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Abstract

In this article, we establish some blow-up results for a modified two-component
Camassa-Holm system in Sobolev spaces. We also obtain the existence of the weak
solutions of this system in H* x H', s > 5/2.
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1. Introduction

The well-known two-component Camassa-Holm equations [1]

My + 2U,yM + UMy + 0 ppy = 0,

o+ (up), =0, (L.1)

where m = u - u,, and o = + 1. Constantin and Ivanov [2] derived this system in the
context of shallow water theory. u can be interpreted as the horizontal fluid velocity
and p is related to the water elevation in the first approximation [2,3]. They showed
that while small initial data develop into global solutions, for some initial data wave
breaking occurs. They also discussed the solitary wave solutions. In Vlasov plasma
models, system (1.1) describes the closure of the kinetic moments of the single-particle
probability distribution for geodesic motion on the simplectomorphisms. While in the
large-deformation diffeomorphic approach to image matching, system (1.1) is sum-
moned in a type of matching procedure called metamorphosis (see [4] and the refer-
ences therein). This system appeared originally in [5]. Based on the deformation of bi-
Hamiltonian structure of the hydrodynamic type, Chen et al. [6] obtained system (1.1)
when o = -1. They show that it has the peakon and multilink solitons, and is integrable
in the sense that it has Lax-pair. The mathematical properties of system (1.1) have
been studied further in many articles, see, e.g., [7-15]. In [4], Holm and Ivanov general-
ized the Lax-pair formulation of system (1.1) to produce an integrable multi-compo-
nent family, CH(n, k), of equations with #n components and 1 < |k| < n velocities. They
determined their Lie-Poisson Hamiltonian structures and gave numerical examples of
their soliton solution behavior. Recently, a new global existence result and several new
blow-up results of strong solutions for the Cauchy problem of Equation (1.1) with o =
1 were obtained in [8]. Gui and Liu [14] established the local well posedness for the
two-component Camassa-Holm system in a range of the Besov spaces. Chen and Liu
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[16] discussed the wave-breaking phenomenon of a generalized two-component
Camassa-Holm system, and determined the exact blow-up rate of such solutions. The
existence and uniqueness of global weak solutions to Equation (1.1) have also been dis-
cussed by Guan and Yin [17].

In this article, we consider a two-component generalization of Equation (1.1), that is

Up — Upr + 3U™ Uy — 2Uyllyy — Ullyer + PPx = O,
(1.2)
pi+ (up)y, =0,
with initial data
u(0,x) = ug (x) € H*, s>1, xe€R, (1.3)
p(0,x)=po(x) e H!, s—1>1, x€R, ’

where m > 1. It can be reduced to (1.1) as m = 1.

The purpose of this article is to study the well posedness, local weak solution, and
blow-up for Cauchy problem (1.2) and (1.3). System (1.2) also conserves conservation
laws. Our starting point is to obtain the local well posedness by using Kato’s theory,
Next, we derive some blow-up results of the solutions by the following transport equa-
tion,

q=u(t,q), telo,T),
q(0,x) =x, x €R,

which is a crucial ingredient to obtain the blow-up phenomenon. Last, by using the
conserves from laws and the contraction mapping theorem, we obtain the existence of
weak solutions of Cauchy problem (1.2) and (1.3). These methods are similar to that
was used in [18]. However, because of the asymmetry and the high strength of the
nonlinearity of Equation (1.3), it is more difficult to estimate the norm of u, p, u,, p,
in Sobolev space. In addition, also we get Equation (5.10) which is different with that
in [18]. As for the blow-up phenomenon, we get some new results of (1.2) and (1.3).

Guan and Yin [17,19] got the global weak solutions for two-component Camassa-
Holm shallow water system; they first obtained approximate solutions for the system,
then they prove the compactness of these solutions, and at last they got the global
weak solutions. Using the same way, Liu and Yin [20] also got global weak solutions
for a periodic two-component yg-Hunter-Saxton system. However, in this article, we
add high-order perturbation terms in this system, and by using the conserves laws and
the contraction mapping theorem, we obtain the existence of weak solutions.

