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Abstract

In this article we introduce a new definition of impulsive conditions for boundary
value problems of first order impulsive integro-differential equations with multi-point
boundary conditions. By using the method of lower and upper solutions in reversed
order coupled with the monotone iterative technique, we obtain the extremal
solutions of the boundary value problem. An example is also discussed to illustrate
our results.
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1 Introduction

Impulsive differential equations describe processes which have a sudden change of
their state at certain moments. Impulse effects are important in many real world appli-
cations, such as physics, medicine, biology, control theory, population dynamics, etc.
(see, for example [1-3]). In this article, we consider the following boundary value pro-
blem for first order impulsive integro-differential equations (BVP):

X (O =fx@®,F) @), S0 @), te]=[0T], tFt

Cr
Ax(t) =1 ky k), k=1,2,...m,
(k) k (; 'Ol (771) (11)

x(0) +p kz Ii tix (nf) = x (1),
=11=1

where fe CUXxRLR),0=tyg<ty<ty<- <by<bpyi=T
T
(Fx) (1) = ftk(t, $)x(s)ds, (Sx) (1) = [h(t,5)x(s)ds,
0 0

ke CD, R),, D={(t s)e JxJt=s}, he CJx]J], RY). I, ¢ C(R, R),
Ax (ty,) =x(t,:) —x(tk_),tk_l < n’f < 77}5 <...< nfh < tk,rlk,,olk >0,1=1,2,.. ¢, ¢
e N={1,2, .}, k=1,2,...,mu=0.

The monotone iterative technique coupled with the method of lower and upper solu-
tions is a powerful method used to approximate solutions of several nonlinear
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problems (see [4-14]). Boundary value problems for first order impulsive functional dif-
ferential equations with lower and upper solutions in reversed order have been widely
discussed in recent years (see [15-20]). However, the discussion of multi-point bound-
ary value problems for first order impulsive functional differential equations is very
limited (see [21]). In all articles concerned with applications of the monotone iterative
technique to impulsive problems, the authors have assumed that Ax(¢;) = I (x(£0)),
that is a short-term rapid change of the state at impulse point ¢, depends on the left
side of the limit of x(zy).

Recently, Tariboon [22] and Liu et al. [23] studied some types of impulsive boundary
value problems with the impulsive integral conditions

t, lp—1+0%—1

Ax(tk)=1k(fx(s)ds— S/ x(s)ds), k=1,2,...,m. (1.2)

le—Tr Te—1

It should be noticed that the terms f;{"f _x(s)ds and ftff_'l‘ " x (s)ds of impulsive

T
condition (1.2) illustrate the past memory state on [t - 74, ;] before impulse points #
and the history effects after the past impulse points ;1 on (tx1, tx1 + Ok1l,
respectively.

The aim of the present article is to discuss the new impulsive multi-point condition

Ch

Ax () = I (Z prx (nf)) =Te(pix (k) + -+ pfx(nf) + -+ pkx(nl)),  (13)
=1

for t,_1 < n’f < ng <. < nfk <ty k=1,2,...,m. The new jump conditions mean
that a sudden change of the state at impulse point ¢; depends on the multi-point
n;‘ (1=1,2,...,c) of past states on (f, tz]. We note that if ¢, = 1, nfk =1, and pfk =1,

then the impulsive condition (1.3) is reduced to the simple impulsive condition Ax(t;) = I
((tx))-

Firstly, we introduce the definitions of lower and upper solutions and formulate
some lemmas which are used in our discussion. In the main results, we obtain the
existence of extreme solutions for BVP (1.1) by using the method of lower and upper
solutions in reversed order and the monotone iterative technique. Finally, we give an
example to illustrate the obtained results.

2 Preliminaries

Let J =]\ {ty, ty, ., t,y}. PC(J, R) = {x: ] > R; x(¢) is continuous everywhere except for
some f; at which x (t,;) and x (t;;) exist and x (t,;) =x(ty), k=1,2,..,m, PC*(, R) =
{x € PC(J, R); x'(¢) is continuous everywhere except for some #; at which x’ (t;;) and
X (tk’) exist and x’ (t,;) =x'(t) }. Let E = PC(J, R) and F = PC! (J,R), then E and F

1}
respectively. A function x € F is called a solution of BVP (1.1) if it satisfies (1.1).

