
that

1
(o + ¢ (1) (2(;56 + r¢0) =0.
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Then there exists a constant C > 0 such that

~ C ~ C(T2(1+a) +M2)2
rqbé(r) r(r20+e) — Mz)z
¢(r) ~ Clogr for r small.

C
~ for r small,
r

c()

Hence, w(r) ~ C log r for r small, which implies w(r) is unbounded on (0, + o). It
contradicts the assumption that @ is bounded. O
Let us denote

Zio(y) = zio (gyl;pk"), for i=1,2,...,n+m,

Zii(y) = zjj (Eyp_k.pk’), for i=n+1,...,n+m, j=1,2,
8 —

x(¥) = x (‘ F
Pr;

where y(r) is a smooth, non-increasing cut-off function such that for a large but
fixed number Ry > 0, y(r) = 1 if r < Ry, and y(r) = 0 if r > Ry + 1. Additionally, set o
= min{0, ay, ..., an}. For any o € (-1, o), we introduce the Banach space

Cn,m = {w € LOO(QE) : ”vf”n,m < +OO},

), for i=1,2,...,n+m,

with the norm

1262]
11l = su .
n,m yeSlZ)g (8)2 ey — pi 2a; (8)2
n 0i Di n+m i (30)
g2+ Z ' : 4+20+20; + Z l 4+2a
i=1,0; <0 ( ey — pi ) i=1,0;>0 ( gy — pi )
1+ 1+
Pi Pi

Now to get the invertibility of the linearized operator L, we only need to solve the
following linear problems: given / of class C,,, N C* (Q,) with B e (0,1), for m > 1

and 0 < # < N, we find a function ¢ and scalars ¢;;, i = n + 1, .., n + m, j = 1, 2, such

that
2 n+m
Lp=Ap+Wo=h+Y > cjxiZj in
j=1 i=n+1
9
(1- t)8 ¢ +th(ey)¢p = 0, on 3%, (31)
v
/XiZijqbdy=0, Vi=n+1,...,n+m, j=1,2,
Qe

and for m = 0 and 1 < n < N, we find a function ¢ such that

Lp=Ap+W¢=h, in Q,
i (1—10) 88v¢> +1tb(ey)¢ = 0, on 3L2. (32)

Proposition 3.1 (i) If m 2 1 and 0 < n < N, given a fixed number 6 > 0, there exist
positive numbers gy and C such that for any points P, [ = n + 1, ..., n + m, in Q, with
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dist(pr, 0Q) =8, |p, —pi| =8, forl#iandi=1,...,n+m, (33)

there is a unique solution ¢ € L°(Q2:), Cns1, .- Cnem € R, of the Equation (31), which
satisfies

1
ol =C (log 8) I1Pll,ms (34)

or all & <ey and t € (0, 1]. Moreover, the map p’ v~ @ is C* and
e 0 pp @

1 2
IDyol.. = C(1og | ) Wl )

’ 1 1
where p' = SPk,le“-r SPkm -

(ii) If m = 0 and 1 < n < N, there exist positive numbers ¢y and C such that there is a
unique solution ¢ € L™(Q,) of the Equation (32), which satisfies

1
¢llo = C (108 8) 11,0, (36)

for all & <eg and t € (0, 1].

These results can be established through some technical lemmas. First for the linear
Equation (32) under the additional orthogonality conditions with respect to Z;y, i = 1,
wom+m,and Zy, i =n + 1, .., n+ m, j = 1, 2, we prove the following priori estimates.

Lemma 3.3 (i) If m > 1 and 0 < n < N, given a fixed number 6 > 0, there exist posi-
tive numbers ey and C such that for any points Pr, | = n + 1, ..., n + m, in Q', which
satisfy the relation (33), and any solution ¢ of the Equation (32) with t € (0, 1] under
the orthogonality conditions

/XiZio¢d)/=0, Vi=1,...,n+m,

- (37)
/XiZijqbdy:O, Vi=n+1,...,n+m, j=1,2,
Q0
one has
lélloo < Clihllym, (38)

for all & <g.
(ii) If m = 0 and 1 < n < N, there exist positive numbers ey and C such that for any
solution @ of the Equation (32) with t € (0, 1] under the orthogonality conditions

/X,»Zm(pdy: 0, Vi=1,...,n, (39)
Q.
one has

for all & <g,.
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Remark 3.4 The idea behind these estimates partly comes from observing the linear
&Y — Pi;
Pk
After a translation and a rotation so that Q, converges to the whole plan R2, the Equa-

Equation (32) with # = 0 on bounded set Bjg := {y € Q:

< R} for & small.

tion (32) approaches L,p = 0 in R2. As a result, the solution of the Equation (32) under
the additional orthogonality conditions (37) should be zero.