The remainder of this article is organized as follows. Section 2 is the preliminary. In
Section 3, the local well posedness for strong solution of Cauchy problem (1.2) and
(1.3) is established by Kato’s theory. In Section 4, by transport equation, some blow-up
results of the solutions of Cauchy problem (1.2) and (1.3) are obtained. The proof of
existence of local weak solution is carried out in Section 5.

2. Blow-up

Uo

Lemma 2.1: Given zp = (
Lo

) € H x H!, s > 5/2, then there exists a maximal

T=T (Ilzollestfl) > 0, and a unique solution z = <Z) to Cauchy problem (1.2) and



Tian and Zhu Boundary Value Problems 2012, 2012:52
http://www.boundaryvalueproblems.com/content/2012/1/52

(1.3) such that
z2(-,20) € C([0,T) ;H' x H"')nC' ([0, T) ; H™' xH?).
Moreover, the solution depends continuously on the initial data, i.e., the mapping
z20—>z(-,20) : H' x H' - C([0,T) ;H'x H')nC' ([0,T) ;H™' xH?)

is continuous.
The proof is similar with Theorem 4.1 in [21].
Let p = p — 1, then (1.2) is equivalent to

Uy — Upee + 3U™M Uy = Uyl + Ully — PPOx — Prx- @.1)

P+ UPy = —Uypx — U .
Consider the following initial value problem,

qi=u(t,q), tel0,T), (2.2)

q(0,x) =x, X € R. ’

where u is the first component of the solution z to Equation (1.2).

To prove the blow-up result, we need the following lemma.

Lemma 2.2: Let zJ H* x H*Y, (s > 5/2), and let T > 0 be the maximal existence time
of the corresponding solution z to Equation (2.1), then we have

(6 (t,q (%) +1)ge (t,x) = (po (x) + 1), V(t,x) € [0,T) x R. (2.3)

Proof. Differentiating the left-hand side of Equation (2.3) with respect ¢. It follows
from (2.1) and (2.2), that

d
g P (6a@0) +1) 4 (%)

(B (t,q (6, %)) + px (t, 4 (1, %)) G, (1, X))
(P (8t x)) + oy (t.q (t,x)) u(t,q) +
0.

qx (%) + (2 (6, 4 (£, %)) + 1) gy (£, %)
B (6, q) ux (4, q) + ux (t,9)) 4 (£, %)

This completes the proof of this lemma.
Theorem 2.1: Let zy = (;0) € H* x H'!, (s > 5/2), and T be the maximal time of
0

the solution z to Equation (1.2) with the initial data z,. Assume that there exists x, €

R such that pg (xg) = —1 and

/2
3
u5<xo><—Jz[(nuon%,l+||po||§z)+m+1(||uo||,§1+||po||§z) ’2} :

Then, T is finite and the slope of u tends to negative infinity as ¢ goes to 7 while u is
uniformly bounded on [0, 7).
Proof. Let z = <;> be the solution of Equation (2.1) with the initial data z,, and T

be the maximal time of z, and let
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n(t) = ux (t, q(, xO)) Yy =p (th 2 Xo)) +1.
From (2.1) and (2.2), we have

dn dy

gy = (e + Ulh) (t, gt x0)), P

Differentiating the first equation in (2.1) with respect x, we have

3 1 1
=2, = -2 m+1 2
o +p—A u™t - ut+
<m+1 2 2

1 1 1
Upe+Ulyy = T Yy Y
R | 20 2%

Note that y (0) = po (xo) + 1 = 0, Then, by Lemma4.1, we have A¢) = 0, V¢ € [0, 7).

Thus
1 2 1 2 3 m+1 1 2 -2 3 m+1 1 2 1 2 1 2
Nng=— _n u — u"—A u — u u t,qg).
T Y T 2 m+1 Syt 77 ) (L)
. (1, 1,
Since A u;+ _y°)=0, and
2 2
1 3 1 3
n/ (t) < - nZ + uZ + |u|m+1., n/ (t) < - n2 +u2 + |u|m+1.
2 m+1 2 1
Note  that Juf < (llul?y +llpl%) " = 2 2\1/2 If  let
e < (lullfp +1lol) " = (luollfp + lpollz) "

3 m+1,7R
K=|:(||U0||2H1+||,00||fz)+m+1(||140||2H1+||/>0||fz) /2] , then we  have

1
n () < —2n2 0 + K.

