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1 Introduction
This article is concerned with the existence of solutions to the following nonlinear per-
turbed p-Laplacian system

—eP Apu+ V(x)[ulP~2u = K(x)[ul” ~2u + H,(u,v), xeRN,
—eP Apv + V(x) VP20 = K(x)|v|”" v + Hy(u,v), xe RN,
u(x), v(x) >0,

u(x), v(x)—> 0 as|x] > oo,

(1.1)

where A,u = div(|Vu|? Vu) is the p-Laplacian operator, 1 < p < N and p* = Np/(N -
p) is the critical exponent.
Throughout the article, we will assume that:

(Vo) Ve CRYM), V(0) = inf V (x) = 0 and there exists b >0 such that the set ¥ :=
{x e R : V (x) < b} has finite Lebesgue measure;

(Ko) K(x) € C(RN), 0 <inf K < sup K <oo;

(Hy) He C'(R? and Hy, H, = o(|s|”" + |t|"") as |s| + || = O;

(H,) there exist ¢ >0 and p < g < p* such that

IH(s, )1, [Hi(s, £)] < c(1+ 7" +]e971);

(H3) There are ay >0, 6 € (p, p*) and @, B > p such that H(s, £) > ao(|s|* + |t|B) and
0 < 6H(s, t) < sH, + tH,.

Under the above mentioned conditions, we will get the following result.

Theorem 1. If (V;), (Ko) and (H;)-(H3) hold, then for any o >0, there is &5 >0 such
that if & < &, the problem (1.1) has at least one positive solution (u,, v,) which satisfy
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O—p

26 J (P IVuelP + €|V l? + V(x)[ue [P + V(x)|ve|P) < oM.
]RN

The scalar form of the problem (1.1) is as follows
—eP Apu+ V(x)[ulP~2u = K(x)[ul” ~2u + h(x, u), xRN, (1.2)

The Equation (1.2) has been studied in many articles. The case p = 2 was investi-
gated extensively under various hypotheses on the potential and the nonlinearity by
many authors including Brézis and Nirenberg [1], Ambrosetti [2] and Guedda and
Veron [3] (see also their references) in bounded domains. As far as unbounded
domains are concerned, we recall the work by Benci and Cerami [4], Floer and Weis-
tein [5], Oh [6], Clapp [7], Del Pino and Felmer [8], Cingolani and Lazzo [9], Ding and
Lin [10]. Especially, in [10], the authors studied the Equation (1.2) in the case p = 2. In
that article, they made the following assumptions:

(A;) Ve CERYN), min V = 0 and there is b >0 such that the set v* := x € RN : V (x)
<b} has finite Lebesgue measure;

(A2) K(x) € C(RM), 0 <inf K < sup K <oo

(By) he C(RN x R) and h(x, u) = o(|u|) uniformly in x as |u| — 0;

(B,) there are ¢y >0, g <2* such that |h(x, u)| < co(1 + |u|?™) for all (x, u);

(B3) there are ay >0, p >2 and p >2 such that H(x, u) = ao|ul’ and uH(x, u) < h(x,
u)u for all (x, u), where H(x, u) = [, h(x, s)ds.

That article obtained the existence of at least one positive solution u, of least energy
if the assumptions (A;)-(A,) and (B,)- (Bs) hold.

For the Equation (1.2) in the case p # 2, we recall some works. Garcia Azorero and
Peral Alonso [11] considered (1.2) with e < 1, V (x) = y, K(x) = 1, h(x, u) = 0 and
proved that (1.2) has a solution if p*> < N and u € (0, A,), where 1, is the first eigenva-
lue of the p-Laplacian. In [12], Alves and Ding studied the same problem of [11] and
obtained the multiplicity of positive solutions in bounded domain Q < R™. Moreover,
Liu and Zheng [13] investigated (1.2) in RN with ¢ = 1 and K(x) = 0. Under the sign-
changing potential and subcritical p-superlinear nonlinearity, the authors got the exis-
tence result.