Definition 2.1. A function «g € F is called a lower solution of BVP (1.1) if:

a0 (1) = f (L0 (1), (Fao) (1), (Sewo) (1)), tel,
Aag (1) < I (Zplkao (n?)), k=1,2,...,m,
=1

m Cr

@0 (0) + 1Y > tfag (nf) < o ().
k=1 1=1

are Banach spaces with the nomes ||x||z = sup.; |x(¢)| and x|l 7 = Inax{IIxIIE,
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Analogously, a function By € F is called an upper solution of BVP (1.1) if:

B'o ) = f (& Bo ), (FPo) (1), (SBo) (1)), tel,
Ao (tr) = Ik <IZ oF Bo (nlk)) ) k=1,2,...,m,
=1

Ch

Bo @+ i3 S ko (1) = Bo (D),
1

-1 =1

where ,_1 < ﬂzk <t plk, rlk >0,l=1,2,.,cocre N={1,2,..}, k=1,2, .., mand

u=0.
Let us consider the following boundary value problem of a linear impulsive integro-
differential equation (BVP):

X () —Mx () =H(@Fx) ) +KSx) () +v(), te],
Ax () = Ly le pfx (nf) + I (li pro (’7?))
=1 =1

Sk 2.1
—LkZplka(nf), k=1,2,...,m, 2.1)
mc"Hk k

x(0)+ud >t (nf) =x(T),
k=11=1

where M >0, H, K2 0, Ly 2 0, ti_1 < nf < tr, o, pf >0,01=1,2, .., ¢ cre N = {1,
2, ..}, k=1, 2,., m are constants and v(¢), o(t) € E.
Lemma 2.1. x € Fis a solution of (2.1) if and only if x € E is a solution of the

impulsive integral equation

¢ m c T m Cre
x(0) = eAﬁ‘TeAj DI (,ﬁ) - / CLHP©ds— Y Gt 1) |:Lk 3 ofx (nf")

k=1 I=1 0 k=1 I=1 (22)
c ci
+ 1 (Z ,olka (n?)) — LkZpIka (n?>i| , te],
I=1 I=1

where P(t) = H(Fx)(t) + K(Sx)(t) + v(¢t) and

eMt=s)
0<s<t=<T
MT_ 7 I’

G(t,s) = eeM(T+t—sl)
eMT_1,0§t§S<T

Proof. Assume that x(£) is a solution of BVP (2.1). By using the variation of para-

meters formula, we get

! 1 Cr
x(0) =x(0) M + / MIP(syds+ Y MW [Lk > ofx (ﬁ) + 1 (Z ko (nf))
0 =1

I=1

o<t <t (23)
e (n;e)] .
I=1
Putting ¢ = T in (2.3), we have
T m Cr Cre
X(T) = x(0) M + / MTIP (5)ds+ 3 MT— |:Lk > ofx (n{‘) +1 (Z plo (;ﬁ‘))
0 k=1 =1 =1 (24)

Cl
3o (1) |
=1
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From x (0) + 0 Yty S, tFo (n¥) = x(T) , we obtain

k=1 I=1

m Ci Cr Ck
4y eMTw |:Lk > ol (uf) + 1 <Z oo (nf)) ~Liy_pfo (n?)} } :
k=1 [ [ =1

m Cr T
x(0) = ele_ 1 i—ll,zzl’lkg (T};z) +/e[w(T—S)P(S)dS
0

(2.5)

Substituting (2.5) into (2.3), we see that x € E satisfies (2.2). Hence, x(¢) is also the
solution of (2.2).
Conversely, we assume that x(¢) is a solution of (2.2). By computing directly, we

have

MM

MT _ 7 — _—
G/ (1,s) = MeeM(T*tL) =MG(1,s).

Differentiating (2.2) for ¢ # t;, we obtain
X' (t) = Mx (t) + H (Fx) (t) + K (Sx) (t) +v (t) .