Proof. Case (i): First consider the “inner norm” l¢|l; = supypng,  [#] and the “bound-
ary norm” [|¢|l, = sup;q, 19|, we claim that there is a constant C > 0 such that if L =
h in Q,, then

||¢||oo = C(”¢“l + ||¢||o + ”h”n,m) (41)

We will establish it with the help of suitable barrier.

|z|2(1+a) _

Consider that the function g(z) = is a radial solution in R2 of

|Z|2(1+Ot) +1

8(1 +a)?|z|*®

(1 . |z|2(1+°‘))2 (z) =0,

Ag(z) +

we define a bounded comparison function

n+m 8)} _ pk
Z(y)=Zg<a 1 ) y € Qe
i=1 Phi
! €y — Pr
with a > 0. Set 1.2(1 + ) While "| >R foralli=1,..,n+m,
Ri= 3 Pr
2«
mm N2 8(1 +a)? aE)/p Pl ey —p
ki - ki
—AZ(y) =Z( ) a* o zg(a )
7 \ Pl ey — pr, [+ P
1+|a
Pr
2a
pom , a(1+a)?]a TP
> Z ( € ) az Pk; (42)
~ =\ ey — py, [0+ 2
1+|a '
Pk;
- € 2 —2(1+a) (1 + a)Z
= Z a 2044 °
o1 \Phi &Y — Pr;
Pk;
Moreover, according to (21) and (22), on the same region,
n+m e 2 l
W(y)Z(y) <C .
()’) ()/) ; (Pki) £y — i, 20, +4 (43)

Pk;

So if a is small enough to satisfy (1 + )’ sC + 1, R, is sufficiently large. As a

result, by (42) and (43), for any R > R,, we have Z(y) > 0 and L(Z) < 0 in
Qf?,s = Qs\ U?:lm Bi/Ro

Page 12 of 25
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Let M be a large number such that for all i = 1, .., n + m, Q C B(py,, M). Consider
now the solution of the problem

2
4 —f M
—AY; = ( : ) oasd +4g?, R < &Y = P < ,
Ok; &y — Pr; o ok
P,
&y — Pr. ev—pn | M
Vi(y) =0, for V=Pl _p  and y=he| _ M
Phi Pi o

A direct computation shows

log "
M
W) =ne) - () TR
Pk; log
Rpr,
where
I = €Y — P, ’
P,
and

1 1 1 2132 5
gpi(t) = (1 +a)2 <R2(1+a) - t2(1+0¢)> +pk,‘(R =t )

For the sake of the convenience, we choose R larger if necessary. Then it easily see
that these functions y;, i = 1, ..., n + m, have a uniform bound independent of e.
Now we can construct the needed barrier:

n+m

$() = 2(Il + 181)Z@) + Inllm D ¥i(y)-
i=1
It is easy to check that L¢ < h = L¢ in Q,, and ¢ > ¢ on 92} ,. Since Z(y) > 0 and
LZ(y) < 0 in %, from the maximum principle (see [[37], Theorem 10, Chap. 2 ]), it
follows that ¢ > ¢ in 2. Similarly, —¢ < ¢ in Q} ,, which derives the estimate (41).
We prove the priori estimate (38) by contradiction. Assume that there exist a
sequence & — 0, points p;;, I=n+1,.,n+ m, in Q which satisfy relation (33), func-

tions /1, with || hk" wm —> 0, solutions @y with ||gok||0<, = 1, such that
Loy = Adr. + W = hy, in €,

