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Abstract
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1 Introduction
The purpose of this article is to establish the existence of infinitely many weak solu-
tions for the following Neumann quasilinear elliptic system

du 0 ondQ (1)

{ —Ap Ui + a;(x)[u;|P~%u = AFy, (%, ug, ..., uy) in ,
av

for i = 1, ..., n, where Q € R™ (N = 1) is a non-empty bounded open set with a
smooth boundary 9Q, p; > N for i = 1, .., n, Apu; = div(|Vu|"~?Vu;) is the p,-Lapla-
cian operator, a; € L™ (Q) with ess infg a; >0 for i = 1, ..., n, A >0, and F: Q x R" —
R is a function such that the mapping (¢1, t5,..., £,) = F (%, t1, tp,..., £,) is in C! in R”
for all x € Q, F;, is continuous in Q x R" for i = 1,..., n, and F (%, 0,..., 0) = O for all x
€ Q and v is the outward unit normal to 0Q. Here, F;, denotes the partial derivative
of F with respect to ¢,

Precisely, under appropriate hypotheses on the behavior of the nonlinear term F at
infinity, the existence of an interval A such that, for each 4 € A, the system (1) admits
a sequence of pairwise distinct weak solutions is proved; (see Theorem 3.1). We use a
variational argument due to Ricceri which provides certain alternatives in order to find
sequences of distinct critical points of parameter-depending functionals. We emphasize
that no symmetry assumption is required on the nonlinear term F (thus, the symmetry
version of the Mountain Pass theorem cannot be applied). Instead of such a symmetry,
we assume a suitable oscillatory behavior at infinity on the function F.

We recall that a weak solution of the system (1) is any

U= (y, ... uy) € W (Q) x ... x WP (Q), such that
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f ; (|Vui(x)|pi—2Vui(x)Vvi(x) +ai(x)|ui(x)|""‘2u,»(x)u,»(x)) dx
Q i=1
—A/ iFui(x,ul(x), U (x))vi(x)dx =0

o =1

forall v=(v1,...,v,) € W1 (Q) x ... x WP (Q).

For a discussion about the existence of infinitely many solutions for differential equa-
tions, using Ricceri’s variational principle [1]and its variants [2,3] we refer the reader to
the articles [4-16].

For other basic definitions and notations we refer the reader to the articles [17-22].
Here, our motivation comes from the recent article [8]. We point out that strategy of
the proof of the main result and Example 3.1 are strictly related to the results and
example contained in [8].

2 Preliminaries

Our main tool to ensure the existence of infinitely many classical solutions for Dirich-
let quasilinear two-point boundary value systems is the celebrated Ricceri’s variational
principle [[1], Theorem 2.5] that we now recall as follows:

Theorem 2.1. Let X be a reflexive real Banach space, let ®, ¥: X — R be two Gdteaux
differentiable functionals such that ® is sequentially weakly lower semicontinuous,
strongly continuous, and coercive and Y is sequentially weakly upper semicontinuous. For
every r >infy @, let us put

) inf SUPuequ(]—oo,r[)‘I’(V) —Y(u)
p(r)== in
ued-1(]—o0,r)) r— ®(u)

and

y :=liminfe(r), §:= liminf ¢(r).
T—+00

r— (infx®)*

Then, one has

(a) for every r >infx © and every A € ]O, (p(lr) [, the restriction of the functional I =

@ - AY to ®Y(] - oo, r]) admits a global minimum, which is a critical point (local
minimum) of I in X.

(D) If v <+co then, for each X € ]0, )1/ [, the following alternative holds:
either

(b1) I possesses a global minimum,
or

(by) there is a sequence {u,} of critical points (local minima) of I), such that

lim ®(u,) = +oo.
n—+00

(¢) If 6 <+oo then, for each X € )0, ;[, the following alternative holds:

either
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(¢y) there is a global minimum of ® which is a local minimum of I,
or
(co) there is a sequence {u,} of pairwise distinct critical points (local minima) of

I that converges weakly to a global minimum of ©.

