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Abstract

In this paper, we study the blow-up and nonextinction phenomenon of
reaction-diffusion equations with absorption under the null Dirichlet boundary
condition. We at first discuss the existence and nonexistence of global solutions to
the problem, and then give the blow-up rate estimates for the nonglobal solutions. In
addition, the nonextinction of solutions is also concerned.
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1 Introduction

In this paper, we consider the reaction-diffusion equations with absorption

u;=Au" +uf —ul, xeQ,t>0,
ulx,t)=0, x€dQ,t>0, (1.1)
u(x,0) = up(x), x€9,

where m>1,p>0,g>1,p#q QL C RY is a bounded domain with smooth boundary
9%, and u(x) is a nontrivial, nonnegative, bounded, and appropriately smooth function.
Parabolic equations like (1.1) appear in population dynamics, chemical reactions, heat
transfer, and so on. We refer to [2, 8, 9] for details on physical models involving more
general reaction-diffusion equations.

The semilinear case (m = 1) of (1.1) has been investigated by Bedjaoui and Souplet [3].
They obtained that the solutions exist globally if either p < max{g,1} or p = max{g,1}, and
the solutions may blow up in finite time for large initial value if p > max{g, 1}. Recently, Xi-
ang et al. [11] considered the blow-up rate estimates for nonglobal solutions of (1.1) (m = 1)
with p > max{q,1}, and obtained that (i) maxq u(x,t) > c(T — £)"771; (ii) maxq u(x,t) <
(T - L‘)_PL—1 ifp<1l+ 1\%’ where ¢, C > 0 are positive constants. Liu et al. [7] studied
the extinction phenomenon of solutions of (1.1) for the case 0 < m <1 with g =1 and ob-
tained some sufficient conditions about the extinction in finite time and decay estimates
of solutions in 2 C RN (N > 2).

Recently, Zhou et al. [10] investigated positive solutions of the degenerate parabolic
equation not in divergence form

u, =’ Au+au? —bu’, xeQ,t>0,
ulx,t)=0, xe€dQt>0, 1.2)
u(x,0) =up(x), xeQ,
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where p > 1, gq,a,b > 0, r > 1. They at first gave some conditions about the existence and
nonexistence of global solutions to (1.2), and then studied the large time behavior for the
global solutions.

Motivated by the above mentioned works, the aim of this paper is threefold. First, we de-
termine optimal conditions for the existence and nonexistence of global solutions to (1.1).
Secondly, by using the scaling arguments we establish the exact blow-up rate estimates
for solutions which blow up in a finite time. Finally, we prove that every solution to (1.1) is
nonextinction.

As it is well known that degenerate equations need not possess classical solutions, we
give a precise definition of a weak solution to (1.1).

Definition 1.1 Let 7 > 0 and Q7 = Q x (0,7T), E = {u € L*(Qr) N L*(Q7); us, Vu €
L2(Qr)}, Eo = {1 € E; u = 0 on 92}, a nonnegative function u(x, t) € E is called a weak up-
per (or lower) solution to (1.1) in Q7 if for any nonnegative function ¢ € Ey, one has

f/ ut(pdxdt+// Vu"Vedxdt > (< // o —uledxdt,
Qr Qr Qr

ulx,t)>(<)0 ond2 x (0,7) and u(x,0)> (Juo(x) a.e. in Q.

In particular, u(x,t) is called a weak solution of (1.1) if it is both a weak upper and a
weak lower solution. For every T < oo, if u(x, ) is a weak solution of (1.1) in Qr, we say
that u(x, ¢) is global. The local in time existence of nonnegative weak solutions have been
established (see the survey [1]), and the weak comparison principle is stated and proved
in the Appendix in this paper.

The behavior of the weak solutions is determined by the interactions among the multi-
nonlinear mechanisms in the nonlinear diffusion equations in (1.1). We divide the (1, p, q)-
parameter region into three classes: (i) p < max{m, g}; (ii) p = max{m, q}; (iii) p > max{m, g}.