(1-1) aa o +th(ey)pr =0, on 9%,
%

/XiZio¢kdy=0, Vi=1,...,n+m,

Q

/xiZioqbkdy:O, Vi=n+1l,...,n+m, j=1,2.
Q

Then from the estimate (41), " (pk"l > K or ||(pk||o > k for some > 0. Briefly set &:=

€l Py pﬁi. If || @cll; = &, with no loss of generality, we assume that supg, . |9l = k for

some i Then if we set ¢A>k(z) = ¢y ('O:iz + psi) and flk(z) =y ('Zziz + P:-) , b, satisfies
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L 8uE (1 + o) 2P ~pN2e
Adp+ " , [1+ 00, 120) + O] = (7 ) T,
g + =) ¢

1 \24
for z € Bg(0). Obviously, for any g € |:1, — } we easily get (:%) h, — 0 in L9(Bg
o &

81z, (1 + )21

(0)). Since
(12 + 1220

is bounded in LY(Bg(0)) and HqAka = 1, elliptic regularity

theory readily implies that ¢, converges uniformly over compact subsets near the ori-

gin to a bounded nontrivial solution ¢ of the equation

|20tk1.
N

. . 8ui(1 + o 2|Z
L= Ao bl en) L $=0, in R
[if, + 220

From Lemma 3.2, this equation implies that ¢ is proportional to z; for i = 1, ..., n, or
a linear combination of z;; and z;; for i = n + 1, .., n + m, j = 1, 2. However, our
assumed orthogonality conditions (37) on ¢y pass to limit and yield the corresponding

conditions (37) on ¢, which means ¢ = 0. Hence, it is absurd because ¢ is nontrivial.

If " (pk”O > k and " (pk"l — 0, there exists a point g € dQ and a number R; > 0 such

that SUpyo,ng, (¢) |de(y)| = k> 0 with ¢ = 1q. Consider ¢(y) = ¢r(y — ¢') and let us
! £

translate and rotate €, so that g’ = 0 and Q, approaches the upper half-plan R2. Since

eq — pr, ) N
7 =P > foralli=1,..,n+ m, ¢,z) satisfies
Pr :

Pk;
Ai(y) + O(e*) () = h(y), in Qe\ UL Bys,,
(1-1) aa 1. + th(ey)pr = 0, on 092,

1%

~ |2 A
with (1 —1) [, ‘V¢>k‘ +1 [0 b(ey)@i < C. Moreover, we easily get /(y) — 0 in
Q:\ U" Bisp. While £ = 1, it is obvious to see that ¢ (y) = 0 on 9Q,. So it is absurd
because of SUP,q,ng, (7) \¢k()/)\ >k > 0. On the other hand, for any ¢ € (0,1), elliptic
regularity theory with the Robin boundary condition (see [30,34,38] and the references

therein) implies that ¢, converges uniformly on compact subsets near the origin to a

bounded nontrivial solution ¢ of the equation

Ad =0, in R?,
a - N
(1—1) 20 tb(0)¢ = 0, on IR?2,
v
with (1= 1) [, Vflg‘z +th(0) [,z #* < C. It follows that its bounded solution § is

zero. Hence, it is also absurd because ¢ is nontrivial, which derives the priori estimate

(38) of the case (i). Since the proof of the case (ii) is similar to that of the case (i), we
omit it.»0

We will give next the priori estimate for the solution of the Equation (32) that satis-
fies orthogonality conditions with respect to Z;, i = n + 1, .., n + m, j = 1, 2, only.
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Lemma 3.5. (i) If m > 1 and 0 < n < N, given a fixed number 6 > 0, there exist posi-
tive numbers ey and C such that for any points Pr, | = n + 1, ..., n + m, in Q’, which
satisfy the relation (33), and any solution ¢ of the Equation (32) with t € (0, 1] under
the orthogonality conditions

/XiZijd)dy:O, Vi=n+1,...,n+m,j=1,2, (44)
Q.
one has
1
¢llc < C|log . 171l 0 (45)

for all & <g.
(ii) If m = 0 and 1 < n < N, there exist positive numbers ey and C such that for any
solution @ of the Equation (32) with t € (0, 1], one has

1
¢llo = C (log 8) 11,0, (46)

for all ¢ <g,.

