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1 Introduction

In this paper, we consider the following problem:

P M(fan 5 (VP + [uP®) doe) (= div(| VP> V) + [ul?®u)
=f(x,u)inRN, ue WWPORN),

where p(x) is a function defined on RN, M(¢) is a continuous function, f: 2 x R — R

satisfies the Caratheodory condition.

The operator A,uyu = div(|Vul?®-2Vy) is called p(x)-Laplacian, which becomes p-
Laplacian when p(x) = p (a constant). The p(x)-Laplacian possesses more complicated
nonlinearities than p-Laplacian; for example, p-Laplacian is (p — 1)-homogeneous, that is,
Dp(Au) = M7EAp(u) for every A > 0; but the p(x)-Laplacian operator, when p(x) is not a
constant, is not homogeneous. These problems with variable exponent are interesting in
applications and raise many difficult mathematical problems. Some of the models leading
to these problems of this type are the models of motion of electrorheological fluids, the
mathematical models of stationary thermo-rheological viscous flows of non-Newtonian
fluids and in the mathematical description of the processes filtration of an ideal barotropic
gas through a porous medium. We refer the reader to [1-7] for the study of p(x)-Laplacian

equations and the corresponding variational problems.
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Kirchhoff has investigated the equation

2u (P, E /L 2 J 92u 0
_— = — + — X =V,
Pae "\ w Tar ), 92

which is called the Kirchhoff equation. This equation is an extension of the classical

ou
ox

d’Alembert’s wave equation by considering the effect of the changes in the length of the

string during vibrations. A distinguishing feature of the Kirchhoff equation is that the
equation contains a nonlocal coefficient (%" + % OL |g—;‘|2dx) which depends on the av-
i OL |2 on [0, L]. Various equations of Kirchhoff

type have been studied by many authors, especially after the work of Lions [8], where a

erage |g—z |2 dx of the kinetic energy %|g—z
functional analysis framework for the problem was proposed; see, e.g., [9-24] for some
interesting results and further references. And now the study of a nonlocal elliptic prob-
lem has already been extended to the case involving the p-Laplacian; see, e.g., [25, 26].
Corréa and Figueiredo in [16] present several sufficient conditions for the existence of
positive solutions to a class of nonlocal boundary value problems of the p-Kirchhoff
type equation. Recently, the Kirchhoff type equation involving the p(x)-Laplacian of the

form

Uy —M(/ 1 |Vu P dx) Dy + Q(t, %, u, 1) + f (0, ) =0
o p(¥)

has been investigated by Autuori, Pucci and Salvatori [27]. In [28] Fan studied p(x)-
Kirchhoff type equations with Dirichlet boundary value problems. Many papers are
about these problems in bounded domains. According to the information I have, for
Kirchhoff-type problems in RN, the results are seldom, in [29] Jin and Wu obtained
three existence results of infinitely many radial solutions for Kirchhoff-type problems
in RY, and in [30] Ji established the existence of infinitely many radially symmetric so-
lutions of Kirchhoff-type p(x)-Laplacian equations in R”. The main difficulty here arises
from the lack of compactness. Jin [29] and Ji [30] investigated these problems in ra-
dial symmetric spaces. In this paper, to deal with problem (P), we overcome the dif-
ficulty caused by the absence of compactness through the method of weight function.
We establish conditions ensuring the existence and multiplicity of solutions for the prob-
lem.

This paper is organized as follows. In Section 2, we present some necessary preliminary
knowledge on variable exponent Sobolev spaces. In Section 3, we obtain the solutions with
negative energy by the coercivity of functionals, and in Section 4, we obtain the solutions
with positive energy by the Mountain Pass Theorem. Finally in Section 5, we obtain the
infinity of solutions by the Fountain Theorem and the Dual Fountain Theorem when f

satisfies a special form.

2 Preliminaries
In order to discuss problem (P), we need some theories on space W#*)(2) which we call
variable exponent Sobolev space. Firstly, we state some basic properties of space W'?1)()
which will be used later (for details, see [6, 31, 32]).