Theorem 1.1 If p < max{m,q}, then all solutions of (1.1) are bounded.

Let ¢(x) be the first eigenfunction of
-A¢p(x) = Ap(x) inQ, ¢(x)=0 indQ (1.3)
with the first eigenvalue A;, normalized by ||¢[lo =1, then 1; >0 and ¢ > 0 in Q.

Theorem 1.2 Assume that p = max{m, q}. Then all solutions are global if \, > 1, and there
exist both global and nonglobal solutions if .; < 1.

Theorem 1.3 Ifp > max{m, g}, then there exist both global and nonglobal solutions to (1.1).

To obtain the blow-up rate of blow-up solutions to (1.1), we need an extra assumption
that Q = Bz(0) = {x € RN : |x| < R} and ug = u(r), uy(r) < 0, here r = |x|. By the assumption
and comparison principle, we know that « is radially decreasing in r with maxq u(x,t) =
u(0,t).

Theorem 1.4 Suppose that p > max{m, q}. If the solution u(x,t) of (1.1) blows up in finite
time T, then there exists a positive constant c such that

1
max ulx,t)>c(T-t) 71 ast—T.
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Furthermore, if p > m > q, then we have also the upper estimate, that is, there exists a
positive constant C such that

1
msazlx ulx,t) <C(T-t)»1 ast—T.

We remark that in = RV, Liang [6] studied the blow up rate of blow-up solutions to
the following Cauchy problem

uy=Au" +uf, (x,t) e RN x(0,7) (1.4)

with the bounded initial function, 1 <m < p < mWN_—"22)+, and obtained that ||| oo gy <

1
C(T —t)"#1 for t € (0, T). By using the same scaling arguments in this paper, we can find
that Theorem 1.4 is correct for (1.4) with p > m.
Now, we pay attention to the nonextinction property of solutions and have the following
result.

Theorem 1.5 Any solution of (1.1) does not go extinct in finite time for any nontrivial and
nonnegative initial value uo(x) with meas{x € Q; uo(x) >0} > 0.

The rest of this paper is organized as follows. In the next section, we discuss the global
existence and nonexistence of solutions, and prove Theorems 1.1-1.3. Subsequently, in
Sects. 3 and 4, we consider the estimate of the blow-up rate and study the nonextinction
phenomenon for the problem (1.1). The weak comparison principle is stated and proved
in the Appendix.

2 Global existence and nonexistence

Proof of Theorem 1.1 If m > g, that is p < m, then by the comparison principle, we have
u < w, where w satisfies
wr= AW+ W, xeQ,t>0,
w(x,t) =0, x€0dRQ,t>0, (2.1)
w(x,0) = ug(x), xe€ Q.
We know from [4, 5] that w is bounded.

If m < g, we have p < g. It is obvious that % = max {1, || u ||} is a time-independent upper
solution to (1.1). O

Proof of Theorem 1.2 Since p # q and p = max{m, q} imply p = m > q. Due to the fact that
the solution of (2.1) is an upper solution of (1.1), the conclusions for A; > 1 is obvious true;
see [4, 5].

Now consider A; < 1 with small initial data. Let ¥ (x) be the unique solution of

-AY(x)=1 in€, Y(x)=0 onadg, (2.2)

1
and %(t) solves #'(t) = —8h(¢)™ with 4(0) = hy, where 0 < 8 < |||l . Set % = h(t)l/f%(x).
Then

Uy — AT 0" + 70 = —SH"™ o + W™ — W™+ hy
=W (L= 8y ) + iy (1= ™0y ') > 0
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provided ki~ Ty % < 1. Thus, % is an upper solution of (1.1), and consequently, u < u =
h(t)wﬁ(x) — 0ast— oo.