Motivated by some results found in [10,11,13], a natural question arises whether
existence of nontrivial solutions continues to hold for the p-Laplacian system with the
critical nonlinearity in R™.

The main difficulty in the case above mentioned is the lack of compactness of the
energy functional associated to the system (1.1) because of unbounded domain R" and
critical nonlinearity. To overcome this difficulty, we make careful estimates and prove
that there is a Palais-Smale sequence that has a strongly convergent sequence. The
method or idea here is similar to the one of [10]. We can prove that the functional
associated to (1.1) possesses (PS). condition at some energy level c. Furthermore, we
prove the existence result by using the mountain pass theorem due to Rabinowitz [14].

The main result in the present article concentrates on the existence of positive solu-
tions to the system (1.1) and can be seen as a complement of the results developed in
[10,11,13].
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This article is organized as follows. In Section 2, we give the necessary notations and
preliminaries. Section 3 is devoted to the behavior of (PS). sequence and the mountain
geometry structure. Finally, in Section 4, we prove the existence of nontrivial solution.

2 Notations and preliminaries
Let C3(RN) denote the collection of smooth functions with compact support and DY
(RM) be the completion of C3°(RN) under

lullP = [ |VulPdx.
RN

We introduce the space

ERN, V) ={ue WPRN): [ V(x)lulf < oo}
RN

equipped with the norm

1

lulle = (f (IVulf + V(x)lulp)> p

RN

and the space

E; (RN, V) = {u e WIPRN): [AV(X)|ulf <oco, A>0
RN

under
1
p
[lull, = f IVul” + 2V (x) [ul”)
N
Observe that || - I is equivalent to the one || - |l for each A >0. It follows from (V)

that E(RY, V) continuously embeds in W*?(RY).
Set B = Ey x E; and ||(u,v)|[, = ||ull} +||v||} for any (i, v) € B. Let A = &7 in the
system (1.1), then (1.1) is changed into
—Ap+ AV(x)[ulP2u = AK(x) [ul’ 2u + AH,(u,v), €RN,
—Apv + AV (X) V]P0 = AK (%) v v + AH,(u,v), x € RN,
u(x), v(x) >0,
u(x), wv(x) -0, aslx| — oo.

(2.1)

In order to prove Theorem 1, we only need to prove the following result.

Theorem 2. Let (V}), (Ko) and (H;)-(H3) be satisfied. Then for any o >0, there exists
As >0 such that if A > A, , the system (2.1) has at least one least energy solution (i,
v,) satisfying

O—p Vi 1P + Vs [P+ AV p My < )\171;’]
” (IVur” + IV P + AV (x) (] + [1217)) < @ < (2.2)
]RN

Page 3 of 13
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The energy functional associated with (2.1) is defined by

Li(u, v) = ; /(IVqu + AV () [ulf + V)P + AV (x)|vP)
RN

—ggmeWuwwﬁgHmw

- ;n(u, DI =5 [ 6w v),

RN

where G(u,v) = pl* K(x)(JulP* + [vP*) + H(u, v).
From the assumptions of Theorem 2, standard arguments [14] show that I; € C'(B,
R) and its critical points are the weak solutions of (2.1).

3 Technical lemmas
In this section, we will recall and prove some lemmas which are crucial in the proof of
the main result.

Lemma 3.1. Let the assumptions of Theorem 2 be satisfied. If the sequence {(u,, v,,)}
C B is a (PS), sequence for I, then we get that ¢ > 0 and {(«,, v,,)} is bounded in the
space B.

