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Abstract

We give a global description of the branches of positive solutions of first-order
impulsive boundary value problem:

U +altut) =Af(tu), te©),t#t,k=1,...,p,
u(td) =uty) + A(ult)), k=1,....p, u(0) = u(1),

which is not necessarily linearizable. Where A > 0 is a parameter,

0<t; <t <---<tp < 1aregivenimpulsive points. Our approach is based on the
Krein-Rutman theorem, topological degree, and global bifurcation techniques.
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1 Introduction

Some evolution processes are distinguished by the circumstance that at certain instants
their evolution is subjected to a rapid change, that is, a jump in their states. Mathemati-
cally, this leads to an impulsive dynamical system. Differential equations involving impul-
sive effects occur in many applications: physics, population dynamics, ecology, biological
systems, biotechnology, industrial robotic, pharmacokinetics, optimal control, etc. There-
fore, the study of this class of impulsive differential equations has gained prominence and
it is a rapidly growing field. See [1-9] and the references therein.

Let us consider the equation
W' (t) + a®u(t) = Af (tu)), tel, 1.1)
subjected to the impulsive boundary condition

u(t,i) = u(t,:) + Mk(u(tk)), k=1,...,p, u(0) = u(1), 1.2)

where A > 0 is a real parameter, J' = [0,1]\{t1,...,4,}, 0 < £y <ty < --- <, <1 are given
impulsive points. We make the following assumptions:
. . . 1
(H1) a € C([0,1],R) is a 1-periodic function and fo a(t) dt > 0;
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(H2) I € C([0,00),[0,00)), k =1,...,p, It(u) > O for u > 0, there exist positive constants
1/((0)’1](:0) € (0, 00) such that

Ii(u Ii(u
1% = lim ) 1= lim flw),
u—0t U u—>+00 Y

(H3) f e C(J x [0,00),[0,00)) is 1-periodic function with respect to the first variable,
and f (£, u), f(t;, u) exist, f (¢, u) = f (£, u). Moreover, there exist functions
ag,a’, be, b € C([0,1], [0, 00)) with ag(t), a’(t), boo(t), b (£) % 0 in any
subinterval of [0,1] such that

ao(Ou — & (t,u) <f(t,u) <a’Ou+ &t u),

where &; € C([0,1] x [0, 00)) with &;(¢, ) = o(|u|) as |#| — 0 uniformly for ¢ € [0,1]
(i=1,2),and

boo(B)u — §1(t,u) <f(t,u) <D™ O)u + &2(t, u),

where ¢; € C([0,1] x [0, 00)) with (¢, u) = o(|u|) as |u| — oo uniformly for
te[0,1] (i=1,2);

(H4) f(t,u) >0, (¢,u) € [0,1] x (0,00);

(H5) there exists function ¢ € C([0,1], [0,00)) and ¢(¢) # 0 in any subinterval of [0, 1]
such that

ft,u) > c®u, (t,u)<c(0,1] x [0,00).

Some special cases of (1.1), (1.2) have been investigated. For example, Nieto [3] consid-
ered the (1.1), (1.2) with A =1, a = 0. By using Schaeffer’s theorem, some sufficient condi-
tions for existence of solutions of the IBVP (1.1), (1.2) with A =1, 2 = 0 were obtained.

Li, Nieto, and Shen [4] studied the existence of at least one positive periodic solutions
of (1.1), (1.2) with A =1, a = m (m is a constant). By using Schaeffer’s fixed-point theorem,
they got the solvability under f satisfied at most linear growth and I is bounded or f is
bounded and I, satisfied at most linear growth.