If A; <1 with large initial data, we first introduce some transformations. Let v = &’ and
7 = mt, then (1.1) becomes the following equations not in divergence form:

Ve =v’(Av+v—vS), xe€Q,7>0,
vix,7)=0, x€0LQ,7>0,

v(x,0) =vo(x), xeQ,

where r =221, 5= £ <1 and vy (x) = u'(x).
Let J(7) = ﬁ fQ V=" ¢ dx, where ¢ is given in (1.3). Then we have

]/(T):/Q(AV+V—VY)¢(x)dx

:(1—)»1)/91/¢dx—/9v5¢dx. (2.3)

By using Holder’s inequality, we discover

/st(pdxf (/Q v¢dx)s</ﬂ¢dx)l_s (2.4)
/S;Vl_’qbdxf </Q vd)dx)lr(/gqﬁdx)r
/;2 v dx > |:(1 - r)](t)(/Q ¢dx> —’] ﬁ. (2.5)

Inserting (2.4) into (2.3), we have

]/(I)Z(l_)‘l)/ﬂwﬁdx—(Lv¢dx>s(/gz¢dx)l_s
([ ea oo [ wa)” ([ 00) ] y

According to (2.5), (2.6), we obtain

IO ‘2“) [(1—»«)( /Q ¢dx)rf(r>ﬁ 2.7)

as long as

and

1-r

1 2 =
](T)EE(I—M) </;2¢dx)

Hence, if u satisfies
1 2\
0)>—— dx |,
I )_1—”<1—)»1) (/s2¢ x)

we then follow from (2.7) that J(t), and consequently u(x, £), blows up in finite time since

.

J(7) is increasing and ﬁ =m>1. O

Proof of Theorem 1.3 Let h(t) solves K'(t) = —h(t)? with /4(0) = ho, and set u = h(t)w% (),
where v is defined in (2.2). Then

Page 4 of 11


http://www.boundaryvalueproblems.com/content/2012/1/84

Du and Li Boundary Value Problems 2012, 2012:84 Page 5 of 11
http://www.boundaryvalueproblems.com/content/2012/1/84

AT W+ = W+ T - hl’w% + h‘h/f%
=W (1= By ) Wiy ( _ hpqu‘%)_
Since p > max{m, q}, we can choose /iy small enough such that u; — Au” - u’ + u? > 0.
Thus, u is an upper solution of (1.1) provided uo(x) < o z (), and consequently, u <u =
h(t)wﬁ(x) — 0ast— oo.
Now deal with the nonexistence of global solutions, we seek a blow-up self-similar lower
solution of the problem (1.1). Without loss of generality, we may assume that 2 contains

the origin. Since p > max{m, g}, we can choose constant «a such that

1 { 1 1 }
7 < <min —

p- m-1q-1f
and consider the function
|x| 1-(m-1a
t)y=(T-¢t)" = ,B = s 2.8
U )= (T=0fE), &= pm =~ 28)

1
where f(£) = (a> — £2)7"T. Note that the support of u(x, ¢) is contained in B(0,aT*#), which
is included in Q if T is sufficiently small.

After some computations, we have

u, = (T -0 D(af §) + BE(£)),
4 N - 1 7
A= (=07 () )+ T ) @ |
It will be obtained from the above equalities that

u,—Au" -’ +u? <0, inQx(0,7),

if £(£) satisfies
(T -7 af €+ s € (7)€ - 1 (") @+ (7= 0570
< (T— (). 29)
It is easy to see that
£ =-——(a*-&) "¢,
(f’")’@)=—%( P,

(f’")”a 1)2( - - (@),

(2.10)
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then

(T = gt [af(s)+ﬂsf Y= ()¢ é)—T(f’”)/(S)]HT—t)q“fq(é)

2-m

S(1,12_%.2),,4 |: (T -t)" a+1)n/12€102d2+(1—v_t)qa(ﬂz_%_z):"rxlz]‘

+

For 0 < £ < 6a, we have f(§) > (1 - 02)ﬁa% > 0. It follow from po > o + 1 > g that
(2.9) is satisfied for 0 < £ < 6a, 6a <& <a if T is sufficiently small. Therefore, u given
by (2.8) is a blow-up lower solution of the problem (1.1) with appropriately large uo. And
consequently, there exist nonglobal solutions to (1.1). O

3 Blow-up rate

In this section, we study the speeds at which the solutions to (1.1) blow up. Assume that Q2 =
Br(0) = {x € RN : |x| < R} and ug = uo(r), uy(r) < 0, here r = |x|. Then we know from the
assumption and comparison principle that u is radially decreasing in r with maxg u(x, t) =
u(0,t). In this section, denote by T the blow-up time for the nonglobal solutions to (1.1).