We let X be the Cartesian product of n Sobolev spaces W'1(Q), WlP2(Q),... and
Whin(Q), ie, X = [[L; W'(R), equipped with the norm

n
I, o, )l = il
i=1

where

1

pi pi pi .
luill, = /|Vui(x)| +ai(x)|ui(x)["dx |, i=1,...,n
Q (2)

sup,ealu@)” n]

C = max o
wEWP (2)\{0} lluill,

Since p; >N for 1 < i < n, one has C <+co. In addition, if Q is convex, it is known
[23] that

pi—1 L pi—1
sup SUPyecq |ll1(x)| <2 pi max (l 1 )pi; dlarn(SZ) <P1 -1 m(Q)) pi ”ai”oo

weWhri(Q)\{0} ”ui”pl ‘ailll 1 pi — N ”aiHI
NPi

for 1 < i < n, where ||'||; = [a]-(®)| dx, |||~ = supsxcq |-(*)| and m(Q) is the Lebes-
gue measure of the set Q, and equality occurs when Q is a ball.
In the sequel, let p = min{p;; 1 <i <n},

For all ¥ >0 we define

K(y) = (tl,...,tn)e[R”:thiISV . @)

i=1

3 Main results
We state our main result as follows:
Theorem 3.1. Assume that

(A1)
fQ Sup(tl ,,,,, t")EK({-‘)F(x' S tn)dx
lim inf ?
£—+00 é.:
1\2
" F(x,ty,...,t;)dx
<X wori| limsup Jo Flxt "p)
=) (t1tn)—oo -~ il |Gl
- (t1,et)ER? Zi:l pi

where K(€) = {(t1, - 1)l Y 1] < &} (see (3)).
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Then, for each
AEAN =

1\ 2
) (Z?:l (piC)*i >

Jo Flotr, .o ty)dx i inf Jo SUP(,,.eyek(eyF 0t - tn)dx
[laill11ti] §o0 4

§
pi

limsup(,,...,) >0
(tta)ERY §0

i=1

the system (1) has an unbounded sequence of weak solutions in X.
Proof. Define the functionals ®, ¥: X — R for each u = (u3, .., u,,) € X, as follows

L L
D(u) =y p"’

and
W(u) = /F(x,ul(x),...,un(x))dx.
Q

It is well known that V¥ is a Gateaux differentiable functional and sequentially weakly
lower semicontinuous whose Gateaux derivative at the point # € X is the functional
Y'(u) € X*, given by

W' (u)(v) =/ZFui(x, u1(x), ..., un(x))vi(x)dx
o =1

for every v = (vy, ..., v,) € X, and ¥: X — X* is a compact operator. Moreover, @ is a
sequentially weakly lower semicontinuous and Géateaux differentiable functional whose
Gateaux derivative at the point # € X is the functional @’ (1) € X*, given by

P20 () V(%) + ai(x) |ui(x)

O (s u) (01, o)) /Z(Wui(x) P (x)u(x)) ds
o il

for every v = (vy, .., v,) € X. Furthermore, (®’)": X* — X exists and is continuous.
Put [j: = @ - AY. Clearly, the weak solutions of the system (1) are exactly the solu-
tions of the equation I} (u1, ..., u,) = 0. Now, we want to show that

y < +00.
Let {&,,} be a real sequence such that &, — +o0 as m —> « and

. JaSuP(,..yek(enFC t - - t)dx

nlleoo p
&m
iminf JasuP(,,.oyexeFC ti - tn)dx
E—+00 EE ’
L
Tm = S 1\2
Put . pi for all m € N. Since
YL (pOF

sup |ui(x)|" < C il
xeQ
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for each u; € W'7i(Q) for 1 < i < n, we have

pi pi
n o ui(x n|uill,

supZ| i( )| <C> Gl

xXeQ i

-1 P =1 Pi

(4)

for each u = (uy, uy, ..., u,) € X. This, for each r >0, together with (4), ensures that

n . pi
O (J—oo, 1)) CJueX;sup ) iul(?)i

i=1 i

§Crforeachxes2}.