Since n(0) < —v/2K, we obtain that n (t) < —+/2¢, ¥t € [0, T) -
With the inequality above, we get

n(0) + v2K 242K
2Kt) — 1
n(0) — v/2K P <\/ t> = n(t) — v2K =
Since 0 < n(0)+ V2K < 1, there exists 0 < T < ! In n(0) +V2K , such
n(0) — /2K V2K n(0) — +/2K

limn () = —00 ;. limu,(t) = —00
that o (0 e, D x (D) .

This completes the proof of the theorem.

3. Local weak solution
Definition 3.1: ([22]) Let (uo, po) € H'(R) x H'(R). If (u, p) belongs to
L ([0, T); H' (R)) x L2 (10, T); H' (R)) and satisfies the identity

T
/ /(ZWMF(u) I/fx)dde/Zo )y (0,x)dx =0,
0 R R

for all Y e CX(0,T) xR) x C°([0,T) xR), where
¥ € CC([0,T) x R) x CZ° ([0, T) XR), the set of all the restrictions to ([0,7) x R) x

([0,T) x R) of smooth functions on R* x R?* with compact support contained in ((-7; T)
x R) x ((-T, T) x R). Then, z is called a weak solution to Equation (1.6). If z is a weak
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solution on [0, T) x [0, T) for every T > 0, then it is called global weak solution to
Equation (1.6).

In this section, we discuss the existence of weak solution of Cauchy problem (1.2)
and (1.3). To this purpose, we consider the following Cauchy problem:

U — Uxxr + EUxxxxt + 3umux — 2Uylyy — Ullyxx + pPx = 0, (3 1)
P+ Epxx + (UP), = 0, ’
u(0,x) = uy (x) € I, s>1, x€R. 3.2)
p(0,x)=po(x) e H', s—1>1, xeR. '

where ¢ is a constant satisfying 0 <¢ < 1/4. Note that when ¢ = 0, system (3.1) and
(3.2) is just the system (1.2) and (1.3).
For any 0 <¢ < 1/4 and s = 1, the integral operators

Dy =(1-3+60%)" : H — H™
and
Dy = (1+32)"" : H — H™

define two bounded linear operator in the indicated Sobolev spaces.

To prove the existence of solutions to the problem (3.1) and (3.2), we apply the two
operators above to both sides of (3.1) and then integrate the resulting equations with
regard to t. This leads to the following equations.

t 3 1 1

u(x,t) = up(x) + -/0 Dy |:<_m . lum+1>x + (uﬁ)x + (uuxx — zu,%)x + ) (p2)xi| dr.
t

P (x,1) = po (x) + /0 D; [~(up),] dr.

A standard application of the contraction mapping theorem leads to the following
existence result.

Theorem 3.1: For each initial data uy € H* (s > 1), po € H*'(s > 2), there exists a T
> 0 depending only on the norm of |[ug|l, Ilpollgs—1, and m such that there exists a
unique solution (x, p) € C([0,T);H®) x C([0, T);H* ') of system (3.1) and (3.2) in the
sense of distribution. If uy € H* (s = 2), po € H* (s = 3), the solution (1, p) € C([0,%];
H°) x C([0, «];H*") exists for all time, in particular, when uo € H° (s > 4), po € H*'(s
> 5), the corresponding solution is a classical globally defined solution of (3.1) and
(3.2).

The global existence result follows from the conservation law

/ (u2 +pt +ul +epl + 8u§x)dx = f (ué + 05+ Up, + EPG + 8u3xx) dx
R R

admitted by (3.1) in its integral form.

Theorem 3.2: Suppose that for some s > 4, the function pair u(x, £) and p(x, £) in the
solution of Equation (3.1) corresponding to the initial data uy € H* (s = 4); po € H s
> 5), then the following inequalities hold:
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2 2 2, 2. 2 2 2
lullf ol < / (g + pg + Upy + EPGy + EUU,,) di. (3.3)
R

For any real number g € (1, s] (s = 5), there exists a constant ¢ depending only on ¢,

m, such that
/R [(1 —g) (Aqu)2 + (A"‘l,o)2 +(1+¢) (A"_l,ox)2 + s(A"ux)2 + s(Aq_lu)z]dx <
/R [(1 —8) (A"uo)2 + (A"‘lpo)2 +(1+¢) (A"_l,o()x)2 + s(Aqu()x)2 + s(Aq_luo)z]dx (3.4)
+C/: (s + Noxlle + Nl + Noll2) (Nl + 1ol ) de.