Proof of Theorem 1.4 Fix t € (0, T) such that M(¢) = maxq u(x,t) > 1, and let
a=M"7, b=M"",
and define the function v¥(y,s) = (ay, bs + t) in B gsz(O) x (0,S), where S =
MPYT —¢t). yrps blows up at s = S, moreover, it is a solution of the following problem:
(Yan)s = Azt + Yy — MTP Y, s) € BMI%R(O) x (0,9),

Ym(y:s) =0, (,5) € 9B, pom (0)x(0,S5), (3.1)
Ym(y,0) —u (ay, 1), yeB %mR(O).

We now construct an upper solution for this problem. Set

W(y,s) = (S1—s) (L + 5(L—%‘)+)ﬁ, E=1ylSi-9)7,

where « = Iﬁ, 2@ 1 ,and
m-1 _p+2m-3 1 . (m-1)a m-1 |aL
O<L<qr12 p1 | S;%LmT >1, 0<é§<minjl, —, ——— [ — L.
48 2 m

After a direct computation, for 0 < & < L, we have

WS()/’S) = 05(51 — S)_(O‘H) (L + B(L - ‘;;:)Jr)ﬁ
5p

- —s) DL+ 8(L-8),)" g,

AW" (y S) — (Sl ) ma+2ﬂ)|:

o

—m

v
§

K

2
(mm_ L+ -6).)"
mé L N-1
—E(L+8(L—g)+) T}
Then

Wy — AW — W + MIPwA

I\J

—m

>(51—s)p1(L+5(L £).)" " x [a(L+5(L—g)+)—m—L
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> 2-m o a ms*
> (S§p —s)p 1 (L+5(L—§)+)m_ X |:<ZL+ (Z - m_1>L_ (m—l)Z)

+L(§—(1+8) = Lr’f«l>]

>0 forO<é&<L.

Clearly, wy — AW” — W + M7Pw? > 0 for & > L, and w(y,s) > 0 on 8BM1%R(O) x (0,81),
w(y,0) > ¥u(y,0) in BM;%R(O). We have an upper solution independent of M, for all M
large enough. Therefore, the blow-up time of v, is greater than Sy, that is MP (T —t) > S,.
This implies

1
msx ulx, t) > c(T —t) 71,

and the lower estimate is obtained.
In order to obtained the upper estimates for the blow-up rate, we look for a lower solu-

tion to (3.1) with M(¢) > M. Set

yl

w(y,S) = (S, —S)_af(é:): = m’

whereoz—pl,ﬂ 2(,,1 f(E) = (a® —52) ,aml >(1- 92)%(a+m)and915gwen

in (2.10). Let M, satisfies

1 1

o 20D\ P 2 (2 (gva 240\ 7
My Zmax{<m2ﬁ 0~ ZSgJ ? ) (SﬁR ) - (—Sz(q 1 aZW?—%) ,

(((1—92)5‘_11,12?—_11) — (a + ZWII\i)) Sép_q)aazsz-_%))pq },
m_

where S,, i are to be determined later. Clearly, w(y,s) = 0 on SBMz%R(O) x (0,S). As the
same arguments in the proof of Theorem 1.3, we have for 0a < £ < a that

w,— Aw" —wf + MIPwi
. ON-1,
<529 af(e) + per @ - () () - () ©) |
+ MTP(Sy — 5)™1*f1(E)
= (“2 - 52)%(52 —s)"@*D [—mz—_ﬁIGZaz + MIP(S,y —5) P9 (a2 _ 52):",712]
=< a’ (612 - 52)? 1(S, - S)*(‘Hl) |:_ m—zf 192 + qups(zp—q)aaz,(gj :|

<0.