Let © be an open domain of RY, denote by S(2) the set of all measurable real functions
defined on €2, elements in S(€2) which are equal to each other and almost everywhere are
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considered as one element, and denote
C.(Q) = {p|p € C(Q),px)>1,Vx e 5},

p" =suppx), p =infp(x), VpeC(Q),
o) xeQ

xeQ

IPO(Q) = {u|u is a measurable real-valued function on £, / |ul?™ dx < 0o },
Q

we can introduce the norm on L7)(2) by

24| pi) = inf{)» >0 :/
Q

and (L*V(R),] - |p()) becomes a Banach space. We call it a variable exponent Lebesgue

u(x) p(x)

dxgl}

space.
The space W?1)(Q) is defined by

WO(Q) = {u e IPY(Q)]|Vu| € LPY(Q)},
and it can be equipped with the norm
lell = [tlp) + |Vt Ve € WHO(Q),

where |V, = | Vullpu); and we denote by Wé’p(')(Q) the closure of C§°(£2) in wirO(Q),

p = 1\11\?);(2) P = (Aj\[g:l;fx(f) , when p(x) < N, and p" = p- = 0o, when p(x) > N.

Proposition 2.1 (see [6] and [31])
1) Ifp € C.(Q), the space (L’ (), ] - |p()) is a separable, uniform convex Banach space,
and its dual space is L1 (Q), where 1/q(x) + 1/p(x) = 1. For anyu € LPV(Q) and
v e L1(Q), we have

1 1
/ |MV|dx < (_ + _>|u|p(x)|v|q(x) =< 2|”|p(x)|V|q(x);
Q 4 q

2) Ifﬁ + ﬁ + % =1, then for any u € LPV(Q), v € L1(Q), and w € L'V (Q),

1 1 1
/ luvw|dx < (__ t+—+ __)|M|p(x)|v|q(x)|w|r(x) = 3|u|p(x)|v|q(x)|w|r(x)«
Q p q r

Proposition 2.2 (see [6]) Iff: Q2 x R — R is a Caratheodory function and satisfies

1)

[f(x,s)‘ <a(x) + bls|2®, foranyxe Q,seR,

where p1,ps € C.(Q), a € L720(Q), a(x) > 0 and b > 0 is a constant, then the superposition
operator from L')(Q) to L>)(Q) defined by (Nr(u))(x) = f(x, u(x)) is a continuous and
bounded operator.
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Proposition 2.3 (see [6]) If we denote
o) = [ Py, vue 1@,
Q

then for u,u, € L*O(Q)
@) |u@)|pw <1(=1>1) < p(u) <1 (=1;>1);
(2) 1) oy > 1= 1y < p(0) < [l
|4(0) |py < 1= ulty ) > plu) > Iulﬁ(;);
(3) (%) |p) = 0 & p(u,) = 0 as n — 00;

|2, (%) | p() = 00 & p(u,) — 00 as n — oo.

Proposition 2.4 (see [6]) Ifu,u, € [’ (Q), n=1,2,..., then the following statements are
equivalent to each other

(1) limg_, oo |1tg — tlpry = 0;

(2) limy, oo ot — 1) = 0;

(3) ur — uin measure in Q and limy_, o p(uy) = p(u).

Proposition 2.5 (see [6]) (1) If p € C,(Q), then Wé'p(')(Q) and WPV (Q) are separable

reflexive Banach spaces.

Proposition 2.6 Ifp:Q — R is Lipschitz continuous and p* < N, then for q € C,.(Q2) with
p(x) < q(x) < p’(x), there is a continuous embedding W'*V(Q) — L1V(Q).

For any measurable functions «, 8, use the symbol & < B to denote

ess inf (B(x) — a(x)) > 0.

xeQ
Proposition 2.7 Let Q be a bounded domain in RN, p € C,(Q), p* < N. Then for any
g € L®(Q) with g K p’, there is a compact embedding W*")(Q) — L1)(Q).
Proposition 2.8 (Poincare inequality) There is a constant C > 0, such that
|tlpe) < C| Vil Vi€ WePO(Q).

So, |Vl is a norm equivalent to the norm |ul| in the space Wg‘p(')(Q).

3 Solutions with negative energy
In the following sections, we consider problem (P), the nonlocal p(x)-Laplacian problem
with variational form, where M is a real function satisfying the following condition:

(M;1) M :(0,+00) — (0, +00) is continuous and bounded.

And we assume that N > 2, p : R” — R is Lipschitz continuous, 1 < p~ < p* <N, f: R" x
R — R satisfies Caratheodory conditions.