Hence, an easy computation shows that ", |ui| < &, whenever u = (uy, ..., u,) €
(DJ(] - %% rm]) Hence, one has
o) = inf CUPreenmeonn Y]~ @)
m ued=1(]—00,r,[) Tm — d)(u)
- SUPeotg—cor,) Y (V)

Tm

Em
(=2 o 3f)g

Therefore, since from Assumption (A1) one has

JasuPq,,. ek F et .., ta)dx -

lim inf 00,
£—+00 SQ
we deduce
y <liminfe(ry,)
g m—+00
1

n su F(x, t1,...,t;)dx 5
< Z(Plc)pl lim 1nfo p(ll ..... tn)€K(&) ( 1 n) < +00. ( )

i-1 E—+00 g_.E

Assumption (A1) along with (5), implies

1
aclo |
14

Fix A € A. The inequality (5) concludes that the condition () of Theorem 2.1 can be
applied and either I; has a global minimum or there exists a sequence {u,,} where u,, =
U1y +wr Upsyy) O weak solutions of the system (1) such that lim,,, e ||@1 o i) || = +o0.

Now fix A € A and let us verify that the functional I, is unbounded from below.

Arguing as in [8], consider n positive real sequences {dim}l,; such that

no 0
\/ZH d;,, — +00 as m —

and
F(x,dym,...,dym)dx F(x, t1,...,t;)dx
i Ja e M i S i ©)
e y 1 eeesln)—> aill1 16"
S, G X

pi pi
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For all m € N define w,,(x) = (dy, ,» --» 4y, ). For any fixed m € N, w,, € X and, in

particular, one has

n dp il
Olwn) ="
i=1 pi
Then, for all m e N,
n d lailly
Li(wp) = ®(wm) — AV (wy) =) " ) — A [F(x,dim, ..., dpm)dx.
i=1 i Q
Now, if
. Jo F(x,t1, ..., ty)dx
lim sup <00,
(t1,.eesty)—>00 n ”ai||1|ti| !
(t1,..tn)ER? Zi:l pi
' 1 .
we fix € € [ oty 1{. From (6) there exists 7, such that
Alimsup(,,..o) 00 1
(o yerr <, laill|t]
DY
pi

[E i, o )dx
Q

JoF@ tr, .. ta)dx (o, d llaill,
» ’ vm > 1,
laill, l6™ \iZZ  pi

pi

> € limsup
(t1,.csty)—>00 Zn

(t1,.rtn)ERD i=1

therefore

Jo FGet, o t)dx | G dyllaily

L(wy) < | 1—Aie limsup » Z vm > t,
(t1yeent)—> 00 n Naillyl6)” = D
(t1,-tn)ER? Zi:l pi -

and by the choice of ¢, one has

m]_i)IPOO[(D(wm) — AW (wy)] = —o0.

If
. Jo Flx, tr, ..., ty)dx
lim sup o = 09,
b 1o n Nl ol
i=1 pi

1
let us consider K > L From (6) there exists 7z such that

n d llaill
fF(x,dl,m,...,dn,m)dx> KZ ’ Vm > 1g,
J .

i=1 i

therefore

n d llaill,
L(wm) < (1 —2K)Y o vm > i,

i=1 1
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and by the choice of K, one has

mliIPoo[q)(w'H) — AW (wy)] = —o0.