Proof. One has

1,
Ik(un/ Vn) - HIA(un, Vn)(un/ Vn)

1 A . "
- M, I =, fK(x)(w nl?) —A/H(un, ")
RN

RN

- [n(un, Il = A / K (lual?” + nl”) — f (ttnH (i, 00) + vnH: (11, 1))
RN

RN
(1 , (11 -
< (5 g )t i (5 = ) [ Kl 1)
RN

+A/ (;(uan(un, Un) + UnH(Un, vn)) — H(tn, Vn))

RN

By the assumptions (Kp) and (H3), we have

1 1 1
IA(un/ Vn) — GI;(unr Vn)(unr Un) = (P - 0) ||(unr Un)”i

Together with I, (u,, v,,) — ¢ and I (un, vy) — 0 as n — oo, we easily obtain that the
(PS). sequence is bounded in B and the energy level ¢ > 0. O
From Lemma 3.1, there exists (#, v) € B such that (i, v,,) = (&, v) in B. Further-
more, passing to a subsequence, we have u, - u and v, > v in L%C(RN) for any d €
lp, p*) and u,, > u, v, = v a.e. in R,
Lemma 3.2. Let d € [p, p*). There exists a subsequence {(un;, Un;)} such that for any
¢ >0, there is r, >0 with
limsup [ (lun,|* + v, 1Y) < &
790 B\B,

for any r > r, , where B, := {x € RN : |x| < r}.
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Proof. The proof of Lemma 3.2 is similar to the one of Lemma 3.2 of [10], so we
omit it. O

Let n € C”(R") be a smooth function satisfying 0 < n(¢) < 1, n(¢t) = 1if t < 1 and 1
(¢) = 0 if ¢ > 2. Define u;(x) = n(2]x|/j)u(x), v;(x) = n(2|x|/j)v(x). It is obvious that

[lu — ||, — 0 and||lv — ||, — 0 asj— oo. (3.1)

Lemma 3.3. One has

jl_iglo_/(HS(u”J" Un,) — Hs(un, — 1, vn, — Vj) — Hy(, 7j))9 = 0
RN

and

lim [ (H;(un;, vey) — Hi(un, — @, vy, — v5) — He(@j, 7;))% =0
]—)OORN

uniformly in (¢, ) € B with lI(¢, wllz < 1.
Proof. From the assumptions (H7)-(H,) and Lemma 3.2, we have

tim sup [ (H.lt, ) = Holi, = 0, = 5) = Hili, 7))o
RN
= lim sup/(Hs(un]., Un,) — Hy(un, — tj, vn; — 0j) — Hs(1, )@
j—00
B
=]_lirn sup / (Hs(un}, Un,) —Hs(u,,] — ij, vy — ;) — Hy(, 9))¢
— 00
Bj\B,
: -1 -1 -1 —1 , ymqp=1, 15p—1 3.2
sc.hmsup/ﬂuw 0y P g 97 g [ L 1 (3.2)
]4)00
Bj\Br
~g—1 | 1509—1 ~p—1 ~ =1 ~1g—1 ~ g1
1T+ T+ — TP (o — P+ g — T+ v — 51T )
: -1 -1 ymp=1 , 15p—1
<a ,hmsup/(lun,-l” S 2 S [Tl (7] A 17
]*)00
Bj\B,
: —1 —1 , 7504-1 , 541
+C211msup/(|un]|" + vyl T+ 11T+ 1517 e
j—oo
B)\B

j \Dr

By Holder inequality and Lemma 3.2, it follows that

p—1 1
p p
. —1 .
timsup [ fun ol < timsup | [ [ o
]—)OO ]—)OO
B}'\BT ]'\Br \Bj\Br
P*l 1
P p
< lim sup /|unj|p /|§0|p
j—o00 \K
i\Br N
p—1
P
< lim sup /|u,,].|p
]*)OO

KB}'\Br

=0

Page 5 of 13
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and

BB, B, 5,
< lim sup f it |7 f lpl?
]—)OO

< lim sup /|un].|"

j—o0

=0
Similarly, we get

limsup [ (v [P~ + |5~ + 5P~ )g = 0
Jzee Bj\B,

and

. —1 ~19—1 .19—1
limsup [ (|vg |77+ [%]97" + |59 e = 0.
Jzee Bj\B,

Thus

lim [ (Hq(ttn,, V) — Ho(tn, — i, v, — 3) — Hy(i, 5))¢ = 0.
j=oopN

From the similar argument, we also get

lim [ (Hi(ttn, vy) — Hi(ttn — B, v, — ) — Hi(ilj, 7)) = 0.
j=oopN

o
Lemma 3.4. One has along a subsequence
Li(up — tly, vy —Vy) = c— L(u, v)
and
I, (up — iy, vy — V) — 0 in B~!(the dual space of B).
Proof. From the Lemma 2.1 of [15] and the argument of [16], we have
L (un — Un, v — Up)