For any g € (1, s-1] (s = 4), there exists a constant ¢ such that

(1= &) Nuellips < (1 + Nl + oxllpe) (el o + Nt fze + Nl ) - (3.5)
And for any g € (1, s-2] (s > 5), there exists a constant ¢ such that

loell o < € U+ Nutgllpe + loxllpe) (el o + HullFia + ol ) - (3.6)

Proof. 1t is obvious that (3.3) holds. In order to prove (5.4), let A = (1 — 33)1/2. We

rewrite Equation (3.1) in the following equivalent form.

[ (1 —&)uy — Uy + aA_zut =—A? (ppx +3u™uy — 2Uyllyy, — uuxxx) , (3.7)

pr+ (1 +8) A2 pu = =A% (up),,

For any g € (1, s] (s > 5), applying (A7 u)A? to the both sides of the first equation of
Equation (3.7), respectively, and integrating with regard to x, we obtain

(1 — &) (A, AMuy) — & (AT, Augy) + & (AT, AT %)

1d _
ey /1; [(1 —¢) (A"u)2+ g(A"ux)2 +e(AT 1u)2] dx,

By using Sobolev embedding theorems, we have

|(A%w, AT2ppe) o| < [([AT2 p] pus Aut)o| + [ (AT oy ATu)
< cllullpa (loxlli= | AT o] o + | AT 20 o loxllie) + lullpgall ol | AT 02
< cllullpe (loxllzo 1ol g2 + ol o2l oxllzoe + 02 ol pa1)

< c ol + ol (Iullf + o171

where we have used lemma in [23] with r = g -2 > 0. Also

3 1
A2 ™t — "l —uug | u
m+1 2 q

Il < ¢ (|| + el ) (el + ol ) o
Ha-1

[(ATu, A2 (U™ — uithy — Ulhyy)) | =

3 1
< m+l u2_uu
Hm+1 2 =

where we have used Lemma in [24] with r = g -1 > 0.

Page 6 of 12



Tian and Zhu Boundary Value Problems 2012, 2012:52 Page 7 of 12
http://www.boundaryvalueproblems.com/content/2012/1/52

Then, we get
1d

5 dt /R [(1 —¢) (A"u)2 + s(A"ux)2 + s(A"’lu)z]dx

2 2
< ¢ (Il + lul o + lpxle + oll) (Nl + 101 Fa1) -

(3.8)

For any g € (1, s-1] (s > 5), applying (A7’ p) A7’ to the both sides of the second

equation of Equation (3.7), respectively, then we obtain
;jt Jr [(A‘HP)2 +(1+8) (A“_Z,Ox)z]dx < c(lullp + Ipll=) (lllf + 1ollf) - (3.9)
Summing up (3.8) and (3.9), we get
/R [(1 =6 (A% + (AT 9) + (Lw.) (AT + £(AT)? + (A7)
< /R [ = &) (ATu0)” + (AT p0) + (1 + &) (AT2p02) + (ATuor)” + £(AT 1) |

t
2 2
+C/ (el + Hoxllze + Nt + Noll2) (1l + ol F-1) de.
0

For any g € (1, s-1] (s = 4), applying (A7 u,)A? to the both sides of the first equation
of Equation (3.7), respectively, and integrating with regard to x, we obtain that

(1 — &) (ATuy, ATug)—e (A%uy, Alugg)+e (ATu, AT72u) = (1= &) Nl Fo+e lullZe+e el fr
and
‘(%A‘sz,uz)q‘ = ‘(ut/A_prx)q’ < [([AT2% p] pws Aue)o| + [(0AT2 01 ATur) o

< cllulipa (loslle AT x| 2 + [AT2 0] 2okl + ol [ AT s 2)

= clluclpa - pllgo-2 (sl + IollL2)

‘(u[, A72 (3umux - 2uxuxx - uuxxx))q‘ =

m+1

3 1
U, 0y A2 ™ — ui — Ullyy
m+1 2 q
3 1
H u 2 — Uy

— U
+1 2 Ha-1

< cllugllp (Iullfs + Nl + ) (o + lulif).