It is easy to see that

N ke (1 k Nk (k N (o
Ax (t) = LkZplx(m) + I (Z,OIO’ (771)) —LkZPZU (771)~
=1 =1 -1
Since G(0, s) = G(T; s), then x (0) + u Y jt; 3%, tFo () = x(T) . This completes the
proof. O

Lemma 2.2. Assume that M >0, H, K> 0, Ly = O,f_1 < nf < t, pf >0,1=1,2, ..,
¢, e N=1{1,2, .}, k=1,2, .., m and the following inequality holds:

T s T

eMT eMT m Cr
M _ 1 / |:H/k(s,r)dr+K/h(s,r)dr:| ds + M1 ZLk (Zplk) <1. (2.6)
k=1 =1

0 0 0

Then BVP (2.1) has a unique solution.
Proof. For any x € E, we define an operator A by

T

¢ mo
(Ax) (D) = eﬁfﬁ D)L (nf) - f G (t,5) [H (Fx) () + K (Sx) (5) + v (5)] ds
k=1 I=1 0 (27)
- Gt |:Lk > pfx (nf‘) +1 (Z pfo (nf‘)) —L Y pfo (n?)} , tel,
k=1 =1 =1 =1

T
where G(¢, s) is defined as in Lemma 2.1. Since maxe[o,1 {G (£, 5)} = Mr_ 1’ we

e —

have for any x, y € E, that

Page 4 of 12
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T
av=, = |- [ ¢ /k(s,r) X~y () dr
0

+K/h(s, ) (x(r) —y(r)dr|ds
0
_ZG(t, tr) LkZ,Olk (x (nf) —y(nf))‘
k=1 I=1
T s T
MT
= eMT_1/ H/k(SrT)dT+K/h(S,r)dr ds
0 0

S (Zp)} bl

From (2.6) and the Banach fixed point theorem, A has a unique fixed point x € E. By
Lemma 2.1, x is also the unique solution of (2.1). O
Lemma 2.3. Assume that x e F satisfies

X (1) > Mx () + H(Fx) (1) +K(Sx) (1),  te],

Ax(t) > LY plx(nf),  k=1,2,...,m, (2.8)
I=1

x(0) = x(T),

where M >0, H, K2 0, Ly 2 0,t_1 < nf < tr, pf >0,1=1,2, ., ¢, cre N={1,2,
5 k=1,2, .., m In addition assume that

eMT [/‘q(s)du ZLkZp U "J} <1, (2.9)

k=1 I=1

where q(t) = H [y k(t,s)e™Mds + KfOT h(t,s)e MU= ds. Then, x(t) < 0 for all t €

]
Proof. Set u(t) = x(t)e™ for t € J, then we have

u (f) > Hf(;k(t s) e_M“_”u(s) ds +Kf0Th(t, e M=y (\ds, te],
Au(ty) > Ly Y, pke M=y (nf),  k=1,2,...,m, (2.10)
u(0) > My (7).

Obviously, the function u(t) and x(¢) have the same sign. Suppose, to the contrary,
that u(¢t) >0 for some ¢ € J. Then, there are two cases:

(i) There exists a t*¢ J, such that u(#*) >0 and u(¢) > 0 for all t e J.

(ii) There exists t*, t- € J, such that u(¢*) >0 and u(z) <O.

Case (i): Equation (2.10) implies that ©#'(¢) > 0 for £ € J and Au(t;) > 0 for k = 1, 2,

., m. This means that u(f) is nondecreasing in J. Therefore, u(7) > u(¢*) >0 and u(7) >
u(O) > u(T)eMT, which is a contradiction.

Case (ii): Let t- € (¢, t;11], i € {0, 1, ..., m}, such that u(¢.) = inf {u(¢): t € J} <0 and ¢*
€ (% til, j € {0, 1, ..., m}, such that u(#*) >0. We first claim that #(0) < 0. Otherwise,
if #(0) >0, then by (2.10), we have
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u(t) —u(0) = H / / ks, 1) M6y (1) drds

+K//h(s ) e My (1) drds+ZAu (tr)

) = (2.11)
> u (L) fq(s)ds+ZLk2p e M)
k=1 I=1
Z u(t*)/

a contradiction, and so #(0) < 0.
If * < ¢, then j < i. Integrating the differential inequality in (2.10) from #* to ., we obtain

t, s
u(ty) —u(t) = H/ / k (s, 7) e MOy (1) drds

t* 0

+K//h(s ) e MOy (1) drds + Z Au (t,)

* 0 k=j+1

> u(u)/q(s)du Z Au ()

k=j+1
i Cr
>u<z*>/q<s>ds+szzpeM(u« D (o)
k=j+1 I=1
m Cr
= u(ty) / q(s)ds+» Ly ple=M(s—n)
0 k=1 =1

2 u(t*)/

which is a contradiction to u(#*) >0.