Proof. Case (i): Let ¢ satisty the Equation (32) under the orthogonality conditions
(44). We will modify ¢ to satisfy the orthogonality conditions (37). To realize this
point, we consider some related modifications with compact support of the functions
Zivi=1,.,n+ m.

Let R >Ry + 1 be large and fixed, and let z;y be the solution of the equation

8ul (1 + o) 2> 8
AZjp + ki ) ) Zio = 0, for R <|z| < ,
(17 + Iz 30
Zio(z) = zip(R) on |z| =R, Zio(z) =0 on |[z| =

k,‘

A simple computation shows that this solution is explicitly given by

ds
Jk
. sz2 (s
Zio(z) =zip(r) | 1 — 5 0(s) , 1=]lz|.
3o, ds
Jr >
L szjo(s) _
Set
R . (&Y —pr, &y — Pr, &y — pr,
Zio(y) =Zio< Y~ ) ni(y) =m ( vy ) n2i(y) = n2 <4Pk,- Y= )
Ok; Pk; ki

where 1,(r) and 1,(r) are smooth cut-off functions with the properties: n,(r) = 1 for
r <R, ni(r) = 0 for r>R+1,
48

r> ,
3

n/l(r)| <2 Ma(r) = 1 for r < 3, na(r) = 0 for

n,(r)| < C|n5(r)| < C. We define a test function

Zio = miZio + (1 = mi)naiZio.
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- - )
Obviously, Zi(y) = Zio(y) if <R, and Z;y(y) = 0 if > 30 in par-

Pk;

&Y — Pr;
ke

i

ey — Pk
Pk,

ticular, Zjy(y) = 0 near 0Q.
Now we modify ¢ to satisfy the orthogonality conditions with respect to Zy, i = 1, ...,

n+ m, and set

$=¢+) diZo,

i=1
where the numbers d; are chosen such that

di/Xi|zio|2+/Xiz,-o¢=o, Vi=1,...,m+n.
Qe

Qe

Thus

L(,Z; =h+ i diLZi(), in Qg,
e ] (47)
(1—-1) 8v¢ +th(ey)¢p =0, on 9L,

and ¢ satisfies all the orthogonality conditions in (37). From Lemma 3.3 (i), we have

$| =cC ||h||n,m+m£|d,-|-LZ,-o : (48)
], <[ S iz, |

In order to get the estimate (45) of ¢, we need to give the sizes of d; and HLZ-O

nm
for any ¢ € (0, 1]. Multiplying the first equation of (47) by Zjo, integrating by parts and

using the mixed boundary conditions of (47), we get
(LZ]OI ¢;> = (2]0! h) + d] (LZ]OI Z]0> ’ (49)

where (f, g) = fQ fg. A simple computation shows that szo, h)‘ < Cllhll,, » which in
combination with (48) and (49) yields

|- (1230, Zio)| = Cll [1 + |12

:| + CHLZ]’O
n,m

m+n

> ldil- HLZiO
n,m &

i=1

From some similar computations (see [[26], Lemma 3.2] and [[28], Lemma 3.3]),

nm (50)

there exists a constant C > 0 independent of & such that

1

HLZjO nm =¢ ’10g Pk; | '

(51)

and

-~ C 1
LZ, Zjp) < — 1+0 , 52
< jO ]0) |10g;0k/| |: + <|10gpk]i):| ( )
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which combined with (50) yields
1
|dj| <C (IOg ) 1Pl - (53)
o
Furthermore, from (48), (51), (53), and the definitions of ¢ and Pk, we have

1
[¢llec = C (10g 8) I[Pl m- (54)

Similarly, the proof of the case (ii) can also be done, we omit it. O

Proof of Proposition 3.1. Case (i): From Lemma 3.5 (i), and the Fredholm’s alternative
theory with Robin boundary condition instead of Dirichlet boundary condition if
necessary (see [34,38] and the references therein), the proof can be similarly given
through those in [[26], pp. 61-63].