Liu [7] studied the existence and multiplicity of (1.1), (1.2) with A =1, by using the fixed-
point theorem in cones, and he proved the following:

Theorem A ([7, Theorem 3.1.1]) Let (H1) hold. Assume that f(t,u) > 0, It(u) > 0, u > 0,
and

1 p
max iM/ G(t,s)ds + WZ G(t, tk)} <1 (1.3)
0

te(0,1] P

and

1 1 1 L2
min { e /o ‘“(S)‘dsv/ G(t,s)ds + e Jo la@ldsy, Z Gt te) ¢ >1. (1.4)
te[0,1] 0 1
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Then the problem (1.1), (1.2) with > =1 has at least one positive solution where G(t,s) will

be defined in (2.2) and
t, o

M:= lim sup I u)’ Wi = lim M,

U=+00 4e10.1] u u—+00 Y

(1.5)
t, Y/

v:=lim inf 4 u)’ Wi := lim k(u).

u—0te[0,1] u u—0 Y

Theorem B ([7, Theorem 3.1.2]) Let (H1) hold. Assume that f(t,u) > 0, I(u) > 0, u >0

and
1 r L
min m/ G(t,s)ds + WZG(t, t) b > eloladldt (1.6)
te[0,1] 0 1
and
1 p
trgg])l(] i Vfo G(t,s)ds + W; G(t, tk)} <1. 1.7)

Then the problem (1.1), (1.2) with . =1 has at least one positive solution where W, w defined

as (1.5) and
t, . Z
m:= lim inf M, V:=lim sup I u). (1.8)
u—>+00 te[0,1] u u—0 te[0,1] u

It is worth remarking that the [3, 4, 7] only get the existence of solutions, and there is
not any information of global structure of positive periodic solutions.

By using global bifurcation techniques, we obtain a complete description of the global
structure of positive solutions for (1.1), (1.2) under weaker conditions. More precisely, our
main result is the following theorem.

Theorem 1.1 Let (HI), (H2), and (H3) hold. Suppose f(t,0) =0, t € [0,1], Ix(0) = 0, k =
1,...,p. Then

(i) [M(5%°), M(boo)] is a bifurcation interval of positive solutions from infinity for (1.1),
(1.2), and there exists no bifurcation interval of positive solutions from infinity which is dis-
joint with [11(b*>°), 11(b)]. More precisely, there exists a component L, of positive solu-
tions of (1.1), (1.2) which meets [A1(b™), M(boo)] % {00}, where A1 (™), L1(bso) Will be defined
in Section 2;

(ii) [11(a®), M (ao)] is a bifurcation interval of positive solutions from the trivial solutions
for (1.1), (1.2), and there exists no bifurcation interval of positive solutions from the trivial
solutions which is disjoint with [%1(a®), A (ao)]. More precisely, there exists a component ¥
of positive solutions of (1.1), (1.2) which meets [%1(a®), k1(a0)] x {0}, where i1 (a®), A (ao) will
be defined in Section 4;

(iii) If (H4) and (H5) also hold, then there is a number \* > 0 such that problem (1.1), (1.2)
admits no positive solution with A > A*. In this case, X, = Xo.

Remark 1.1 There is no paper except [9] studying impulsive differential equations using
bifurcation ideas. However, in [9], they only dealt with the case that f;, fx € (0,00), i.e. fo,
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foo do exist. Where
AT
fo:= |L£|1T0 —, and

foim tim L9

lul>0c0 U

both uniformly with respect to ¢ € [0, 1].

From (H3), it is easy to see that the fj, fooc may be not exist, the method used in [9] is not

helpful any more in this case.

Remark 1.2 From (iii) of Theorem 1.1, we know that Xy, X, are involved in [0, 1*] x
PC[0,1]. Moreover, [A1(b*), A1(bo)] is a unique bifurcation interval of positive solutions
from infinity for (1.1), (1.2), and [%1(a®), 2i(ao)] is a unique bifurcation interval of positive
solutions from the trivial solutions for (1.1), (1.2). Therefore, Xy must be intersected with
[21(6%), M (boo)] X {00}

Remark 1.3 Obviously, (H3) is more general than (1.5), (1.8). Moreover, if we let ay(¢) := v,
b>(t) := M, under conditions (1.3), (1.4), we get 11(b*°) > 1, Jalao) <1, respectively. Hence,
¥ cross the hyperplane {1} x PC[0,1]. Therefore, Theorem 3.1.1 of [7] is the corollary of

Theorems 1.1 even in the special case.