For simplicity, we write X = W?)(RN), Denote by C a general positive constant (the
exact value may change from line to line).
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Lett > 0, u € X, define

M(t) = f tM(s) ds,
0
- L p(x) p(x)
Li(u) /RN p(x)(|Vu| + |ulP™) dx,
J(u) :M(ll(u)) :]’\7[</ L(|vu|p(x) + |u|p(")) a’x),
RN p(x)

DO(u) = /RNF(x,u)dx,

E(u) = J(u) — @(u),

where F(x,u) = [, f(x,0) dt.

Before giving our main results, we first give several lemmas that will be used later.

Lemma 3.1 (see [2] and [28]) Let (M) hold. Then the following statements hold:
(1) M e C°([0,00)) N CL((0,00)), M(0) = 0, M'(£) = M(t) > 0 for ¢ > 0.
(2) J € C°(X), J(0) =0, ] € C*(X\{0}), and

1
J () = M(/ —(qu|p(") + |u|p(x)) dx) / (|Vu|p(")_2Vqu+ |u|p(x)_2uv) dx,
RN p(x) RN

foru,veX.

Lemma 3.2 (see [2]) Suppose

m
[, 8)] < bil@)|tl "™, V(x,1) e RN xR,

i=1

where b;(x) > 0, bi(x) # 0, b; € L'i(RN) N L®(RN), r;,q; € L*(RN), ¢; K p’, and there are
s; € L°(RN) such that

. 1 ;
px) <si(x) <p x), v + Z((;C)) =1

Then ® € CH{(X,R) and ®, &' are weakly-strongly continuous, i.e., u, — u implies ®(u,) —
®(u) and ' (u,) — @' (u).

Lemma 3.3
(1) The functional ] : X — R is sequentially weakly lower semi-continuous, ® : X — R is
sequentially weakly continuous, and thus E is sequentially weakly lower
semi-continuous.
(2) For any open set D C X\{0} with D C X\{0}, the mappings ] and E' : D — X" are
bounded, and are of type (S.), namely,

u,—~u and lim] (u,)(u,-u) <0, impliesu, — u.
n—0o0

Page 5 of 15


http://www.boundaryvalueproblems.com/content/2012/1/79

Guo and Zhao Boundary Value Problems 2012, 2012:79 Page 6 of 15
http://www.boundaryvalueproblems.com/content/2012/1/79

Proof Since the function M(t) is increasing and the functional [; is sequentially weakly
lower semi-continuous, we conclude that the functional / : X — R is sequentially weakly
lower semi-continuous. From Lemma 3.2, we know that ®(z)and ®’(u) are sequen-
tially weakly-strongly continuous. Now let D C X\{0}. It is clear that the mapping J’
and E': D — X are bounded. To prove that /' : D — X is of type (S,), assuming that
{4y} C D, u, — u in X and limsup,,_, . J'(u,,)(u, — u) < 0, then there exist positive con-
stants ¢; and ¢, such that ¢; < M(fRN I%(WMV’(") + |ulP™) dx) < c,. Noting that J'(u,) =

)
M(fRN ﬁ(WuV’(’C) + |ulP@) dx)Ly)(u,). It follows from limsup,,_, . J'(4,) (4, —u) < O that
limsup,,_, o L) () (y — 1) < 0, where Lyy(u)v = [on (VPP 2VuVy + [ulP®-2yy) dx.
Since Ly, is of type (S,). Moreover, since ®'(x) is sequentially weakly-strongly contin-

uous, the mapping E': D — X is of type (S,). O

Definition 3.1 Let ¢ € R. A C'-functional E : X — R satisfies (P.S), condition if and only
if every sequence {u;} in X such that lim; E(u;) = ¢, and lim; E'(x;) = 0 in X" hasa convergent
subsequence.

Lemma 3.4 (see [28]) Suppose f satisfies the hypotheses in Lemma 3.2, and let (M) hold.
Then, for any ¢ # 0, every bounded (P.S). sequence for E, i.e., a bounded sequence {u,} C
X\{0} such that E(u,) — ¢ and E'(u,) — 0, has a strongly convergent subsequence.

As X is a separable and reflexive Banach space, there exist {e,}>°, C X and {£,,}3°, C X’
such that

1 ifn=m,

0 ifn #m,

fn(em) = 8n,m =
X =span{e,:n=1,2,...}, X = spanW*{f,, n=1,2,...}.
Fork=1,2,...,denote

k 00
X = span{ex}, Yi= @Xl, Zi = EBX,
j=1 j=k

Lemma 3.5 (see [2]) Assume that ® : X — R is weakly-strongly continuous and ®(0) = 0,
y > 0 is a given positive number. Set

Bx=  sup }CD(u)

ugeZpllull<y

’

then B — 0 as k — oo.
Theorem 3.1 Suppose f satisfies the hypotheses in Lemma 3.2, let (M) hold and the fol-
lowing conditions hold:

(M,) There are positive constants o1, M and C such that M(t) > Ct™ fort > M.
(Hy) q* <aip-.