Case (ii): Since the priori estimate (36) of the solution of the Equation (32) has been
established in Lemma 3.5 (ii), we can use the Fredholm’s alternative and obtain the
unique solution of the Equation (32). O

Let us now introduce the auxiliary nonlinear problems: for m > 1 and 0 < n <N, we
find the function ¢ and scalars ¢, i = n + 1, .., n + m, j = 1, 2, such that

2 n+m
L¢ = —[R+N(¢)] + Z Z cij xiZi, in Q,
j=1 i=n+1
a
(1-1) 3,9 th(ey)g = 0, on 3%, (55)
1%
/XiZij¢dy=O, Vi=n+1,...,n+m,j=1,2,
Qz

and for m = 0 and 1 < n < N, we find the solution ¢ of the nonlinear Equation (26).

The following result can be proved using standard arguments as in [26,28].

Proposition 3.2 (i) If m > 1 and 0 < n < N, given a fixed number ¢ > 0, there exist
positive numbers ¢q and C such that for any points P, [ = n + 1, ..., n + m, in Q’ satis-
fying the relation (33), there is a unique solution for the Equation (55) which satisfies

¢l < Cp [loge], (56)
for all & <ey and t € (0, 1]. Moreover, the map p’ — ¢ is C* and
|IDyo |, < Colloge|”, (57)

_ A 1
where 0 = MAX<i<nimPhiand p' ==  Pryre--r Dhum |
€ €

(ii) If m = 0 and 1<n<N, there exist positive numbers gy and C such that there is a
unique solution for the Equation (26) which also satisfies the estimate (56) for all ¢ <&
and t € (0, 1].

Now we only need to find a solution to the Equation (26) with m > 1 and 0 < n < N,

1 1
and hence to the Equation (55) if p’ = ( Plprr - -+ Pkmm) is such that
€ €

¢i(p)=0, Vi=n+1,...,n+m, j=1,2. (58)
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Let us introduce the energy functional of the Equation (3), namely for ¢ = 1,

Ja) = ) [ 19 = [ s@ree
Q

Q

and for £ € (0,1),

2
Joa(u) = (1—1) (;f IVl —esz(x)f(x)e") . ;8 fb(x)uz.
Q Q

aQ
Furthermore, we define

Fer(p) = Je (U (p) + (D)), (59)

Equation (55).

The finite dimensional variational reduction is meaningful in view of the following
property.

Proposition 3.3 If p = (pr
point of F,, with t € (0, 1], then U(p) + ¢(p)is a critical point of ], namely a solution
of the Equation (3). Besides, on any compact subsets S of (' \ T)™ \ A,,, the following
expansion holds

Pron) € ()" satisfying the relation (33) is a critical

nelreees

Fei(p) = Jeo(U(P)) + 6c,0(p), (60)
where

|0c,:(p)| — O, uniformly on S, (61)
for & small.

Proof. Step 1: Let us define for ¢ = 1,
1
L) = [ 192 = [ senrene,

and for t € (0,1),

L:(v)=(1-1%) ;‘/ |V —/S(sy)f(sy)e" + ; / b(ey)(v — 4eloge)?.
Q. : Q.

Then F,(p) = Je«(U(p) + $(p)) = Le.(V(p') + (p')), where p’ = ip. Moreover, for k =
n+1,.,n+m l=1,2, it holds
dpiFec(p) = € 'DILeo(V + @) [,V + 3y, 8] . (62)

Since @(p’) is a solution of the Equation (55), v = V(p') + @(p’) satisfies

2 n+m
Vv +S(ey)f(ey)e’ =3 Y cixiZi in Qg
j=1i=n+1 (63)

d
(1—-10) av + th(xy)v = 4tb(ey)loge, on 9%,.
1%

Page 18 of 25



Chang and Yang Boundary Value Problems 2012, 2012:33 Page 19 of 25
http://www.boundaryvalueproblems.com/content/2012/1/33

By (62), (63), D,F,.(p) = 0 implies for £ € (0, 1],

n+m

Z Z Cij / XiZij(ap/kIV + aﬂ'kz(p) = 0.

j=1 i=n+1 Q.