Remark 1.4 Similar, if we let a®(¢) := V, byo(t) := m, only under condition (1.6), we can
obtain A;(bs) < 1. From Proposition 3.1, we will know that X, is unbounded in A direc-
tion, so, X, cross the hyperplane {1} x PC[0,1]. Therefore, Theorem 3.1.2 of [7] is the
corollary of Theorems 1.1 even in the special case and weaker condition.

Remark 1.5 There are many papers which get the positive solutions using bifurcation
from the interval. For example, see [10, 11]. However, in those papers, the linear operator
corresponding problem is self-adjoint. It is easy to see that the linear operator correspond-
ing (1.1), (1.2) is not self-adjoint. So, the method used in [9, 10] is not helpful in this case.

Remark 1.6 Condition (H3) means that f is not necessarily linearizable near 0 and in-
finity. So, we will apply the following global bifurcation theorems for mappings which are
not necessarily smooth to get a global description of the branches of positive solutions of
(1.1), (1.2), and then, we obtain the existence and multiplicity of positive solutions of (1.1),
(1.2).

Theorem C (K. Schmitt, R. C. Thompson [12]) Let V be a real reflexive Banach space. Let
F:R x V — V be completely continuous such that F(1,0)=0,VAeR. Leta,be R (a<b)

be such that u = 0 is an isolated solution of the equation
u-FAu)=0, ueV, (1.9)

for A = a and ) = b, where (a,0), (b,0) are not bifurcation points of (1.9). Furthermore,
assume that

deg(I - F(a,"), B,(0),0) #deg(I - F(b,-),B,(0),0),
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where B,(0) is an isolating neighborhood of the trivial solution. Let

l= {(A, u) : (A, u) is a solution of (1.9) with u 7!0} U ([zz, b] x {0}).

Then there exists a connected component C of £ containing [a,b] x {0} in R x V, and either
(i) C is unbounded in R x V, or
(i) CN[(R\[a,b]) x {0}] #.

Theorem D (K. Schmitt [13]) Let V be a real reflexive Banach space. Let F:R x V — V
be completely continuous, and let a,b € R (a < b) be such that the solution of (1.9) are, a
priori, bounded in V for . = a and A = b, i.e., there exists an R > 0 such that

F(a,u) #u #F(b, u)
for all u with ||u|| > R. Furthermore, assume that
deg(l - F(ﬂ, '),BR(O): O) #deg(l - F(br ');BR(O)r 0),

for R > 0 large. Then there exists a closed connected set C of solutions of (1.9) that is un-
bounded in [a,b] x V, and either
(i) C is unbounded in M direction, or
(ii) there exist an interval [c,d] such that (a,b) N (c,d) = ¥, and C bifurcates from infinity
inlc,d] x V.

The rest of the paper is organized as follows: In Section 2, we state some notations and
preliminary results. Sections 3 and 4 are devoted to study the bifurcation from infinity and
from the trivial solution for a nonlinear problem which are not necessarily linearizable,
respectively. Finally, in Section 5, we consider the intertwining of the branches bifurcating
from infinity and from the trivial solution.

2 Preliminaries
Let

u:[0,1] — R, u(t) is continuous at ¢ # #,
PC[0,1] = { u|left continuous at ¢ = ¢, and the right limit u(t,?) exists
fork=1,2,3,....

Then PCI0,1] is a Banach space with the norm [|u|| = sup,¢(o1; [4(2)].

By a positive solution of the problem (1.1), (1.2), we mean a pair (A, «), where A > 0 and
u is a solution of (1.1), (1.2) with z > 0. Let ¥ C R* x PC[0,1] be the closure of the set of
positive solutions of (1.1), (1.2), where R, := [0, 00).

