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Abstract

This study investigates the existence of global solutions to a class of nonlinear
damped wave operator equations. Dividing the differential operator into two parts,
variational and non-variational structure, we obtain the existence, uniformly bounded
and regularity of solutions.
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1 Introduction
In recent years, there have been extensive studies on well-posedness of the following

nonlinear variational wave equation with general data:

d2u — c(u)dy (c(u)dxu) = 0 in (0,00) x R,
Ul¢=0 = Up on R, (1.1)
Oflt]i=0 = U1 on R,

where ¢(-) is given smooth, bounded, and positive function with ¢’(-) = 0 and ¢'(u) >
0,up € H'(R),u1(x) € L*(R). Equation (1.1) appears naturally in the study for liquid
crystals [1-4]. In addition, Chang et al. [5], Su [6] and Kian [7] discussed globally

Lipschitz continuous solutions to a class one dimension quasilinear wave equations

i — (p (p(x), ux)), = p(X)h (p(x), u,ux),
u(x, 0) = up(x), (1.2)
u(x, 0) = wo(x),

where (x,£) € R x RY, uy(x),wo(x) € R. Furthermore, Nishihara [8] and Hayashi [9]
obtained the global solution to one dimension semilinear damped wave equation

{ Uy + Uy — Uge = f(u), (1,x) € R" x R (1.3)

(14, ) (0, %) = (uo, ur) (x)-

Ikehata [10] and Vitillaro [11] proved global existence of solutions for semilinear
damped wave equations in R™ with noncompactly supported initial data or in the
energy space, in where the nonlinear term flu) = |u|” or flu) = 0 is too special; some
authors [12-14] discussed the regularity of invariant sets in semilinear wave equation,
but they didn’t refer to any the initial value condition of it. Unfortunately, it is diffi-
culty to classify a class wave operator equations, since the differential operator
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structure is too complex to identify whether have variational property. Our aim is to
classify a class of nonlinear damped wave operator equations in order to research them
more extensively and go beyond the results of [12].

In this article, we are interested in the existence of global solutions of the following
nonlinear damped wave operator equations:

EU kW = G(u), k>0

u(x, 0) = p(x), (1.4)
ug(x, 0) = ¥ (x),

where G : X; x R" — X] is a mapping, X, € Xj, X;, X, are Banach spaces and X7 is
the dual spaces of X;, R™ = [0, ), u = u(x,t). If k > 0, (1.4) is called damped wave
equation. We obtain the existence, uniformly bounded and regularity of solutions by
dividing the differential operator G(u) into two parts, variational and non-variational

structure.

2 Preliminaries
First we introduce a sequence of function spaces:

{XCHQ CcX, CXi CH, (2.1)

X, C Hy CH,

where H, H,, H, are Hilbert spaces, X is a linear space, X;, X, are Banach spaces and
all inclusions are dense embeddings. Suppose that

L : X — X; is one to one dense linear operator, (2.2)
(Lu, vy = (u, v)y, VYu,veX. ’
In addition, the operator L has an eigenvalue sequence
Le, = Aper, (k=1,2,..) (2.3)

such that {e;} © X is the common orthogonal basis of H and H,. We investigate the
existence of global solutions of the Equation (1.4), so we need define its solution.
Firstly, in Banach space X, introduce

T
LP((0,T),X)=3u:(0,T) = X| / lullPdt < oo ¢,
0

where p = (p1, pasess PP = 1(1 < i < m),
m
lull? = fulf,
k=1

where | - | is semi-norm in X, and ||-||x = _", |-|; Similarily, we can define
W'((0,T),X) = {u:(0,T) - Xlu, u' € L"((0,T),X)}.

Let L} ((0,00),X) = {u(t) € X|u € L’((0, T), X),VT > 0} .

Definition 2.1. Set (¢, ) € X, x Hy, u € W ((0,00), Hy) (N L((0, 00), X,) is

loc loc

called a globally weak solution of (1.4), if for Vv € Xj, it has
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t
(ug, V) + k{u, v)y = / (Gu, v)dt + k{p, v) iy + (Y, V). (2.4)
0

Definition 2.2. Let Y7,Y, be Banach spaces, the solution u(t, ¢, w) of (1.4) is called
uniformly bounded in Y; x Y, if for any bounded domain Q; x Q,CY; x Y,, there
exists a constant C which only depends the domain Q; x Q,, such that

lully, + lluelly, =C, V(e,¥) € Q1 x 2 and t > 0.

Definition 2.3. A mapping G : X; — X7 is called weakly continuous, if for any
sequence {u,} € X, u, = ug in X,

Jlim (G(un),v) = (G(uo),v), VveX.