Now, assume that - < *. Since 0 > u(0) > e™”u(T), then u(T) < 0. From (2.10), we

have

T s
u(T) —u //k(s ) e My (1) drds

+K//h(s ) e My (1) drds + Z Au(ty)

0 k=j+1

> u(ty) /q(s)ds+ Z L"Zpl ~M(t—n})

k=j+1 I=1

and u(0) > ™ u(T). In consequence,

1 (0) > eMTy (T) > eMTy (%) + u (t,) eMT |:fq(s) ds + Z LkZp e Mt~ "z)} (2.12)

k=j+1  I=1

Page 6 of 12
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can be obtained.
If - = 0, then

k=j+1 I=1

T m Cr
u(ty) > My (t*) +u(ty) eMT / q(s)ds + Z Ly Z plke_M(”‘_”;Z)
> Mu () +u(t).

This contradicts the fact that u(#*) >0.
If &= >0, we obtain from (2.11),

Ly i Ck
w(t) — u(t) [f q@) ds+ Y LY pf e—M<‘k—m">] > u(0).
0 k

=1 I=1

This joint to (2.12) yields

k=1 =1

b i Cr
u(te) —u(ty) / q(s)ds + Z Ly, Z plkefM(‘k*”;()
0

Cl

T m
> Mu(t*) + u () M f g ds+ Y Ly pfe M)
t*

k=j+1 1=1
Therefore,
T . .
u(ty) —Mu () > u(t) M / q(s)ds + Z L Z plke_M(t,,_n;z)
t* k=j+1 I=1
b i o
+ U (L) / q Q) ds + Z L Z ,()lkefM(tk*’I;l)
0 k=1 I=1
T . .
Z u (t*) eMT / q (5) dS + Z Lk Z plkefM(tkfn?)
* k=j+1 1=1

k=1 I=1

b i Cr
ru(ty) e / g ds+ > LY pfe M)
0

k=1 I=1

T m Cr
= u () M’ / q)ds+y Ly pre M)
0

Zu(ty) .
This is a contradiction and so u(f) < 0 for all £ € J. The proof is complete. O

3 Main results
In this section, we are in a position to prove our main results concerning the existence
criteria for solutions of BVP (1.1).

For o, a9 € F, we denote
[Bo,apl ={xe F:Bo(t) <x(t) <ap(t), tel},

and we write By < o if Bo(£) < a(t) for all £ € J.

Page 7 of 12
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Theorem 3.1. Let the following conditions hold.
(H1) The functions oy and By are lower and upper solutions of BVP (1.1), respectively,

such that Bo(t) < o(t) on J.
(H,) The function fe C(J x R®, R) satisfies
ftxyz)—f(tx72) <Mx—X+H(y—-7)+K@z—2),

for Bo(®) <) <x () <o @), (FBo) (1) <§ (1) <y () < (Fao) (1) (SBo) (1) < Z(1) <z (1) < (Sao) (1) L € J.
(Hs) The function I € C(R, R) satisfies

T <;Zkl Pl (%1)) — I (;Zklpzky (nf‘)) = Lklizklpzk (x (nf) —y(n?»:

whenever Bo (n¥) <y(nf) <x(¥) <ao (), 1=1,2 ., c, cxe N=1{1,2, ..}, Ly =

0,k=1,2, .., m.

(Hy) Inequalities (2.6) and (2.9) hold.

Then there exist monotone sequences {on}, {Bn} C F such that lim,,_,., o,,(t) = x*(t),
lim,,_,.. B,(t) = x- (t) uniformly on | and x*, x- are maximal and minimal solutions of

BVP (1.1), respectively, such that

Bo<P1<Pr=<- ZPp<x <x=<X"<Zp<--- <0y < Zap,

on J, where x is any solution of BVP (1.1) such that Bq (¢) < x(£) < o(£) on J.
Proof. For any o € [fy, 0], we consider BVP (2.1) with

v(t) =f (o 1), (Fo) (1), (So) (1)) — Mo (t) — H (Fo) (1) — K (So) (1) .
By Lemma 2.2, BVP (2.1) has a unique solution x(¢) for £ € J. We define an operator