Lemma 2.1 ([14, Theorem 6.26]) The spectrum o (T) of compact linear operator T has
following properties:
(i) o(T) is a countable set with no accumulation point which is different from zero;
(ii) each nonzero ) € o(T) is an eigenvalue of T with finite multiplicity, and X is an
eigenvalue of T* with the same multiplicity, where ) denote the conjugate of A, T*
denote the conjugate operator of T.

Page 5 of 16
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Let H := L*(0,1), with inner product {-,-) and norm || - || 2.
Let Z(-) € C([0,1],[0,00)) and Z(-) # 0 in any subinterval of [0,1]. Further define the
linear operator Lz : PC[0,1] — PC[0,1],

1 p
Lyu~= /0 G(t,5)Z(s)u(s) ds + kXI: Gt t)I™ - ulty), 2.1)

where 1/((00) as defined in (H2), G(¢, s) is the Green’s function of

u () +a@®)ult) =0, te(0,1),
u(0) = u(1)

and

G(t,s) = (2.2)

)
e~ [AM+AWD-AW)]
1-e—A® 7 -

where A(¢) = fot a(s) ds, it is easy to see that (H1) implies that G(t,s) > 0.
By virtue of Krein-Rutman theorems (see [15]), we have the following lemma.

Lemma 2.2 Suppose that (H1) holds, then for the operator Ly defined by (2.1), has a unique
characteristic value A (Z), which is positive, real, simple, and the corresponding eigenfunc-
tion ¢(t) is of one sign, i.e., we have ¢(t) = M (Z)Lzp(2).

Proof 1Tt is a direct consequence of the Krein-Rutman theorem [15, Theorem 19.3]. d

Remark 2.1 Since A;(Z) is real number, so from Lemma 2.1, 1(Z) is also the characteristic
value of L}, let ¢f denote the nonnegative eigenfunction of L} corresponding to 1,(Z),
where L}, denote the conjugate operator of L. Therefore, we have

@1 (6) =M(Z2)L7e; (1), te[0,1].
We extend the function f to function f, defined on [0,1] x R by

F(t,u) = {f (t:u), (t,u) €[0,1] x [0,00),
f(t’ 0), (t,u)e[0,1] x (-00,0).

Then f(¢,u) > 0 on [0,1] x R.
For A > 0, the problem

{ u () + ault) = \f &, ult)), tel, 03

u(t?) = u(ty) + Mi(u(t)), k=1,....p,  u(0)=u(l)

is equivalent to the operator equation A, : PC[0,1] — PCJ[0,1].

1 )4
(Au)(t) = A /0 G(t,5)f (s, u(s)) ds + 1 Y G(t, te) i (w(ta).

k=1

Page 6 of 16
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Remark 2.2 For A > 0, if u is a nontrivial solution of (2.3), from the positivity of G(Z,s)
and f, we have that u(-) > 0 on [0,1], so u is a nontrivial solution of (1.1), (1.2). Therefore,
the closure of the set of nontrivial solutions (A, «) of (2.3) in R* x PC[0,1] is exactly X.

The problem (2.3) is now equivalent to the operator equation
u=A4,w), wuePC[0,1]. (2.4)

In the following, we shall apply the Leray-Schauder degree theory, mainly to the mapping
®, : PC[0,1] — PCI[0,1],

D, (1) =u—A; (n).

For R > 0, let Bg = {u € PC[0,1] : |lu|| < R}, let deg(®;, Br,0) denote the degree of ®; on
By with respect to 0.

3 Bifurcation from infinity
In this section, we are devoted to study the bifurcation from infinity.

Lemma 3.1 Let A C R* be a compact interval with [A(b>), A1(bso)] N A = . Then there
exists a number Ry > 0 such that

D, (u) #0, VA e A,VYue PC[0,1]: ||ul| = R;.