Then the functional E is coercive and attains its infimum in X at some ug € X. Therefore,
ug is a solution of (P) if E is differentiable at uo, and in particular, if uy # 0.
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Proof We have concluded that E is weakly lower semi-continuous. Let us prove that E is
coercive on X, i.e., E(u) - +00 as ||u|| — +o0. For simplicity, we assume that m = 1 and
denote by = b, q1 = q, s1 = s, . = r. We have that

J(u) = M(L(w)) =A7[</RN lﬁ(wuv’(") + |ulP®) dx)

> M(CillulP) = Cyllul|“¥-,

/RNF(x,u)dx §/RN|F(x,u)|dx§/RN%mw(x)dx

2 q
) =< qf|b|r(x)(|u|s(x))

2
= ;|b|f(x)||u|q(x)|s(x)/q(x

< Csllull”.
When | u|| is large enough, we have
E(u) =J(u) = D(u) = Co|ul ¥ = Callull”,

and hence E is coercive. Since E is sequentially weakly lower semi-continuous and X is
reflexive, E attains its infimum in X at some 1 € X. In the case where E is differentiable
at ug, uo is a solution of (P). O

Theorem 3.2 Suppose f satisfies the hypotheses in Lemma 3.2. Let (M), (M), (H1) and
the following conditions hold:

‘M3) There is a positive constant oy such that lim su RGNS
( 3 p pt~>0 IP)
(i) There exists a positive constant § > 0,

flx,t) > bo(x)t‘i"’(")’1 forx e RN and0<t <3,

where by > 0, bo(x) € C(RN,R), by #0, qo(x) € L°(RN), g¢ <p~.
(Hz) q5 <aap™.

Then (P) has at least one nontrivial solution which is a global minimizer of the energy
functional E.

Proof From Theorem 3.1 we know that E has a global minimizer uy. It is clear that
F(x,0) = 0 and consequently E(0) = 0. As by > 0 and by # 0, we can find a bounded open
set Q C RN such that by(x) > 0 for x € Q. The space Wg’p(')(Q) is a subspace of X. Take
w e C3°(2)\{0}. Then, by (f;), (M3) and (Hy), for sufficiently small A > 0, we have that

- AP®
E(ww) = M(f (|Vw|p(") + |w|p(")) dx> —/ F(x, Aw)dx
RN p(¥) RN

AP o
< cl( / (|Vw|p(")+|w|p("))dx> - / F(x, \w) dx
rN p(x) Q

< CuA2P — CsA% < 0.

Hence E(ug) < 0 which shows 1 # 0. O
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Theorem 3.3 Let the hypotheses of Theorem 3.2 hold, and f satisfy the following condi-
tion:

(f2) flx,—t) = f(x,t) forx e RN and t e R.
Then (P) has a sequence of solutions {tuy} such that E(xtuy) < 0, and E(fu;) — 0 as

k — oo.

Proof Denote by y(A) the genus of A. Denote

Y= {A C X\{0} : A is compact and A = —A},
Si={Aez:y) =k},

¢k = inf supE(u), k=12,...,

€2k ueA

we have —co <1 < < < <Cpy1- -

From the condition on by (x), there exists a bounded open set 2 C RN such that by(x) > 0
for x € Q. The space Wg’P(') (€2) isa subspace of X. For any k, we can choose a k-dimensional
linear subspace Ej of W(f’f’(')(sz) such that £ C C5°(£2). As the norms on Ej are equivalent
to each other, there exists px € (0,1) such that u € E; with |lu|| < px implies |u|~ < 6.
Sg? ={u € Ex: |ul| = px} is compact, and then there exists a constant d such that

b
/%|ulq0(")dxzdk, Vuesy).
Q qo(x

Foru ¢ Sg;) and t € (0,1), we have

20"
E(tu) < ta_pf _/ Mtqo(x)|u|qo(x) dx
p- @ qo(x)
ters +
= — ,Of —tlody.