For 0 < & < 6a, we have that
w,— Aw" —w? + MIPwil
2mN p-1
<(a*-& )ml(S 5)” O”l)[(01+ ~ 1)—(ﬂ2—52)m
m

+(Sy — S)(pfq)anfp(f _ 52)m]

<(a® —52)1”%1(52 —S)_(‘“l)[(a + fnmj\i) -1 —92)%612?:11)

¥ Sé”‘q)“Mq-Pazrf—-'f’]

<0.
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Now, in order to deal with the initial data, consider the function
2 m=1
_ o« 2 |J/| -\ " —/L
Z(y,s) = SZ (ﬂ - ST,BS ) s,

_ 1 1) _ _4m
where A = N M = et and S = m=Dr"

After a direct computation, we have

2-m

A 2 2 1
Zs(y,s) = |)’| <ﬂ2 _ %S—A) S-()H.,“.l)

m—1 5‘2"+2f‘ ng‘ .

1

2 m—1
_ /J'Sz_a <612 _ %S—k> S—(u+l),
Sz +

2-m

4m ly? s P S\ —(r+mp)
Azm(y,s) = msma—er a” — STﬂS N M
2 2

+

1
2 -
2mN S;(mozﬂﬂ) <a2 _ Iyl S)L) " ls—()wrmu).

+

Then

ze— AZ" -2 + MTPZ1

2-m

2 m-1
< _S;(ot+2ﬂ) 612 _ %S—A ! |y|2s—(k+u+1) 4m 551 _ A
28 (m - m—1

2 m-1
55 (ﬂz _ %S—x) 13‘(’4*1)[(& _ 2””ng1)
S5 . 2 m-1

+ <E -S4 Mg =S s“”“”‘) ]
2

2-m

9 2-m
—(a+28) 2 |J’| —A m= 2 —(x 1) 4m 1 A
<-5 <ﬂ — == ) ly|“s~ it 17 S - 1

2 s _
o U (428 (1 s
m p—

2 +

<0 fors<l1.

Furthermore, z(y,s) = 0 on aBMz%R(O) x (0,1). In addition, z(y, 0) = lim,_,¢ z(y,s) = 0 a.e.
in BMI% R(O). Therefore, by the comparison principle, we have that y(y,s) > z(y,s) for
0 < s < 1. By the virtue of w(y,0) = z(y,1), we have ¥1(y,s + 1) > w(y, s).

We have a lower solution independent of M, for all M > M. Therefore, the blow-up time
of Yy is less than S, + 1, that is MP™1(T — t) < S, + 1. This implies

1
mgazlxu(x, t) < C(T —t) r 1,

and the upper estimate is obtained. d

4 Nonextinction

We discuss the nonextinction of the solution to the problem (1.1) in this section. For p < 1,
the uniqueness of the weak solution to (1.1) may not hold. In this case, we only consider the
maximal solution, which can be obtained by standard regularized approximation meth-
ods. Clearly, the comparison principle is valid for the maximal solution.
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Proof of Theorem 1.5 For meas{x € Q2;uy(x) > 0} > 0, there exists a region Q¢ C Q2 and

€ € (0,1) such that ug(x) > € a.e. in . A¢ is the first Dirichlet eigenvalue of —A on g

with corresponding eigenfunction ¢o(x), normalized by ||¢¢||c = 1, and prolong solution
¢o by 0 in @\ 2. We treat the five subcases for the proof.

(a)

(b)

(©

(d)

1
Forp <1, set u = h(t)¢{", where
W(t) =W ()1 rh™ P — hT7P),
h(0) =0, h(t)>0 fort>0.
Then
u,— Au" - + uf
1 2 4
=P (t) (1= hoh" P = HTP)p(" + Mol do — W d{" + hig"

1 m=1 p 1-p 1 q-1
= Al (1— ¢y ) = oy (1—- ¢ ) —higpm (1-py" )
<0.

By the comparison principle, we have # > u > 0 in .