Proof Suppose on the contrary that there exists {(i,, #,)} C A x PC[0,1] with ||z,] — co
(n — 00), such that &, (u,) = 0. We may assume u,, — it € A. By Remark 2.2, u#, > 0 in
[0,1]. Set v, = ||t || *ut,,. Then

o Au_n ()
T

From (H2), (H3), we know that ||u, | A,,, («,) is bounded in PC[0,1], so {v,} is a relatively

compact set in PC[0,1] since A4, : PC[0,1] — PC'[0,1] is bounded and continuous and

PC'[0,1] =< PCJ0,1]. Suppose v, — v in PC[0,1]. Then ||¥|| =1 and ¥ > 0 in [0,1].
Now, from condition (H2), we know that there exist o € C([0, c0), [0, 00)), such that

L) =Iu+p™® @) and lim pE)

lul>o00 U

0.

From (H3), we have that
boo(t)un - Sl(ti I/t,,) Sf(tr un) = boo(t)un + ‘§2(t’ Mn)

So,

1 p
i <t / G, )b (), ()ds + 11, Y Gl b - 1 (10)
0 k=1

1 b
+ /0 G(t,9)Ex (5 tn(s)) ds + Y Gt 1) p° (),

k=1
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and

1
b [ 6961109 s+ s Y G600

k=1

1 p
~ tin / Gt )1 (5, 19)) s + 110> Glt, )P () <
0

k=1

accordingly, we have

= / Gt a5 + s D 6Lt )
k=1

1
/0 G, )S(S’n(”)( D, () ds+ un;Gttk)W 3.1)

and

e / Gt Ve I(5) s + 10 3 G QI 0
k=1

1 p o0
— mu, / 6,92 (0 ot 1, 3 G, 10 ) (3.2)
0

1 (5) < it

Let ¢2° and 3, denote the nonnegative eigenfunctions of Lj«, L, ~corresponding to
A(b%), and A1 (bo), respectively. Then we have from the (3.1) that

(Vi 92°) < s Lo vir 95°).
Letting 11 — 00, we have
(7, 02°) < Ly v, 95°),
we obtain that
(702°) < AlLooe¥, %) = AV, Lo p°)
= /1<!7, M(Zoo)wff’> = ﬂﬁ(fa o),

and consequently

> 2 (b%).
Similarly, we deduce from (3.2) that
i = A(boo).

Thus, A1(b*°) < i1 < A1(bso). This contradicts 1 € A. O

Page 8 of 16
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Corollary 3.1 For p € (0,A1(b™)) and R > R,. Then deg(¢,,, Br,0) = 1.

Proof Lemma 3.1, applied to the interval A = [0, ], guarantees the existence of R; > 0
such that for R > Ry,

u—-tA,(u)#0, uecPC[0,1]:]|lu| >Rt <[0,1].
Hence, for any R > R,
deg(¢,., Br,0) = deg(l, Bg,0) =1,
which implies the assertion. O

On the other hand, we have

Lemma 3.2 Suppose A > Ai(bs). Then there exists Ry > 0 with the property that Yu €
PC[0,1] with ||u|| > Ry, VT > 0,

CD)\ (u) # T(pOO;
where ¢ is the nonnegative eigenfunction of Ly, corresponding to Ai(bs).

Proof Let us assume that for some sequence {u,,} in PC[0, 1] with ||u,|| — oo and numbers
7, > 0, such that ®; (u,) = 7,¢. Then

uy = A5 (Un) + TuPoos
and we conclude from Remark 2.2 that u#,, > 0 in [0, 1]. So we have
* * * *
(um (poo> = <Ak(uw) + ThPoos Qooo> = (A)»(un)’ ‘Poo> + Tn<¢oor§000>'

Choose o > 0 such that

)"_)\1(]900)
O ————.

. (3.3)

By (H3), there exists M, > 0, such that
ft,u)>(1-0)boo(t)u, Vu>My,te[0,1].