As g} < azp™, we can find # € (0,1) and & > 0 such that E(fu) < —e,<0,Vu Sg;), which

(k) (k)
tkpk” i Ok

By the genus theory, each ¢ is a critical value of E, hence there is a sequence of solutions
{£ur:k=1,2,...,} of problem (P) such that E(£u;) = ¢, < 0.

At last, we will prove ¢, — 0 as k — oo. By the coercive of E, there exists a constant
y > 0 such that E(u) > 0 when ||u| > y. For any A € %, let Y} and Z; be the subspace of X
as mentioned above. According to the properties of genus, we know that A N Z; # . Set

implies E(u) < e, <0,Vu e S Since y(S;,,,) = k, we get the conclusion ¢; < —¢¢ < 0.

’

Bx=  sup |CI>(u)

ueZp,|ull<y

we know B — 0 as k - 0o. When u € Z; and |u|| < y, we have E(u) > — B, and then

¢k > —PBk, which concludes ¢y — 0 as k — oo. O

Theorem 3.4 Let the hypotheses of Lemma 3.2, (f1), (M), (M), (M3), (Hy), (H,) and the
following condition hold,
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(f.) f(x,£) >0 forx € RN and t > 0.

Then (P) has at least one nontrivial nonnegative solution with negative energy.

Proof Define

rwon ifezo,

fle) = ’
fx,0) ift<0,

t
f(x,t):/f(x,s)ds, xeRV,teR,
0
~ —~ 1 ~
Ewy”w(/ ——UVMW”+WWWLM)—/‘FMMﬁM, ueX
rN p(x) RN

Then, like in the proof of Theorem 3.2, using truncation functions above, similarly to the
proof of Theorem 3.4 in [28], we can prove that E has a nontrivial global minimizer u,
and uy is a nontrivial nonnegative solution of (P). a
4 Solution with positive energy

In this section we will find the Mountain Pass type critical points of the energy functional
E associated with problem (P).

Lemma 4.1 Let (f1), (My) and the following conditions hold:

(M) oy >0, M >0, and C > 0 such that
M@t) > Ct fort=M

with ayp_ > 1 hold.
(My) 3L >0, M >0 such that

AM(t) > M(t)t  fort > M.
(fs) 3u>0, M>O0 such that
0 < uF(x,t) <f(x,0)t, for|t|>Mandxe RN,

(H3) Api<pt.

Then E satisfies condition (P.S). for any ¢ # 0.

Proof By (M), for ||u|| large enough, we have

1 1
ka(u)ZmM(/ —(|Vu|'“<x)+|u|1’(x>)dx> [ 5 (708 + ) s
RN R

px) N p(x)
Zﬂ«/-i%WWwHWMMQ/(WWM+MWWM
RN p(%) RN

= J'(u)u.

Page 9 of 15
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By (f3) we conclude that there exists C; > 0 such that
—Clgu/ F(x,u)dx < fx,u)udx+ C, VuelX,
RN RN
and thus, given any ¢ € (0, ), there exists M, > M > 0 such that

(- 8)/ F(x,u)dx < / flx,u)udx, if / F(x,u)dx > M,,
RN RN RN
we claim that there exists C, > 0 such that
&' (u—(u-e)®(u)>-C, foruckX,
the notation of this conclusion can be seen in [28].
Now let {u,} € X\{0}, E(u,) — ¢ #0 and E'(u,) — 0. By (H3), there exists ¢ > 0 small
enough such that Ap, < (u—¢). Then, since {u,} is a (P.S). sequence, for sufficiently large #,

we have

(w—e)e+1+ull
= (M - E)E(un) _E/(un)un
= ((M —-&)- )"p+)](un) + ()»PJ(Mn) _]/(un)un) + (CD/(”n)Mn —(n— S)CI)(M,,))

= Gllun | = C3 = G,

we conclude that {||u,||} is bounded, since a;p_ > 1. By Lemma 3.4, E satisfies condition
(P.S). for ¢ #0. O

Lemma 4.2 Under the hypotheses of Lemma 4.1, for any w € X\{0}, E(sw) — —00 as

§ —> +0Q.

Proof Let w € X\{0} be given. From (M) for sufficiently large ¢ > 0 we have
M) =Gt

and then it follows that
J(sw) < dys*+  fors large enough,

where d; is a positive constant depending on w. From (f4) for |¢| large enough we have
F(x,t) > Gltl",

which implies that

O(sw) = / F(x,sw)dx > dys* for s large enough,
RN
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where d is a positive constant depending on w. Hence for s large enough, we have
E(sw) < dqs™P* — dysH,
and then E(sw) — —00 as s — +00. O

Lemma 4.3 Under the hypotheses of Lemma 3.2, (M) holds and the following conditions
hold:

(Ms) There is a positive constant oz such that limsup,_, o+ jﬁg) > 0.