A by x = Ao, then the operator A is an operator from [f, &tp] to F and A has the fol-

lowing properties.
(i) Bo < ABo, Aag <
(ii) For any o}, 0, € [Bo, 0], 01 < 0, implies Ac; < Ao,.
To prove (i), set ¢ = By - B1, where B; = ABo. Then from (H)) and (2.1) for t € J, we

have
=gy =811,
> f(t, Bo (1), (FBo) (1), (SBo) (1)) — [IMB1 (1) + H (FB1) (t) + K (SB1) (1)
+f (t, Bo (1), (FBo) (1), (SBo) (1)) — MPBo (1) — H (FBo) (t) — K (SBo) ()]
= Mo (t) + H (Fp) () + K (Sp) (1),

Ag () = APo () — APy ()
> I (Z p1 Bo (nf‘)) - |:Lk A (nf‘) +1 (Z Pt Bo (nf‘))
=1 =1 I=1
—Li Y pfBo (nf)}
I=1

Cr
=LkZP1k(ﬂ(7)1k>, k=1,2,...,m,
1=1

Page 8 of 12
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and
#(0) = o (0) = 1 (0)
= () — Y0 D 580 (o) — b1 (D= 33 o (o)
k=1 I=1 k=1 I=1

=¢ (D).

By Lemma 2.3, we get that ¢(t) < 0 for all te J, ie., fo < ABo. Similarly, we can
prove that Aoy < 0.

To prove (ii), let ) = Aoy, uy = Ao,, where 07 < 0, on J and 0y, 6, € [y, 0p). Set ¢ =
uy - uy. Then for t € J and by (H,), we obtain

¢ =1 () —ur (1)
= Muy (8) + H (Fup) (8) + K (Su1) (1) + f (¢, 01 (1), (Fo1) (8), (So1) (1))
— Moy (1) — H (Foy) (t) — K (So1) (1) — (Mugy (¢) + H (Fuz) (1) + K (Suz) (1)
+f (8,02 (1), (For) (1), (So2) (1)) — Mo, (t) — H (Foy) (1) — K (S02) (1))
> M (ur () —ua (1) + H(F (U1 —u2)) (1) + K (S (w1 —u2)) (1),
= Mo (1) + H (Fp) (1) + K (Sg) (1),

and by (H3);

Ag () = Auy (1) — Auz (1)

Ch

Ck Ck Cl
13 ()« (3ot (o)) -2 () - 2 s o)
=1 =1 =1 =1
Cr Cr
+I, (Z pl"az (nf‘)) — Ly Z pfaz (77?>:|
I=1 =1

Ch Cl:

>L Yy pf [ul (nf") — (m”)] =Ly ple (nf), k=1,2,...,m.
=1

=1
It is easy to see that

¢ (0) =uy (0) —uz (0)

m m.  C

= (M) —p) > tfo (nf> —u M4y Y o (n?)

k=1 I=1 k=1 -1
=e().

Then by using Lemma 2.3, we have ¢(f) < 0, which implies that Ao, < Aos.
Now, we define the sequences {c,}, {8,} such that «,,,; = Acx,, and f,,,; = AB,. From
(i) and (ii) the sequence {c,}, {3,} satisty the inequality

Po<Pr=- =Pp<--Zon=---Za1=a
for all n € N. Obviously, each o, B, (n = 1, 2, ...) satisfy

o'y (1) = May (8) + H (Fay) () + K (San) (t) + f (8, a1 (1), (Fan—1) (t), (Satu—1) (1))
—May—1 (t) — H (Fap—1) (1) — K (Sau—1) (1), te],

Cr Cl,
Aay () = L Y. pfon (nf) + I (Z J (n?))
1=1 =1

2
—Liypfan (nf),  k=1,2,...,m,
I=1

m ¢
an (0) + 1 Y3 tho—1 (nf) = (T),
k=1 I=1
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and

B'w (1) = MBy (1) + H (EBn) (1) + K (SBn) () + f (&, B (1), (FBn—1) (1), (SBn—1) (1))
—MBu—1 () — H (Ffn—1) () — K(SBn-1) (1), tej,

ABn () = L i PBa (1) + I <Z B (nﬁ)
=1

—LkZpIkﬂn L), k=1,2,...,m,
=1

B () + 133 T B (1) = B (T) .

k=11=1

Therefore, there exist x- and x*, such that lim,,_,.. 8, = x- and lim,,_,., @, = x* uni-
formly on J. Clearly, x-, x* are solutions of BVP (1.1).