From ||u,|| — oo, then exists N* > 0, such that
u, >M,, te€l[0,1],Yn> N~

and consequently

ft,uy) > Q1 =0)boo(t)us, VYn=>=N*te]0,1]. (3.4)
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Letv, = ”—”l, applying (3.4), it follows that

lltn

A n % *
<Vn: ¢§o> > < |rbiu||):¢m> > )V(l - U)<Lbo¢ Vi 9000)

* * ) ; .
=21 =0){vm, Ly 03} = 11~ ")<V"’ xl(bm)‘”“>'

Thus,

M(bso) = M1~ 0),
this contradicts (3.3). O
Corollary 3.2 For A > A1(bs) and R > Ry, deg(¢;, B, 0) = 0.

Proof By Lemma 3.2, there exists R, > 0 such that
D, (1) # T0o0, u€PC[0,1]: |lu|| = Ry, T €[0,1].
Then
deg(®;, Bg,0) = deg(®;, — 900, Br,0) =0
for all R > R,. The assertion follows. O

We are now ready to prove

Proposition3.1 [1;(b*°), 11(bso)] is a bifurcation interval of positive solutions from infinity

for the problem (2.4). There exists an unbounded component X, of positive solutions of
(2.4) which meets [L1(b™), M (bso)] X {00}, and is unbounded in ) direction. Moreover, there
exists no bifurcation interval of positive solutions from infinity which is disjointed with
[A1(6%), A1(boo)].

Proof For fixed n € N with A, (b*) — % > 0, let us take that a, = A(b*>°) - %, by = (bso) + %
and R = max{Ry, R,}. Itis easy to check that for R > IA?, all of the conditions of Theorem D are
satisfied. So, there exists a closed connected set C, of solutions of (2.4) that is unbounded
in [a,, b,] x PC[0,1], and either
(i) C, isunbounded in A direction, or else
(i) 3[c, d] such that (a,, b,) N (¢,d) = ¥ and C,, bifurcates from infinity in
[c,d] x PC[0,1].

By Lemma 3.1, the case (ii) cannot occur. Thus, C, bifurcates from infinity in [a,, b,] x
PCJ0,1] and is unbounded in A direction. Furthermore, we have from Lemma 3.1 that for
any closed interval I C [a,, b,]\[11(6*°), 11(bso)], the set {u € PC[0,1]|(1, u) € X,1 € I} is
bounded in PC[0, 1]. So, C,, must be bifurcated from infinity in [1;(b*°), 11(bs)] x PC[0,1]
and is unbounded in A direction. a

Assertion (i) of Theorem 1.1 follows directly.


http://www.boundaryvalueproblems.com/content/2012/1/83

Ma et al. Boundary Value Problems 2012, 2012:83 Page 11 of 16
http://www.boundaryvalueproblems.com/content/2012/1/83

4 Bifurcation from the trivial solutions
In this section, we shall study the bifurcation from the trivial solution for a nonlinear prob-
lem which is not necessarily linearizable near 0 and infinity.

Asin Section 2, let Z(-) € C([0,1],[0,00)) and Z(-) 0 in any subinterval of [0, 1]. Further
define the linear operator Ly : PC[0,1] — PC[0,1],

1 p
Lyu= /0 G(t,8)Z(s)u(s)ds + ; G(t, tk)Il((O) - u(ty), (4.1)

where 1,(:)) is defined in (H2), G(t, s) is defined in (2.2).
Similar as Lemma 2.2, we have the following lemma.

Lemma 4.1 Suppose that (H1) holds, then the operator Ly has a unique characteristic
value %,(Z), which is positive, real, simple, and the corresponding eigenfunction ¢(t) is of
one sign, i.e., we have ¢ (t) = M(Z)L731(2).

Remark 4.1 Since A;(Z) is real number, so from Lemma 2.1, 1, (Z) is also the characteristic
value of Z}, where Z} denote the conjugate operator of Lz, let ¢ denote the nonnegative
eigenfunction of L% corresponding to x;(Z). Therefore, we have

@1 (6) = (2 Lye1(@), te(0,1].