From the definition of V; it can be directly checked dy,V = —Zp + 0(1), where o(1) is

in the sense of the L”-norm for & small. Since

IDyg| 2,8y V + 8y ¢ = —Zjy +0(1). Hence it follows

n+m

chl,/xlzﬁ(zk,wu)):o, Vk=n+1,...,n+m 1=1,2,
j=1 i=n+1 Q.

which is a strictly diagonal dominant system. This implies that ¢; =0, Vi=n + 1, ..,
n+m, j=1,2. By (63),U(p) + ¢~S(p) is a critical point of /., that is, a solution of the
Equation (3).

Step 2: Set G, (/) = Lo, (V(P') + $(p')) — o, (V(p')). Using DLV + ¢)lg] = 0, a Tay-
lor expansion and an integration by parts, it follows that for £ € (0, 1),

Oc,i(p) = Lt (V + ¢) — Li (V)

1

- / D21, (V +59)[¢]2(1 — 5)ds

0
1
- [{a-0 / V6P — SEen)f(en)e' 47 + 1 / ben)s? | (1 - syas
0
_(1—t)/(wf N(¢) +R] ¢ + W[1—e?]p? | (1 —s)ds,
and similarly, for ¢ = 1,
1
Gs1(p) = / (D/ [N(¢) +R] ¢+ W[1 —e?]p? | (1 —s)ds. (65)
0 e

Note that [[o]|.. = O(pllog e]), [N (@)]l.. = O(p| log 2I*), |R]|,..m = O(p), and
II W”nm = O(1). Then from (64), (65), it is easy to deduce for ¢ € (0, 1],

6.4(p') = O(5* loge]). (66)

Hence, from (66), the expansion (60) satisfies the property (61).0

Finally, we need to write the precisely asymptotical expansion of J.,(U). To realize it,
we first establish the following result:

Lemma 3.6 Assume that points Phy,s - - - 1 Pl Satisfy the relation (33), then fort €
(0,1) and i = 1, .., n + m, there hold

Gee (% pr;) = Gi(x, pr,) + O(e), (67)
and

Ht,s (xr Pki) = Hl (xr pki) + O(E), (68)
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uniformly in C(Q) and in CL () for & small.
Proof. Set zj(x) = Gye(x, pr,) — G1(x, pr,)- Then z}(x) satisfies
Vzi(x) = 0 in Q,
2t
e(1—1) ( ) +tb(x)zl(x) = Fi(x), on 9%,

where Fi(x) = —¢(1 — t) Gl(x pr;)- Since Hi(x, pr,) has the gradient estimate on
2Q (see [[26], p. 76])

1

. 1
|V<Hi (%, pr))| < Ci min v pu | dist(ps, 9)

1
+C < 5 +Cs,
we can easily get |[F!(x) ”Loc(asz) = O(#). Using the same technique with the proof of
(2) for & small,

which means (67). From the definition of the regular part of Green function, we can
also derive (68). O
Proposition 3.4 The following asymptotical expansions hold for t = 1,

Lemma 2.1, we can also get z}(x) = O(¢) uniformly in C(Q2) and in C?

loc

8(1+ap,)”
£, = ! * " o
Jea(U) = 8rmlog8 871121:(1 ;) 8 £ (p1,) Qi (1)

n+m

— 167 Z (1 + o) (1 + o )G (s 1) — 16nlog82(1+o¢k) (69)
ij=1,i#j i=1

— 167 Z(l + ) Hy (prs pr) — 167 Y (1 + a,) + pOc (p) — 1670 m(p),

i=1 i=1

and for t € (0,1),

n+m n+m

Jeu(U) = 87 (1 — t)mlog8 — 16w (1 —1) Y " (1+ay,) — 16w(1 — 1) loge » (1 +ay,)

i=1 i=1

i 8(1 +Olkl)2 " 2
+ - +ap)l — — +a ,
8m(1—1) ?:1 (1 +ay) %8 £ (5 ) QP 16m(1—1) ?:1 (1 + o) Hi(pr, pr)  (70)