1 - - -
= ) / (IVuy — Viig|P + AV () |ty — i1g|P + |V — VI[P + AV (%) vy — D7)
RN

A I - - -
- /K(x)(|un — Unl” + vy — 0P ) — A/H(un — Uiy, Uy — Un)
p RN RN
=L (tn, v) — Li(tly, Un)
A‘ K ~ K ~ K * ~ ko ~ ko
o /K(x)((|”n|p — |up — un|p - |”n|p )+ (|vn|p — |vp — Vn|p - |Un|p ))
p o
+k/ (H(un, vn) — H(ty — Uin, Uy — V) — H(lin, 7)) +0(1).
RN
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By (3.1) and the similar idea of proving the Brézis-Lieb Lemma [17], it is easy to get

nlggofK(x)((an’* = lttg = @l = [nl”") + (0l = ow = Tul”” = 7)) = 0
RN

and

Tim f (H(up, vn) — H(tn — Tin, Upin) — H(ily, 7)) = 0.
RN

In connection with the fact I} (u,, v,) = ¢ and I, (i, Uy) — I (u, v), we obtain
Li(uy — tiy, vy — ) = ¢ — Li(u, v).

In the following, we will verify the fact I} (un — fiy, vy — V) — 0.
For any (¢, y) € B, it follows that

L (ty — fin, v — 9n) (90, V)
=I,A(”nr Vn)(‘/’r 1/’) _I,A(ﬂn/ ﬂn)((oz 1/’)

+ A / K()[(1ttnl” 2ty — |t — i ”" ™ (1t — i) = |itnl” i) 0
RN
+ (|Vn|p*7zvn — v — ﬁn|p*72(vn - i)n) - |1~/n|p*721~/n)1//]

o / [(He(ttnr 0n) — Hi (it — iy U — ) — Hi (it 50))9
RN
+ (Hy(tn, va) — Hy(up — iy, vy — 0y) — Hy(hn, Un)) %] +0(1).

Standard argument shows that

lim /K(x)uunw*—zun — [ty — TP "2 (thy — Tin) — |G [P "2010) = O
n—oo
TRN

and
lim [ K(x)([val? =200 — [vg — 0P "2 (vn — V) — 007" ~200) 9 = O
n—)OORN

uniformly in [l¢, y)llp < 1.

By Lemma 3.3, we have

lim [ (Hs(un, vn) — Hs(tn — @i, vn — V) — Hs(iln, Un))e = 0
n*)OORN

and

lim [ (Hi(tn, vn) — Hi(tun — @y, vy — Un) — Hy(iln, Un))¥ =0

n—>ooRN

uniformly in I[(¢, w)llz < 1. From the facts above mentioned, we obtain
I, (un — iy, vy —y) — 0in B7L.
O

Let u} = uy — @iy, v} = vy — Uy, then uy —u = ul + (&1, — u), vy —v ="} + (¥, — v). From

(3.1), we get (4, v,) = (4, v) in B if and only if (u},vl) — (0,0) in B.
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Observe that

1,
it ) = Tt ) (s )

=(;‘;)AfK@m@W+WW3

RN

1
+A/(;@mw;¢w¢Hwbﬁn—Hw;¢Q
]RN
— /K(x)(|u1|f’* +[1P)
—_— N n n

RN

A & "
= Koo / (2P + ),
N
RN

where Kpin = inf,cgvK(x) > 0.
Thus by Lemma 3.4, we get

N(c —Li(u,v)) o

(sl v)Ib <
" " )\Kmin

(1) (3.3)

Now, we consider the energy level of the functional I below which the (PS), condi-
tion hold.

Let Vj(x):= max{V (x), b}, where b is the positive constant in the assumption (V).