Lemma 4.2 Let A C R* be a compact interval with [%1(a®), a(ao)] N A = 0. Then there
exists a number 8, > 0 such that

D, (1) #0, Vi e A,VYuePC[0,1]:0 < |lul| <é.

Proof Suppose on the contrary that there exists {(u, #,)} C A x PC[0,1] with |lu,|| — O
(n — 00), such that ®,,,(u,) = 0. We may assume p,, — it € A. By Remark 2.2, ,, > 0 in
[0,1]. Set v, = ||4,,|| 1. Then

_ Aun(un)
=
[l 24l

From (H2), (H3), we know that ||u,| ™A, (4,) is bounded in PC[0,1], so we infer that v,
is a relatively compact set in PC[0,1], hence (for a subsequence) v, — v with v> 0 in
PCI0,1], ||Iv|| =1.

Now, from condition (H2), we know that there exist ,0,? € C([0,00),[0,0)), such that

0
Ii(u) = 1,(:)) U+ ,o,?(u) and lim PL®) =

u—0+ u

0.
From (H3), we have that
ao (Bt — C1(t ) <f(t 1) < @® (Ot + La(t 1),

So,

1 r
Un < I f G(t,9)a" S, ()ds + 1,y Gl 1)L - (1)
0 k=1
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1 P
it [ Gl (5.0,(9) ds 410, Y Glt )0 s 00),
k=1
and

o 2 i1 / 61t 90 s(s) s + 3 G 1L - 0,00
k=1

/ Gt (5 (9 s+ 1 > Gl 0 (120,

k=1

accordingly, we have

. / Glt, 90 ) ds + 1003 Glt I vyt

k=1
! (Sr n( )) pk(un(tk))
/ Glt,9) 221 e Vn(s)ds+u,,ZG(t )= (4.2)
and
Vo> iy / Gt ol (9)ds + 1 3 G611 vyt
k=1
! 418, (s)) o L (1 (8))
/0 G(t) e Vu(s) ds + ;L,,ZG(t,tk)w. (4.3)

k=1

Let ¢2 and ¢ denote the nonnegative eigenfunctions of ZZO , ZZO corresponding to A;(a®),
and 1, (aq), respectively. Then we have from the (4.2) that

(Vm @2) = M,,(Zao Vi (;Z’S)
Letting n — 00, we have
(7,¢%) < AL 07,@2),

we obtain that

_ . gy . v 1 . 1 L
92) = tLoob 8] = ity Lip ) = <V’ (a0’ 0> )

and consequently
i > 2 (a°).

Similarly, we deduce from (4.3) that
i < da(ao).

Thus, A1(a°) < i < A1(ao). This contradicts i € A. O

Page 12 of 16


http://www.boundaryvalueproblems.com/content/2012/1/83

Ma et al. Boundary Value Problems 2012, 2012:83 Page 13 0of 16
http://www.boundaryvalueproblems.com/content/2012/1/83

Corollary 4.1 For j € (0,11(a%)) and 8 € (0,8,). Then deg(®,,,Bs,0) = 1.
On the other hand, we have

Lemma 4.3 Suppose % > A (aq). Then there exists 8, > 0 with the property that Yu €
PC[0,1] with 0 < ||u|| < 8, VT >0,

;. () # o,
where @y is the nonnegative eigenfunction of the Zao corresponding to A (aq).

Proof We assume again on the contrary that there exists 7, > 0 and a sequence u, with
llu,ll > 0 and u,, — 0 in PC[0,1], such that ®;(u,) = 1, for all n € N.
Then

u, = A, (u,) + 7,90,
and we conclude from Remark 2.2 that u, > 0 in [0,1]. So, we have
% ~ ~% ~x% ~  ~x
(14, @5) = (As (1) + Tuo, @) = (As (), B3) + Tu(0> Bg)-

Choose o > 0 such that

A=A
o < 1(“0) ) (44)
A
By (H3), there exists r > 0, such that
ft,u)>1A-0)ag(t)u, Yuel0,r],te[0,1].
From ||u,|| — O, then exists N* > 0, such that
0<u,<r, Vn>N~
and consequently
Ftu) > (1 - 0)ao(Ouy,  Yn> N*. (4.5)

Let v, = %, applying (4.5), it follows that

~ A n)  ~x T ~ %
(Vnr §00> = <ﬁ,(po> >11- U)<La0Vn,</J0>

TH ~k\ _ 1 ~ %
=Al- a)(v,,,LaO(po) =1 a)<vn, —Xl(a0)<p0>.