—167(1 =) D (1+ai)(1+ar)Gi(p, pi) + pOc(p) — 167 (1 — )pum(p),
ij=1,i#j
where ¢,,,,(p) is defined by (5), and for ¢ small, ®, is a bounded, smooth function of p
= (Prprs - - - 1 Pl ) Uniformly on points Pry.,s - - -+ Pl in Q satisfying the relation (33).
Proof. According to [[26,28], Lemma 6.1], it only remains to discuss the asymptotical
expansion of the energy /. ,(U) with respect to £ € (0,1). By (11), it follows

n+m n+m U
J
/|VU| » /vuvu,_§ /Uiav —/U,-Auj ,
ij=1 ij=1 Q Q

and

/ b(x)U? = mm b(x)U;l;,

ij= 189
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which together with the Equation (13) yields

n+m

1—t , , 1-—t
5 /IVU| + 2€fb(x)U =-, Z[UiAUj.
Q a0 ij=lq

Furthermore

T (U) = (1 —1) ;/|VU|2 —SZ/S(x)f(x)eu . ;8 /b(x)U2
Q Q Q2

n+m

=—(1-1) ;Z/UiAL@+ssz(x)f(x)eU
Q

ij=1 o

From (9), (13), and (14), it implies

~ [ wat;= [ e py )4 ), + G )

Q Q

2
8/1,23152(1 + o) | — prg |~

_/ 2(1+oy .
(o2 + e = pi |72

Q

1
198 2 gy [y * A7)+ O
M, &+ X — Py !
/ 16ui](1 +akj)2°"‘z 1
= og
2(1+ay, 2(1+ay,;
a (g + 1yl Wy 2 2 62 o | oy + pyy — i1
j

O‘kj

2
3202 (1 + o) (1 + )|y
/ ] | Hee(pry + Prys Prir ) + o(e?).

2(1+oy,)
Qo (1 + ™2
Then if i # j for any i and j,

—/ UiAU;j = 327 (1 + g ) (1 + 0ty ) Gr,e (P 1) + O(0),
Q

and if i = j for any i,

—/ U;AU; =327 (1 + a;q)th,g(pkﬂpk‘.)—32n(1+ozk1) log(pr,e)—16m (1+ag,)+O(p).

Q

On the other hand, from (21) and (22), it follows

n+m

S[W:Z/W+ f w

i=1 Byt QAULB 1
20y,
&y =P |
-~ E 28#,31(1 rap) )’pkpf &y — pr,
= Z / ( ) 2(]1+a;() |:1 0 (Pk, ' ) ’ 0(82):| ' 0(82)
P ok P St Y B '
Bt [, + i !
i ‘i
n+m 2 B za’{
8y, (1 + g, ) [

-3 / L [1+0(pn 121) + O(2)] dz + O(e?)
= [ 2, |z200a)
s Mg + z|
lzl=
Pl
n+m

= 2871(1 +ay,) + O(p).

i=1

(72)

(73)
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As a result, it derives

n+m

e [serwe - [wo) - Y sr(1+a)+00) 7
o o i=1
Now using the choice for Kk’s by (15), together with (71)-(74), it holds
) ~ n+m 8(1 +01k,]2
Jea(U) = 87(1 = 1) ;(1 ra)log oo o)
—167(1—1) Zm (1 + ) Hye (pr, pr,) — 167 (1 — 1) Z (1+a)
i=1 i=1
—167(1—1t) ’i"': (1 + o) (1 + o)) Gre (P, pr) — 167 (1 — t) loge % (1 +ag,) +O(p),
ij=1i% i1

which derives the asymptotical expansion (70) by (5), (67), and (68). ©

4 Proofs of theorems

In this section, we carry out the proofs of Theorems 1.1 and 1.2 basing on the finite
dimensional reduction. Now we introduce the definition of C°-stable critical point of
the function ¢,,,, just like in [28,36,39].

Definition 4.1. We say that p is a C°-stable critical point of ¢,,,, in (' \ )"\ A,
which says that if for any sequence of the functions y; such that y; — ¢,,,,, uniformly
on the compact subsets of (' \ I')” \ A,,, y; has a critical point & such that y,(&) —
+ G

In particular, if p is a strict local maximum or minimum point of ¢, p is a C°-
stable critical point of ¢,, .