Hence, our claim is proved. Since all assumptions of Theorem 2.1 are satisfied, the
functional I, admits a sequence {u,,, = (41,5 -r Upn)} © X of critical points such that

lim | (wim, - ., ) || = +00,
m—00

and we have the conclusion. O
Here, we give a consequence of Theorem 3.1.
Corollary 3.2. Assume that
1\2

tr o)k (@) F (et n)dx .
(AZ) lim inf§—>+oo Ja SUP(t) st K(g) (xt1,estn) < Z" (PlC) pi .
£ i=1

. Jo F(xty,..it)dx
(A3) Hmsup(e,..e)—00 "2 )0 > 1.
(tr,ety)€RT D0 i

Then, the system

—Apui + ai(x)ui|P~u = Fy(x,u1, ..., up) in Q,

0
i =0 on 02
ov

for 1 < i < n, has an unbounded sequence of classical solutions in X.
Now, we want to present the analogous version of the main result (Theorem 3.1) in
the autonomous case.

Theorem 3.3. Assume that
(A4)

su F(ty,...,t
liminf P, F(h )
£—+00 g’__g

1\2
<[> mo)Pi | limsup
i1

(t1,.eustn)—>00 -1 X
(trentn)eR? pi

F(t1, ..., tn)

naill 16l

where K(£§) = {(t1, ..., ta)| 1y 1til < &} (see (3)).

Then, for each
AEA =
- N -
n 4
Y (pO)Pi
1
F(t1,..tn) T . supg, . k&) F(tyetn)

i ol Hminfe oo

IMSUP(¢ ., ty)—>00 2ia pi &
(ty,estn)€RY
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the system
—Ap i+ ai (%) il 2u = AFy (U, ... up) in Q,

aui
=0 on 92

av

has an unbounded sequence of weak solutions in X.

Proof. Set F (x, uy, ..., u,) = F (uy, ..., u,,) for all x € Q and (uy, .., u,) € R The con-
clusion follows from Theorem 3.1. O

Remark 3.1. We observe in Theorem 3.1 we can replace & — +e and (¢4, ..., £,) —
(+09, ..y +00) With & > 0" (¢y, ..., t,,) = (07, ..., 07), respectively, that by the same way as
in the proof of Theorem 3.1 but using conclusion (c) of Theorem 2.1 instead of (b),
the system (1) has a sequence of weak solutions, which strongly converges to 0 in X.

Finally, we give an example to illustrate the result.

Example 3.1. Let Q € R? be a non-empty bounded open set with a smooth boundary

9Q and consider the increasing sequence of positive real numbers given by

5
an =2, apy =nl(ay)4 +2

for every n = 1. Define the function

1

F(tl,tz) = (an+1)5e 1- [(tl - an+1)2 + (tl — Ap+1 )2] (tl, tz) € Unzl B((an+1,a,,+1 ), 1), (7)
0 otherwise

where B((4,,,+1, @,.1), 1)) be the open unit ball of center (a,,,1, a,,1). We observe that
the function F is non-negative, F (0, 0) = 0, and F e C'(R?). We will denote by fand g,
respectively, the partial derivative of F respect to ¢; and ¢,. For every n € N, the

restriction F on B((a,,,1, 4,,.1), 1) attains its maximum in (a,,.1, @,.1) and F (4,41, @y.1)

5
= (an+1) )
then
. F(an+lran+1)
limsup . = +00
n—+00 n+1 + pi
3 4
So
lim sup i) -
3 4 =
(1) (v00v00) 111" 4 112!

On the other by setting y,, = a,,,1 - 1 for every n € N, one has

sup  F(t;,t;) =a, Vne N
(t1/t2)€K (yn)

Then

su F(tq,t
lim P(t1,6)eK(yn) (31 2) _
n—o00 (an+1 _ 1)

’
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and hence
su F(t,t
lim inf "PEmex@FrR)
£—o0 £3
Finally
0 = liminf SUp(y, i,)ek(e)F(t1, 22)
E—>+00 %_3
1 1 3 i
t1,t
<((30)3 +(40)4) lim sup (1 62)

(t1,82) > (+00,+00) LT
! ! (tp.5)eRE 3 4

So, since all assumptions of Theorem 3.3 is applicable to the system

—Asu+ |ulu=Af(u,v) in ,
—Agv+|v)*g = 2g(u,v) in Q,

ou v 90
= = n
v dv ©

for every A € [0, +ool.
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