Thus,

Mlao) = A1 -0),

this contradicts with (4.4). O
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Corollary 4.2 For A > M(ao) and § € (0,8,). Then deg(P;, Bs,0) = 0.

Proof By Lemma 4.3, there exists §, > 0 such that
D, (u) #1Po, Yue PC[0,1]:0< |lu| <62, 7 €[0,1].
Then
deg(®;, B, 0) = deg(Ps — ¢o,Bs,0) = 0
for all § € (0, 85). Then the assertion follows. a

Now, using Theorem C and the similar method to prove Proposition 3.1 with obvious
changes, we may prove the following proposition.

Proposition 4.1 [A1(a°), 1(a0)] is a bifurcation interval of positive solutions from the
trivial solution for the problem (2.4). There exists an unbounded component %, of pos-
itive solutions of (2.4) which meets [%1(a®), A1(ao)] x {0}. Moreover, there exists no bi-
furcation interval of positive solutions from the trivial solution which is disjointed with
[):1(“0)’5\1(40)]-

This is exactly the assertion (ii) of Theorem 1.1.

5 Global behavior of the component of positive solutions
In this section, we consider the intertwining of the branches bifurcating from infinity and
from the trivial solution.
Let my := min{@}, k=1,...,p for u#0. From (H2), we have m; >0, k =1,...,p.
Define the linear operator T, : PC[0,1] — PC[0,1],

1 p
Tu= / G(t,s)c(s)u(s)ds + Z G(t, te)my - u(ty), (5.1)
0 k=1

where c(-) is defined in (H5), G(t,s) is defined in (2.2).
Similar as Lemma 2.2, we have the following lemma.

Lemma 5.1 The operator T, has a unique characteristic value |11, which is positive, real,
simple, and the corresponding eigenfunction ®.(t) is of one sign, i.e., we have O (t) =
M1 chbc(t)-

Remark 5.1 Since u; is real number, so from Lemma 2.1, u; is also the characteristic
value of T, where T denote the conjugate operator of T,, let & denote the nonnegative
eigenfunction of T corresponding to ;. Therefore, we have

OHE) = i T (B, te[0,1].

Lemma 5.2 Let (HI)-(HS5) hold. Then there exists a number \* > 0 such that there is no
positive solution (A, u) of O, (u) = 0 with 1 > 1*.
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Proof Let (&, u) be a positive solution of ®; () = 0. Then

1 p
U= )»/. G(t,s)f(s,u(s)) ds+ A Zlk(u(tk)), u € PC[0,1].
0

k=1

From (H5) and the definition of m1;, we have

1 P
u> )\/0 G(t,s)c(s)u(s)ds + A ZI: my - u(ty), wue€PC[0,1]. (5.2)

From (5.2), we have

(4, @) = MTeu, %) = Mu, T @F) = A<u, ic1>j> = )\i<u, P7).
M1 M1

Thus,
A<= AR O

The assertion that ¥y = X in Theorem 1.1(iii) now easily follows. For, in the case,
Yo and X, are contained in (0,A*] x PC[0,1]. Moreover, there exists no bifurcation in-
terval of positive solution from infinity which is disjointed with [1;(6°°), 11(bs)], there
exists no bifurcation interval of positive solution from the trivial solution which is dis-
jointed with [4;(a°), 11(@0)]. In Theorem 1.1(iii), the unbounded component X, has to
meet [A1(6™), A1(Dso)] X {00}
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