Proof of Theorem 1.1. Case (i): m 21 and 0 < n < N. Let

v =V )W) +o () (), YreQ.

where ¢ is the unique solution of the problem (55), which is established in Proposi-
tion 3.2. From Proposition 3.3, v(y) is a solution of the Equation (16), namely ¢ (p) (x)
is a solution of the Equation (3) if pe = (Ph,.1,er - - -+ Phyumie ) Satistying the relation (33) is
a critical point of the function F,,(p) with ¢ € (0, 1]. This implies that we only need to
find a critical point p, of the following function in (Q’\ T)™ \ A,,

7 _J Fen (p) - B, for t=1,
Fee (p) = {Fs,t (-1 —-np for te(0,1), (75)

where

=16 Y (1 +a,)(1+ar)Gr (i)

ij=1,i%

Z 8(1 +ay)?
= 8nmlog8 + 8 1 lo '
¢ 8887 2 (1+ )10 o ()

n+m n n+m
— 167 logsz (1 +op,) — 167 Z(l +ak,)2H1(pkx,pkl) — 16w Z (1 + o).
i=1 i=1 i=1

From Propositions 3.3 and 3.4, it follows that

T _ 98,1(17) + :0®s(p) - 167Tfpn,m(P)/ for t=1,
Feulp) = {98,:(17) +pO:(p) — 167 (1 — )@nm(p), for t e (0, 1), (76)
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where 0,,(p) = O(p?| log ¢|) for any t € (0, 1], and @,(p) is uniformly bounded on
any compact subset S of (Q"\ I')"\ A, for ¢ small. Then F, 1 (p) = —167¢nm(p) and
Eoi(p) = —167(1 — t)@um(p) for any £ € (0,1), uniformly on & for ¢ small. By Defini-
tion 4.1, there exists a critical point ps = Pk, e - - - s Phyome) Of the function F,, such
that F,  (pe) = —16m @, m(p*) and F, (pe) = —167 (1 — t)@nm(p*) for any t € (0,1).
Moreover, up to a subsequence, there exists p = (py, D) € (\T)™\ Ay, such
that p, — p for ¢ small, and ¢,,,,,(p*) = ¢,,,.(p). Hence, u, = U(p,) + ¢ (p.) is a family of
solutions of the Equation (3). As a consequence, from the related properties of U(p,)

a1’ c

and $(p,) we easily know that for any A > 0, u, is uniformly bounded on
Q\ UL Bi(pr, ), and SUPB, (p,)4e = +O© for & small.
Finally, we show that u, satisfies the concentration property:

n+m
- er = pr = o ()W > 81 Y (L)W (o), YW €C(Q),  (77)
Q i=1
for ¢ small. In fact, using the inequality |¢ - 1| < e"l|s| for any s € R and the estimate
(56), we obtain

- / e = pa [ - = o ()P Ow 1 0(1)
Q
- [ WewEn +o).
Q

Then from the asymptotical expression (21) and (22) of W(p.)(y), we can easily get

n+m

f W))W (er) = 87> (1 +an,) W (pi,) + o(1),
Q. i=1

which implies (77).

Case (ii): m = 0 and 1 < n < N. From Proposition 3.2 (ii), we find that
us(x) = U(p)(x) + qb(;x) is a family of solutions of the Equation (3) with
p=(Pry,--- pr,) Then we can get the needed multiple blowing-up and concentrating
properties of u, through the similar proof of Case (i). B

In order to give the proof of Theorem 1.2, we need a version of the maximum prin-
ciple under Dirichlet-Robin boundary conditions, which is the extension of the corre-
sponding one with respect to Dirichlet or Robin boundary condition only.

Lemma 4.2 Assume that T S 0 is a relatively closed subset, b > 0 is a smooth func-
tion on T, F : T — Ris a smooth function. If u is a solution of the equation

Au = 0, ln Q/
ou
ap " Ab(x)u=F,onT,
v
u=0, on IQ\T,

where A > 0, there exists a constant C(b) > 0 only depending on b(x) such that

. C(b
llull oo ) + || dist(x, HQ)Vu”LOO(Q) < EL ) Il (1.

Proof. The proof is similar to that of Lemma 2.6 in [33]. O
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Proof of Theorem 1.2. Using the maximum principle with Dirichlet-Robin boundary

conditions instead of Robin boundary condition if necessary (see Lemma 4.2), the

proof can be similarly given out through that of Theorem 1.1. O
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