< Nl -

where we have used lemma in [24] with r = g -1 > 0. Then, we get
(1= &) el < € U+ Nl + Noxllze) (el + Nl + 1ol ) -

For any g € (1, s-2] (s > 5), applying (A?" p)A?" to the both sides of the second

equation of Equation (5.7), respectively, then we obtain

ol a1 < € (1 + [loxlloe + ltxllpe) Clwellpa + ol pa-1)

< (1 + llpxllp + Nuallpe) (Nullpza + Nl + ol o) -

This complete the proof of the theorem.
Suppose ug € H* (s > 1), po € H (s = 2), and let u,, p,o be the convolution u,y =

1 1
Gt thoy Pro = Gp*Po, where @, (x) =&~ 4. ¢ (8_ /4x> such that the Fourier transform

@ of ¢ satisfies ¢ € C°, ¢ (§) >0, and ¢ (§) =1 for any ¢ e (-1,1). Then, it follows
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from Theorem 3.1 that for each ¢ with 0 <& <1/4, the Cauchy problem
{ Uy — Ugxr + Elgyer + 3UM Uy — 2Uyllyy — Ullgex + PPx = 0,

Pr + EPxxt + (UP)x =0,

u0,x)=uo ), t>0 x€R
p0,x)=po(x), t>0 x€R

(3.10)

has a unique solution u, (¢, x) € C”([0,00);H” and p, (¢, x) € C”([0,00);H". We first

demonstrate the properties of the initial data u,g, p.o in the following lemma. The

proof is similar to Lemma 5 in [25].
Lemma 3.1: Under the above assumptions, there hold

lugollpe < ¢, ifq < s; llpsollge1 < ¢, ifg—1<s.

(s— Cl)/4’

s—qd+1
lueollge <c-e ifqg > s; llpsollger < 6-8( 9 )/4, ifg—1>s.

for any ¢ with 0 < ¢ < 1/4, where ¢ is a constant independent of e. The proof is

similar to Lemma 5 in [25].
Theorem 3.3: Suppose that u(x) € H'(R), s € [1, 3/2]; po(x) € H'(R),

s-1 € [1, 3/2] such that [Jugsllze < 00, |[poxlli~ < 00. Let uy = ¢ ug, P = ¢:*po, be

defined the same as above. Then, there exist constants 7' > 0 and ¢ > 0 independent of

¢ such that the corresponding solution u, p, of (3.10) satisfy the inequalities

loexllze < ¢, llpexllpe < ¢ for any t € [0,T).

Proof. Use Equation (3.7) with u = u,, p = p,. Differentiating with respect to x on

both sides of the first equation in Equation (3.7). Note that 37A™% = A~ —
obtain
1 1 3 1
(1 — &) Uyy — Eldgyxr = —ZA_2,02 + 2,02 — A2 <m . lu"“'1 — 2u§ - uuxx) —eA2uy
1 3 1 (1 3 1 _
= 2p2 . 111"“'1 - 2u§ — Ul — A2 <2p2 oy lum*l - zuf fuuxx) —eA%uy,

Let n > 0 be an integer. Then, multiplying the above equation by (,)*"*!

with respect to x, we get

(1—¢) uxl(ux)zm1 - Euaocxl(ux)zm1 dx
R

1

1 3 1
- / p2 (ux)z"*ldx + / um+1(ux)2n+ldx _ f (ux)2n+3dx +
R2 rm+1 R 2 2n+2

/(ux)2n+3dx_fg(ux)lrwldxl
R R

1
where g= A2 (2,02 + .
m+

It follows from Holder inequality that

1 1 1
1
) d (/ (ux)z”*zdx) 2n+2 < 5(/ \um[\z"*zdx) n+2 (/ p4n+4dx) 2n+2
dt \ Jr R 2\Jr
1 1 1 1