Since the set v, has finite measure and u}, v} — 0in L} (RN), we get
/ V) (luyl + vy 1”) = f Vi (%) (lugl” + [, 1) + 0(1). (3.4)
RN RN

From (Kjy), (H;)-(H3) and Young inequality, there is C, >0 such that

/ (K(x)(|ul” + [v]"") + uH,(u, v) + vH,(u, v))
RN (3.5)

<b(l[ully + [1v11) + Co(llull). +[1v115.).
Let S be the best Sobolev constant of the immersion

S!ful 5. §f|Vu|p for all u € WP (RN).
RN

Lemma 3.5. Let the assumptions of Theorem 2 be satisfied. There exists oy >0 inde-

pendent of A such that, for any (PS). sequence {(u,, v,,)} € B for I} with (u,, v,,) = (4,
. N
v), either (u,, v,,) = (4, v) or . _ L (uv) > Olo)»l_ p-

Proof. Assume that (i, v,,) » (u, v), then
. . 1 1
hmn‘ilgo”(”"' v,)lln >0

and

c—JIi(u v) > 0.
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By the Sobolev inequality, (3.4) and (3.5), we get
S(lupllh. +1lvallp)

< / (VUL + Vo)
RN

= / (VP + 2V (@) upl? + (Vo P+ AV () uplP) — 2 / V() (Jupl? + [vil?)

RN RN
i f K P + 0l 7) 4wl Hy(ul, v) + v HL (e, o))
RN
[ Ve 182 +o(1)
RN

< Ab(|lup 1+ 11va115) + ACo(1upl b, + 1) — Ab(lugllh + [lval15) +o(1)

= ACy(lluyllp- + vy 115.) + o(1).
This, together with lim infnﬁoo(llu,llllzi + ||v,1[||zi) > 0 and (3.3), gives

) L PP
S < ACy(llulllb. + 1IwL110.) » +0(1)

p
N(c )TKI;(: V))>N +0o(1)

-7 ( N
=A NCb
K,

< ka(

min

1< )
) (c—L.(u v))N +0(1).

N _N h
Set a =S C, pN*lein’ then
N
P

aokl <c—L(u v)+o(1).

This proof is completed. O

Since WI?(RN) — L/"(RN) is not compact, I; does not satisfy the (PS), condition
for all ¢ >0. But Lemma 3.5 shows that I, satisfies the following local (PS). condition.

Lemma 3.6. From the assumptions of Theorem 2, there exists a constant o >0
independent of A such that, if a (PS). sequence {(u,, v,)} € B for I, satisfies

N .
¢ < ap PRD the sequence {(x,, v,)} has a strongly convergent subsequence in B.
N
Proof. By the fact . _ agh' P We have
N

c—Li(u, v) <aoh P —L(u, v).

This, together with I,(u, v) > 0 and Lemma 3.5, gives the desired conclusion. O

Next, we consider 4 = 1. From the following standard argument, we get that I; pos-
sesses the mountain-pass structure.

Lemma 3.7. Under the assumptions of Theorem 2, there exist oy, p; >0 such that

Li(u, v) > 0if0 < [|(u, V)|l < px and L, (u, v) > oy if]|(u, v)|]1 = pa.
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Proof. By (3.5), we get that for any ¢ >0, there is Cs >0 such that

/G(u, v) < 8(lullh + [WI15) + Cs (lull). + [vil5).

RN
Thus
1
L) = il I [ 6 )

RN

1 * k
z i I = 2s(llully + 11wl1y) — ACs(lullp. + |Iv]])).
Note that [[u|l) +[|v]|; < CilI(u, v)II}. If 6 < (2pACy)", then
1 « *
RACRVEPNI(C I = ACs(lullh. +11v11).).

The fact p* > p implies the desired conclusion. O

Lemma 3.8. Under the assumptions of Lemma 3.7, for any finite dimensional
subspace

F c B, we have

Li(u, v) > —o0 as(u, v) €F, ||(u V)| = oo.