(fo) There exists r1(x) € CO(RN) such that 1 < ry(x) < p’ (x) for x € RN and

.. |F(x )]
liminf
-0 |t["1w

uniformly in x € RN.
(Ha) o3p, <T1i-.

Then there exist positive constants p and § such that E(u) > § for |u| = p.
Proof 1t follows from (Ms) that
J(u) > Cy||u||*3P+  for ||u|| small enough.
It follows from the hypotheses of Lemma 3.2 and (f,) that
|d>(u)| < Gllu|" for ||u|| small enough.
Thus by (H4), we obtain the assertion of Lemma 4.3. O
By the famous Mountain Pass lemma, from Lemmas 4.1-4.3, we have the following:

Theorem4.1 Let all hypotheses of Lemmas 4.1-4.3 hold. Then (P) has a nontrivial solution
with positive energy.

5 The case of concave-convex nonlinearity
In this section, we will obtain much better results with f in a special form. We have the
following theorem:

Theorem 5.1 Let f(x, u) = a(x)|u|*®~2u + b(x)|u|72u, where

a,q € LT(RY), l<a <a*<p <p'<q, q<Lp,
1
a(x) >0, a e L®(RY) OL”(‘)(RN), — 4 alx) =1,
rx)  si(x)
1 alx)

bx)>0,  bel®RY)NL?V(RY), R n@

p) <six) <p (),  plx) <s:(x) <p ).

Then we have
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(1) If (My), (M), (My), (Hs) hold and we also assume that a* < a1p™ and Ap* < q~, then
problem (P) has solutions {£u}32, such that E(fu;) — +00 as k — oo.

(2) If (My), (My), (Ms), (H3) hold and we also assume that a~ < azp* and o* < Ap~, then
problem (P) has solutions {£vi )32, such that E(xvy) < 0, E(£vx) — 0 as k — oo.

We will use the following ‘Fountain Theorem’ and the ‘Dual Fountain Theorem’ to prove
Theorem 5.1.

Proposition 5.1 (Fountain Theorem, see [11]) Assume

(A1) X is a Banach space, E € C{(X,R) is an even functional, the subspaces Xy, Yy and Zy
are defined by (3.2).

Ifforeach k=1,2,..., there exists px > ri > 0 such that

(Az) infyez, u)=r, E(tt) — +00 as k — oo.

(Ag) MaXye Yy, ||ul=px E(Lt) <0.

(As) E satisfies the (PS), condition for every ¢ > 0. Then E has a sequence of critical values
tending to +oo.

Proposition 5.2 (Dual Fountain Theorem, see [11]) Assume (A1) is satisfied and there is

a ko > 0 so as to for each k > ko, there exists py > ry > 0 such that

(B1) infuez jujj=p, E(u) > 0.

(By) by = maxyeyy,juj-r, E(1) < 0.

(Bs) d :=infyez, ju)<p E() = 0 as k — oo.

(Bs) E satisfies (PS), condition for every c € [dy,,0). Then E has a sequence of negative crit-
ical values converging to 0.

Definition 5.1 We say that E satisfies the (PS), condition (with respect to (Y)), if any
sequence {un].} C X such that n; — oo, Uy, € Yn/,E(un}.) — cand (E |Yn/)/(“”/) — 0, contains

a subsequence converging to a critical point of E.

Proof of Theorem 5.1 Firstly, we verify the (PS), condition for every ¢ € R. Suppose
{un} C X, nj — o0, E(un/.) — cand (E |yn/,)/(unj) — 0. It is easy to obtain that f(x) satis-
fies condition (f3), when it has this special form. So similar to the method in Lemma 4.1,
we have that

(1= )+ 1+ |
= (M - E)E(un) - E/(Mnj)bt,,].
= ((/'L —&) - )~I9+)](Mnj) + ()&p+](”n/') _]/(unj)unj) + (q)/(unj)unj — (- 8)@(1/[,,].))