Finally, we are going to prove that x:, x* are minimal and maximal solutions of BVP
(1.1). Assume that x(¢) is any solution of BVP (1.1) such that x € [B, 0] and that
there exists a positive integer # such that S,(¢) < x(t) < o, (¢) on J. Let ¢ = B,.,1 - x,
then for t e J,

¢ () =B (O =5 ()
= MBn.a () + H (FBne1) (8) + K (SBna1) (©) +f (t, Bn (8), (FBn) (©), (SBy) (1))
—MBy () — H(FBy) () — K (SBu) (1) — f (&, x (¥), (Fx) (£), (Sx) (1))
> Mg (t) + H (Fp) (t) + K (Sp) (1),

Ap () = ABnar (1) — Ax ()
=L i p1k,3n+1 (nf) + 1 (i Plk,Bn (nf)) Ly Z P ,Bn (771) — I <i Prx ( ))
=1 I=1
> Ly i ot [ﬁml (nf) —x (nf‘)] =L i o (nf*) k=1,2,..., m,
1=1

=1
and

® (0) = Bns1 (0) —x(0)

= Bt (T) — i Zk o B (1) = x (D) + i Zk % (o)

k=1 I=1 k=1 -1
= ¢ (T).

Then by using Lemma 2.3, we have ¢(¢) < 0, which implies that f3,,; < x on J. Simi-
larly we obtain x < «,,; on J. Since By < x < 0 on J, by induction we get f,, < x <
o, on J for every n. Therefore, x- (£) < x(¢) < x*(t) on J by taking n — oo. The proof is
complete. O

4 An example
In this section, in order to illustrate our results, we consider an example.
Example 4.1. Consider the BVP

1

x’(t)=t3(1+x(t))+54t[f0tsx(s)ds} 1f0tsx(s)ds], ter=1011, 4},

I B G N A S

2

x(0)+5 5x 5 +5x ) <2 ]_x(l),
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where k(t, s) = h(t, s) = ts, m = 1,
1 1 3 1 1 1 1 1 1 1 1 1 1 1 3 1 2 1 1 1 1 1 1 2 1 1 2 1
0= =5Pi= P = g P g Pa= P G g B gl s T =0 = T s T =0T = e
1
—-5,t€ |0, 5
Obviously, og = 0, Bo = 1 are lower and upper solutions for (4.1),
—06,t € ( 1
respectively, and By < o,.
Let
f(txyz) =6 1+x)+ ! ty® + Lo
e 54 81
Then,

1 1
ftxyz)—f(tL%72) <@x—%+ 5 (y—7)+ 5 @2,

where o) <) =x®) <ao (), FF) (1) <7® <y ®) < (Fao) (1), (SB0) () <2 (1) <2(1) < (Swo) (0, t €. It
is easy to see that

W (S o) =1 (Sav)) - 4 ot ) =)

whenever o (n}) <y(n}) <x(n}) <o (n}),1=1, .., 5.

<
. 1 1 1 .
Taking L; = 4,[\/1 =1,H= 2,K =y it follows that

T s T
eMT |:fok(5, 1) e M dr + K [ h(s,m) e M drds
0 0 0
+ f: Lye~Me (Xk: pfeMniz)]
=1

1 N 11
f f ste " dr + [ sre=drds
020 30

) 1 . 1 ;3 1 . 3 ) 2 . 1
+ e 2 el0 + ~ 5+ " 210 + o5 + €2
4 5 10 10 5 5

~ 0.9287149 <1,

and
eMT T s T eMT Cre
T f ka(s,r)dr+th(s,r)dri|ds ZLk(X}:plk>
e 10 0 0 -1y =
1 S 11 1 1 1 1 1
= S/ fsrdr+ [ srdr | ds + ¢ ) Lo )
e—13 |21 3) e—1\4)\5 10710575
A 0.6261991 < 1.

Therefore, (4.1) satisfies all conditions of Theorem 3.1. So, BVP (4.1) has minimal

and maximal solutions in the segment [So, 0]
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