Lemma 2.1. [15]Let H,, H be Hilbert spaces, and H, € H be a continuous embed-
ding. Then there exists a orthonormal basis {e;} of H, and also is one orthogonal basis
of H,.

Proof. Let I : H, - H be imbedded. According to assume [ is a linear compact
operator, we define the mapping A : H, — H as follows

(Au,v)p, = (Iu, v)y = (u, )y, Yv € Hy.

obviously, A : Hy, — H, is linear symmetrical compact operator and positive definite.
Therefore, A has a complete eigenvalue sequence {A;} and eigenvector

sequence{g,} C H, such that
Ay =M, k=1,2,..,
and {2} is orthogonal basis of H,. Hence
(@i &)y, = (A2 &)y, = Milei g, =0, ifi#j.

it implies {éi} is also orthogonal sequence of H. Since H, € H is dense, {éi} is also
orthogonal sequence of H, so {e;} = {éi/Héi HH} is norm orthogonal basis of H. The
proof is completed.
Now, we introduce an important inequality
Lemma 2.2. [16] (Gronwall inequality) Let x(t), y(t), z(¢) be real function on [a, b],
where x(t) > O,Ya < ¢t < b, z(t) € Cla, b}, y(t) is differentiable on |a, b]. If the inequality
as follows is hold
t
z(t) < y(1) + /x(t)z(r)dt, a<t<p, (2.5)
a
then
t
[ x(s)ds S x(r) dy
z(t) < y(a)e’s + / et ds. (2.6)

a
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3 Main results
Suppose that G = A+ B : X, x R" — X}. Throughout of this article, we assume that

(i) There exists a function Fe C': X, — R such that

(Au,Lv) = (—~DF(u),v), Yu,veX (3.1)

(ii) Function F is coercive, if

F(u) — 00 & |lully, = oo (3.2)

(iii) B as follows
|(Bu, Lv)| < C1F(u) + C2 vl Yuv e X (3.3)

for some g € Lllor(O, 00).

Theorem 3.1. Set G : X, x R" — XJis weakly continuous, (¢, v) € X, x Hy, then we
obtain the results as follows:

(1) If G = A satisfies the assumption (i) and (ii), then there exists a globally weak
solution of (1.4)

we Wi ((0,00) Hy [V 175((0, 00, X))

and u is uniformly bounded in X, x Hy;

(2) If G = A + B satisfies the assumption (i), (ii) and (iii), then there exists a globally
weak solution of (1.4)

u€ Wi((0,00), Hy) () Lis((0, 00), X2);

loc loc

(3) Furthermore, if G = A + B satisfies
1
|(Gu, )1 < I+ CF(u) + (1) (34

for some g € LL, (0,00), then u € W22 ((0, 00), H).

Proof. Let {e;} © X be the public orthogonal basis of H and H,, satisfies (2.3).
Note

X, = {ﬁ:a,ﬂﬂai € RI} ,
~ n (3.5)
Xy = {Zﬁj(t)eﬂﬁj e C? [0, OO)} .
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From the assumption, we know [X, = X,, LX, = X,» apply the Galerkin method to

make truncate in X :

20 . .
’fit’f‘ + k’fi”t’ =(G(un) &), 1 <i<n

ui(x, 0) = (¢, ey, (3.6)
u'i(x,0) = (¥, ey

. n 2 ~ .
there exists u, = E L ui(t)e; € C* ((0, ), X,) for any y ¢ X, satisfies
i=

t t
du,  du,
0/< i +k dQr ,v>Hdt—O/(Gun, v)dt (3.7)

for any v € X,, it yields that

<d;: / V> + R(uy, vy = / (Guy, v)dt + k(e v) + (Y, M)y (3.8)
H
0

(1) If G = A, u, € X, substitute v = L‘iitLun into (3.7), we get

t t
du, du, d d
/< Q2 +k dt'dtLu">H1dt_/<Gu"' it Lun>dt
0 0

combine condition (2.2) with (3.1), we get

t

du, dun du, dun
DF(uy, =
//dtz i //k / (u) " it =
0

1d dun
d k
/Mt + /H
1 | duy |? 1 duy |?
‘ n _ ||1/,n||1211+k/H n dt + F(un) — F(gn) =0
2 o 2 de |y,
0

dt
consequently, we get

t
dt + tF(u”)dt =0

t
1 1
Flwn) + ) [l +F / Jiall, de = FGwn) + ) Wl (3.9)

Assume ¢ € H,, combine(2.2)with(2.3), we know {e,} is also the orthogonal basis of
H,, then ¢, > ¢ in H,, y,, = w in H;, owing to H, € X, is embedded, so

on —> @ in Xy
{ Yy — Y in Xy (3.10)
due to the condition (3.6), from (3.9)and (3.10) we easily know