I, we

to integrate

N 3 /(u'”*l)zmzdx 2n+2+] /\u-l“”dx n+2 1 /u""”dx n+2 f‘g‘huldx 2n+2
m+1\Jr 2\ 2n+2\Jgp ¥ R ’
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Note that ||, = |f|~ as p—>e for any fe L™nL? Integrating the above inequal-

ity over R with respect to ¢, and taking the limitation as #n—co, we have

t
(1 =) flugllp= <1 —2) ||u0xn,‘x+/ (el + ¢ (07 oo + [ | + (282 1 + 8] ) ]l
0

It follows from (3.3) that

~ 2 1 2 ~
I8l = € (luellie + NoNF2 + M5 + Nl Eo + Nutneell2) < 81 (1 + Nl + il 2) -

For any given r € (1/2,1), we have

Il < 6l < celltellps < 6 (14 el + Noxll) (lllps + Nullfs + 1ol rs) -

Then from (3.4), we have

2 2 )2 2 2 2
lullgges + ol < V2(ull + 10117)" < \/1 _ {1 = &) luoll s + & ol Frs + & o Frs

1
/
+l1pollFs + (1+€) lpocllfpes} 2 - exp [6/ (lulfe + oz + lusll + 1 pxll ) df}

t
<" exp [c./ (1 + el + HIOX”LOC)df:| ,
0

and

Nullpgres + NtallFgess + Nollprs < (lttlles + Tollges) + (tllpes + o)™

Thus,

t
el < e (1 4 flugllp + [loxll ) - exp [c f (1 + llullp~ + ||px||Lm>dr]
0

t

+eme I 4 gl + [ oxll )™ - exp [cm / (1 + el + ||px||Lm)dr],
0

and

[0%]|,~ < lloliZ~ < llollfn = / lp|Pdx + / losl®dx = [lplI7: + lloslf2 < ¢ (1 + loxll?) < c(1+ lloxli)
R R

Jum ] < Tl < il <,
Nl < Nl < luiges < 1+ el + loxllze) = (lullgres + M6l + 1011 prea)
lutellp2 < llutkellg < ¢ (lullpee el + el g i) < clltllg il gres < clltellpgres.

Then, we get

I8l ~ZE[+ (A + lluellie + lloxli)) - (Ittllppes + Nl fpes + Nollgrs) ]

It follows that

1 t
lutallioe < llttoxlli + ) / {e[1+ Al + oxllpe) + sl + Noeli=)? + 1+ kel + llpxllp)

(ullpgren + Neallgees + Mol gra) ] + 860 (1 + Nutellpoe + loxllgoe) - (Hallpprea + Nallfgees + Mol es) } de

4c [*
< lluoxll~ + / {1+ el + pell) + Ul + Noellie)? + (1 + llugllps + lloxlle)
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T

T
exp [Cf (1"'”uxHLx+”prLx)d']:I"'(l+HuxHL°°+”prL°C)m'exp [CMf (1+HuxIILoc+IIprLx)dn“dr, where ¢
0 0

is a constant depends on A and m.
Also, we can obtain

t
oxlle < llooxllL + C/ {1+ (el + loxllzee) + (1 + &) (1 + Nttellpo + [loxllr)
0

(lttllggrss + Nt s + Mol paes) } d,

1
where 1 € (2, 1> . From (3.9), we derive

4c (1
el + loxlle < Ntoxllze + [looxll L + 3 / {1+ (luxllpoo + 1oxllp)
0
T
+(lluelloe + 1oxllp)® + (1 + lluglli + lloxllp~) - exp [C/ (1 + gl + ||px||Loc)d77]
0

+(1 + luxllp + llpxll<)™ - exp [Cm/ (1 + el + IIPxIILoc)dn]}df-
0

It follows from the contraction mapping theorem that there exists a constant 7' > 0

such that the equation

¢, [
£ ® = lorls + lpocli + /{[1+f(r)+f2(r)+(1+f(r))
0

exp [c/o (L+f(m) dn} +(1+f(@)" - exp [cm/o

has a unique solution f{t) € C [0,7]. Theorem II in Section L.1 in [26] shows that

(3.11)

T

(1 +f(n))dn]}dr,

luxllzo + loxllz < f(¢) for any t € [0,7] which leads to the conclusion of this
theorem.
Let u = u, p = p,, with (3.4) used

t t
Nt Nl g +11 0 Nl a1 < ce©7 =D exp [c / (1+||ux||,4w+||px||Lx>dr]soexp [c / (1+f<r>)dr]
0 0
3 1
where s € |1, , T e ,1).
2 2
t
el pr + I osellppr—1 = Nuellpr + el < ¢ (1 +f (1)) - exp [c/ (1+f() dr]
0

+c(1+f ()" exp [cm /: (1+f(0) dr] ,

where g € (0, s], re (0, s-1], t € [0,T].