Proof. By the assumption (H3), it follows that

1
Li(u, v) < p||(u, VI — rao(ul® + |v|§) for all (u, v) € B.

Since all norms in a finite-dimensional space are equivalent and o, 8 > p, we prove
the result of this Lemma. O

By Lemma 3.6, for A larger enough and ¢; small sufficiently, I, satisfies (PS).,
condition.

Thus, we will find special finite-dimensional subspaces by which we establish suffi-
ciently small minimax levels.

Define the functional
1
®@; (u, v) = ) / (IVul? + AV(x)|ulf + V)P + AV (x)|v|’) — rag / (ul® + [v]?).
RN RN

It is apparent that ®; € C'(B) and I;(u, v) < @, (u, v) for all (u, v) € B.
Observe that

inf /|V¢>|P:¢ € CP(RY,R), [¢lemvy =1 =0

RN

and

inf ] [ 1705y € CREYR), Wiy =1 =0
RN
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For any >0, there are ¢s5 ¥5 € CP(RN,R) with [@sli«®ry) = [¥slis@y) = 1 and
suppos, suppys C By, (0) such that [Vepy [y, Vsl < 8.

Let wy (x) = (¢5(V/2x), ¥s(¥/Ax)), then SUPPW: = B{;ra (©) For ¢ > 0, we get

tP
@) = | Il = aoie” / 185 (YAx)l* — apt? / s (V)
]RN
RN

N
l_
=xr P (tds tys),
where

1
1 )
Ju(u, v) = pf(|w|p+|w|f'+vu Px)(|u|p+|v|f’))—aof(|u|“+|u|ﬁ).
RN RN

We easily prove that
a—p _1 o
max ; (t¢s, tys) < b (IVesl” + V(& Px)lgs|”
- pa(aag) = (g~
B
B=p

1
+ (IVyslP + VL 2x) sl

B—p
P
pB(Bag) PP len

Together with V (0) = 0 and |V¢5|Z, |V1//3|Z < 6, this implies that there is Az >0
such that for all A > A;, we have

o B N
p

o— _ B—0p _ -
maxl, (i¢s, tYs) < , (@)% Ps , @)FPla P (36

pa(aag)® P pB(Bac)P —P

It follows from (3.6) that
Lemma 3.9. Under the assumptions of Lemma 3.7, for any € > 0, there is A5 >0
such that A > A, there exists wy € B with ||w; ||, > o5, L.(w) < 0 and

N

1—
rnaxI)\(tlZ/)\) <oA p ,
t>0

where p, is defined in Lemma 3.7.

Proof. This proof is similar to the one of Lemma 4.3 in [10], it can be easily proved.
O

4 Proof of the main result
In the following, we will give the proof of Theorem 2.
Proof. From Lemma 3.9, for any ¢ >0 with 0 < 0 < o, there is A; >0 such that for 4

> A, we obtain

Page 11 of 13
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N

1—
¢, = inf max I ) <or P,
* yel te]0,1] Hr(@) =

where I, = {y € C([0, 1], B) : ¥(0) =0, y(1) = w,}.

Furthermore, Lemma 3.6 implies that I, satisfies (PS).; condition. Hence, by the
mountain-pass theorem, there is (u;, v;) € B satisfying I} (4, v;) = ¢) and
I (uy, vy) = 0. This shows (u;, v3) is a weak solution of (2.1). Similar to the argument
in [10], we also get that (uy, v;) is a positive least energy solution.

Finally, we prove (u;, v;) satisfies the estimate (2.2). Observe that

1= and I (ux, v,) = 0. we have
L(uy, v) <or P g

1 !
Li(up,vy) = Lo(u,v) — QIA(UA/VA)(HA/VA)

i (117 - ;) | Garv) [} + (2 - pl*)/\R[ K(x) (P + v, )

+ )\./ (; (uAHs(UA, UA) + UAH[(UA, UA)) _ H(u)” UA))
RN

1 1
= (5 - )l

This shows that (u;, v;) satisfies the estimate (2.2). The proof is complete. O
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