{un} C W2°((0, 00), Hy) () Lis.((0, 00), X2) is bounded.

loc
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consequently, assume that

un = tg in Wh((0,00), H) [ Lis.((0,00), X2) a.e. t > 0

loc loc

ie u, ~ uyin Xy a.e. t >0, and G is weakly continuous, so

lim (Gu,, v) = (Gug, v) .
n—-oo

By (3.8), we have

t

lim |:<d;n> + k(un,v)H] = lim <Gu,,,v) dt + k{p, v)y + (¥, v)y
H

n—00 n—o0
0
t

/ (Guio, v} dt + el vy + (¥, vy

0

du
< dto , U>H + k{ug, V)

it indicates for any v € | J;2; X, C X), it holds. Hence, for any v € X,, we have

t

<d;t°,u> + k{ug, V) = / (Guo, v) dt + k{g, v) gy + (¥, V). (3.11)
H
0

Consequently, 1 is a globally weak solution of (1.4).
Furthermore, by (3.9) and (3.10), for any R > 0, there exists a constant C such that if
lellx, + 1Y, <R (3.12)
then the weak solution u(t, ¢, y) of (1.4) satisfies
[u(t o, 9) |y, + et 0, ¥) |, <C. Ve=0 (3.13)

Assume (¢,p) € X, x H; satisfies (3.12), by H, € X, is dense. May fix ¢, € H, such
that

lgnlly, + 1Y 1, <R lim @n = ¢ in X,

by (3.13), the solution {u(t, ¢, w)} of (1.4) is bounded in
W ((O, OO)IHI) ML ((0,00),X5) ae. t> 0.

loc loc

Therefore, assume u(t, ¢,,, w) = u in W ((0,00), Hy) N L2 ((0, 00), X,) then u(2)

loc loc
is a weak solution of (1.4), it satisfies uniformly bounded of (3.13). So the conclusion

(1) is proved.

QIUG=A+Bu,c )’(‘W substitute v = j[Lu,, into (3.7), we get

t
dzun d du, d
’ Ln k ’ Ln d
/R a2 de ”>HJ+ <dt dt ”1>H1 ‘
0
: d d
Un Uy
= Anl Bnl
/R : dt>+<” dt>]dt
0
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combine the condition (2.2) and (3.1), we have

t t t
du, duy, du,, du, du,

/ / g Qe+ k / / o g e+ / <DF(un) dt>dt
0 Q 0 Q 0

t

duy,
= Bu,, dt

/ < ¢ dr>
0

t t

1d 2 u
/ dt+k/ “ du
2di . dt

0 0

: d

Up
= B nrs
/ < g >dt
0
t
1 / 1 2 / 2
2||un||H% =, 1l +k 'y, dt + F(ua) + F(gn)
0

t
du,
= B nrs
/< u it >dt
0

consequently, we have

duy,

t
d
F(un
. 1dt+/dt ()t
0

2
H

t

t
1 duy, 1
F(un) + ) ||u’n||i11 +k/ ||U/n||12{1 dt = /<Bun, ;t >dt+F(<pn) *, Il (3.14)

0 0

by the condition (3.3),(3.14)implies
t

1 1
P+ [l = € [ [P+ ) sl Jaresto (315
0

1
where f(t) = [, g(t)dt + 5 1V 17, +sup,F(en)-
by Gronwall inequality [Lemma(2.2)], from (3.15) we easily know:

t
F(un) + ;_ [/ ”1241 < f(0)e” +/f/(r)ec(‘*f)dr (3.16)
0

it implies that, for any 0 <7 < o
{un} € W' ((0,T),X2) (|1 ((0, T), X,) is bounded.

now, use the same way as (1), we can obtain the result (2).

(3) If the condition (3.4) is hold, y,, ¢ Xvn, substitute y = ‘i;;‘ into (3.7), we can get

t t
d*u, d*u, du, d%uy, du,
Al >H+k< dt’ dr Udt-/ (G G
0 0
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then
¢ t
u, d’u, k(d,, )
/< e’ dp >Hdt+ 2/dt a7yt
0 0
: 1
= [ [ 1wl crn 0]
0

t
u, d%u, ko, 2
/< 2 ' de >Hdt+ 5 H”"”H
0

t
k 1| du, |
=, ||¢n||12q+/ ) ‘ dtzn H+CF(un) +g(t) | dr
0
by (3.16), it implies that
Pu, |?
/t‘ "l dar<c (c>o
a |y
0

consequently, for any 0 <7 < oo
{u,} € W>2((0, T), H) is bounded.

it implies that u € W>?((0,T), H), the main theorem (3.1) has been proved.
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