Then, it follows from Aubin’s compactness theorem [27] that there exist subse-
quences of {u}, {p.} denoted by {uan}, { ,ogn} such that {uan}, { ,ogn} are weakly conver-
gent to u(t, x)e L*([0,T); H'), p(t, x)e L*([0,T]; H"), respectively, and {uent}, {psnt}
are weakly convergent to u,(t, x)e L*([0,T]; H"), pt, x)e L*([0,T]; H*?), respectively.
Because {usn} are weakly convergent to u(¢, x)e L*([0,T); H), f (ugn - u) — 0 for any
fe (L*([0,T); H))* = L*([0,T); H) when n — oo. Applying Riesz lemma, we conclude
that there exists fu,,—u such that
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fusru (“sn - “) = (“sn — U Ug, — “) = ||“6n - “”2

Since fy, —u (4, — ) = 0 as n — oo, we have e, — ”H2 — 0. Then for any real R
> 0, {uen} converges strongly to u € L*([0,T]; HY(-R, R)) for any g € [0, s-1); and
{usnt} converges to u, strongly in L*([0,T]; H'(-R, R)) for any r € [0, s-1]. Similarly,
8 (pe, — p) = O for any ge (L*([0,T]; H’)* = L*([0,T]; H') as n —> <. By Riesz lemma,

we conclude that there exists &u.,—u such that
8ue,—u (ugn - U) = (uan — U U, — U) = Husn - u||2'

Since gu,,—u (ts, — ) = 0 as 1 —> oo, we have ue, — qu — 0. Then for any real R
> 0, {usn} converges strongly to p € L? ([0,T]; HTY(-R, R)) for any g € [0, s-1), and
{,ognt} converge to u, p, strongly in L*([0,T); HY(-R, R)) for any r € [0, s-1]. Hence,
the existence of a weak solution to the Cauchy problem (1.2) and (1.3) is established.

Theorem 3.4: Let uy(x) € H'(R) (S € [1, 3/2]) and po(x) € H'(R) (5 —1le [1, 3/2]),

which satisfy ||uoxll;~ < 00, [lpoxlli~ < 0. Then there exists a constant 7' > 0 such
that the Cauchy problem (1.2) and (1.3) with the initial data has a solution

(u(t,x), p (t,x)) € L* ([0, T1; H) x L* ([0, T]; H'),

in the sense of distribution. And u,, p, € L”([0,7] x R).

Proof. 1t follows from Theorem 3.3 that {us,,x} , {,ognx} are bounded in the space L.
Hence, the sequences {u?}, {02}, {ul.}, {02}, {ue.pe,}s {tenepen}s {tte,xpe,}
{llg,, panx} are also weakly convergent to u”, p°, u2, p2, up, U Up, up,e L*([0,T1; H

(-R R)) for any r € [0, s-1] and R > 0, respectively. Therefore, u, p satisfy

! ! 3 o Lo 1,
/(;/I;u(ft—fxxt)dxdt=—/0/R T e P fr + Uiy |dxdt,

and

T T
/ /pﬁdxdt = —/ / (up) fdxdt,
o JR o Jr

with #(0,x) = uo(x), p(0,x) = po(x), and any f € C3°. Moreover, since X = LY[0,T] x
R) is a separable Banach space and {ugnx}, {pgnx} are bounded sequences in the dual
space X* = L7([0,7] x R) of X, there are two subsequences of {uw}, {,ognx} (still
denoted by {usnx}, {pgnx}) weak star convergent to two functions U, P € L7([0,T] x

R), respectively. Because {ugnx}, { pgnx} are also weakly convergent to u,, p, € L7([0,7]

x R), respectively. It follows that u, = U, p, = P hold almost everywhere. Hence, u,, p,
e L=([0,T] x R).
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