1
Forp>1,1<qg<m,weletu=n(t)e, n{t)=—(1+ ro)hi(t) with h(0) = hg < €.
Then

1 a
u,— Au" —uf + u? < ~(1+10)h? ()" + Lol po + higy’
1 n—q q-1
= —h1(6)pg" (1+ ko — Aol g™ — ™)
<0.
Then we know by the comparison principle that # > & > 0 in .
1
Forl<p<m,g>m,weletu=h(t)¢{", and
()= hp(t)(l - Mh’”"’),
h(0) = 6 > M7,
where § < min{e, (ﬁ)"ﬁ’ }. It is easy to see that /(t) is nonincreasing and
h(t) — Mp%m ast — 00.
1 )2 a
u,— Au" —uf + ul = B (6)(1- MH" )" + hoh" do(x) — WG + hig"
1 m-1 a-1 1 p-1
= —H"Gy (M = o™ — TPy ) + o (1 - ™)
1 p-1 1 p-1
<S-H"PY (M — (L+00)py" ) + H o (1- g™ )
<0.
And consequently, u > u > 0 in Q.
1
For p =m, q > m, we let u = h(t)¢]", where
H(t) = —(k +ro)n™,
h0)= M-, M > e,

Obviously, /(t) is nonincreasing and /(t) — 0 as t — oo.

1 L 4q
u,— Au" —uP + ut = —(1+ 1) Pg" + hoh"do — W Pg" + h"
m-1 gq-1

1 m-1 q-1
S -H"F (L+ ho — Aoty — T g™ )
<0.

Thus, we have u > u > 0 in Q.
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1
(e) Forp>m, q>m,weletu=h(t)¢f", and
() = hm(t)(hp‘m - c),
h(0) = (c— 1= 1o) 77,

where c satisfies 1 + Lo < c <1+ Ao + €7, It is easy to see that /(¢) is nonincreasing
and k(t) — 0 as t — oo.

- Au" - +ut = W) (K - c)d&? + hoh" po — W ¢0% (x) + hq%%
1 p-1
= (1-py" ) +h’”(t)¢0 (koqbo +hq "Bo o ¢)

1 1
<K¢f + h”‘(t)%'” 1+A0—c¢)
<0.

By the comparison principle, we have # > u > 0 in Q.

Appendix
Theorem A.1 (Comparison principle) Let u and U are a weak lower and a weak upper solutions of (1.1) in Qr. If p > 1
or U has a positive lower bound, then u <U a.e. in Qr.

Proof From the definition of weak upper and lower solutions, for any 0 < ¢ € £y, we obtain

// (g[*Ur)§0dde+// (VU™ - Vi) Ve dxde
or or
5/] (& -)p- (U -T)padxdt
Qr

Let Q; =2 x (0,t) for t € (0, T). Choose ¢ = xoq(u—U)s, where o, is the characteristic function defined on [0, t], Then
we arrive at

//(g[7Uf)(g7U)+dXdT+// (VU™ - VU")V(u-T). dxdt
o o
S// (¥ -T)u-0), - (- T)u-0). dxdr.
Qr

By a simple calculation, we have

/(u ) dx+2// (Vu" - Vi) V(u-0), dxdt
Qr
<2// W) u-0)s - (U -T7)(u- D). dxdr. (A1)
Qr

Noticing

(an *b”) <

+ =

Cin)a-b), forn>1,

(a"-0"), < aa-b), <b"'(a-b), forn<1,

// (" -T)u-1), - (' -T")(u-0), dxdr
Q¢
5/[ (- u-0)s + (v -T) -0 dxdr
Qr

SL// (g—U)i dxdr, (A.2)
Qr

where L is a positive constant. By (A.1), (A.2), we have

/(g—U)f dxgzL// (-2 dxdr.
Q Ot

we get
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It follows immediately by using the Gronwall's inequality that

/(H*U)idX=0,
Q

foralmostall t € (0,7),and henceu <Ua.e.in Q2 x (0, 7). O
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