= Golluw 7~ = G5 = C,

hence, we can get that {|| Uy, I} is bounded. Going if necessary to a subspace, we can assume

that Uy ~uinX. As X = Un/, Y,;, we can choose Vi, € Yy, such that vy, — u. Hence

lim E’(u,,},)(u,,j —u) = lim E’(u,,/.)(u,,]. ~ V)
Vlj‘)OO VI/‘*)OO
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+ lim E’(un,.)(vy,,. —u)
}’lj*)OO

= n,ll—l;I})O(E |Y”j) (un,')(unj - V}’l]‘) = O

As E’ is of (S§*) type, we can conclude Uy —> U furthermore, we have E’(un/) — E'(u).
It only remains to prove E'(z) = 0. For any w; € Y and n; > k we have

E'@wi = (E'@) = E'ty)) wi + 'y we

= (E'(0) ~ E'ty)) i+ (E Iy, ) (s .
Going to the limit on the right side of the above equation reaches
E(w)wr =0, VYwpeYy,

so E'(u) = 0, this shows that E satisfies the (PS), condition for every c € R. Obviously, E
also satisfies the (PS). condition for every ¢ € R.

(1) We will prove that if k is large enough, then there exist px > rr > 0 such that (A;) and
(A3) are satisfied. (A,) For k=1,2,..., denote

b
O = sup f@|V|a(x)dx, Br=sup /EIVIq(x)dx,
veZy,|vI<1 JRN q(x)

veZy,|Ivi<l JRN a(x)

then 6, > 0, Bx >0, and 6y — 0, Bx — 0, as k — co. When u € Z, ||u| > M,

1 - + "
E@) = —ull®™” —llul® 0 ul? B
p
For sufficiently large k, we have 6; < ZP%’ Asa* <ajp”, we get

1 - N
E(u) = Fllull"”’ = llell?” B
P

1
Choose r; = ( )a'-a1r” | we have

-
2p*q* i

E(u) > ( P >q+—qam q —p< 1 )q—’i,l,,
u) > — .
2ptqt p~ \bBx

Since B — 0, we have inf,c7, -, E(1) — +00 as k — 00. (A,) is satisfied.
(A3) Fork=1,2,...,denote

b
ex= inf / ﬁ|V|q(x) dx.
veYlvi=1 JrN g(x)

Then e; > 0. For any v € Y}, with ||v|]| =1 and ¢ large enough, since dim Y < 0o, all norms
are equivalent in Y, we have

1 + -
E(tv) < —t"P — et .
I
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As g~ > \p*, there exists pg > ry such that ¢ = p; concludes E(¢tv) < 0 and then

max E(u) <0,
ueYplul=pr

so (A,) is satisfied.

Conclusion (1) is reached by the Fountain Theorem.

(2) We use the Dual Fountain Theorem to prove conclusion (2), and now it remains for
us to prove that there exist px > r¢ > 0 such that if & is large enough (B;), (B,) and (Bs) are
satisfied.

(B1) Let 6k and Bx be defined as above, when v € Zy, ||v|| =1 and ¢ small enough we have

1 + - - 1 + - +
E(tv) > Et"ﬂ’ -t O —t1 B> Et‘*“’ —tY G-t B

For sufficiently large k we have S < 2,%’ thus

1 + _
E(tv) > — 7" — % 6.
2p*
1
Choose pr = (2p* Bi) @3»* ", then for sufficiently large k, px < 1. When ¢ = p, v € Z; with
[Ilvll =1, we have E(tv) > 0, which implies

inf  E(u)>0.
u€Z,llull=px

Hence (B,) is satisfied.
(By) For k=1,2,..., denote

a\x
Sc= inf / 20 o0 g
veYlvii=1 Jpn o (x)

then 6x > 0. For v € Y%, |lv|]| =1 and ¢ small enough, we have
1 - ot
E(tv) < —t"P — 5t ,
=
since dim Yy < oo and o* < Ap~, we get

br:= max E(u)<0,
u€Yp,llull=rg

with r¢ € (0, px) small enough. Hence (B,) is satisfied.
(B3) From the proof above and Y; N Z; # @, we have

di = inf  E(u) <br:= max E(u).

ueZp,llull <pg ueYy, |lull=rg

For v € Zy, ||v|| =1 and u = tv small enough, we have
1 " - - -
E(u) = E(tv) > 2—+t‘13p —t% O > —t¥ O > —pl‘j Or > =6,
P

hence d; — 0. Hence (B3) is satisfied.
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Conclusion (2) is reached by the Dual Fountain Theorem. O
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