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Abstract

This paper is concerned with the existence, multiplicity, and nonexistence of positive
solutions for nonhomogeneous m-point boundary value problems with two
parameters. The proof is based on the fixed-point theorem, the upper-lower solutions
method, and the fixed-point index.
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1 Introduction

Many authors have studied the existence, nonexistence, and multiplicity of positive solu-
tions for multipoint boundary value problems by using the fixed-point theorem, the fixed
point index theory, and the lower and upper solutions method. We refer the readers to
the references [1-4]. Recently, Hao, Liu and Wu [5] studied the existence, nonexistence,
and multiplicity of positive solutions for the following nonhomogeneous boundary value
problems:

—u'(t) = a(t)f (¢, u(t)),
w©0)=0,  w@)-Yrku(g) =b,

where b>0,k;>0(i=1,2,..., m—2),0<& <&y < <&y <], ZZIZk,Ei <1, a(t) may
be singular at £ = 0 and/or ¢ = 1. They showed that there exists a positive number 5™ > 0
such that the problem has at least two positive solutions for 0 < b < b, at least one positive
solution for b = b" and no solution for b > b" by using the Krasnosel'skii-Guo fixed-point
theorem, the upper-lower solutions method, and the topological degree theory.

Inspired by the above references, the purpose of this paper is to study the following more

general nonhomogeneous boundary value problems:

—u"(t) = Mh(t)f (u(t)),

m-2 1 (1)
w(0)=0,  u(l) =30 ku(E) = u [y guls) ds,

where X, 1 are positive parameters, k; >0, 0 < & <& < --- < §,_» < 1. The main result of
the present paper is summarized as follows.
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Theorem 1.1 Assume the following conditions hold:
(H1) (A, 1) € R*\{(0,0)} are nonnegative parameters;
(H2) h:[0,1] — [0, +00) is continuous, h(t) does not vanish identically on any
subinterval of [0,1] and fol G(s,s)h(s) ds < +oo, where G(s,s) is given in Sect. 2;
(H3) f,g € C(R,,R,) is nondecreasing with respect to u, respectively, that is,

fu) <f(uz)  if ur < uo,
g(m) <gluz)  ifuy < uy.

And either f(0) > 0 or g(0) > 0;
(H4) There exist constants my, my > 0 such that f(u) > myu and g(u) > mou,
respectively, for all u > 0;
(HS5) lim|u|%+oo@ = +00, lim|-, 400 ‘@ = +00.
If0< ZZ;Z k; < 1, then there exists a bounded and continuous curve I separating
R>\{(0,0)} into two disjoint subsets Q0 and Q2 such that (1) has at least two positive so-
lutions for (A, u) € 21, one positive solution for (A, 1) € T', and no solution for (A, 1) € Q.

Moreover, let T', U Ty be the parametric representation of T', where
I:pw=u(r)>0, Co:p=pur)=0.

Then on Ty, the function n = w(A) is continuous and nonincreasing, that is, if » < X, we
have u(1) > ().

For the proof of Theorem 1.1, we also need the following lemmas.
Lemma 1.2 [6] Let E be a Banach space, K a cone in E and 2 bounded open in E. Let

0eQand T:KNQ— K be condensing. Suppose that Tx # \x for all x € K N 32 and all
A > 1. Then

i(T,KNQK)=1.

Lemma 1.3 [6] Let E be a Banach space and K a cone in E. For r > 0, define K, = {x €
K :||x|| < 7). Assume that T : K, — K is a compact map such that Tx # x for x € 3K,. If
|2l < | Tx|| for all x € 0K, then

i(T,K,,K) =0.
2 Preliminaries

Lemma 2.1 [5] Assume that 0 < 3 "7> ki& < 1. If y(t) € C(0,1) with fol G(s,5)y(s) ds < +00,
then the Green function for the homogeneous BVP

—u"(t) = y(¢),
u©0)=0,  u)-YrkuE)=0
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is given by
s(—0) =Y P ki(E—t)s, s<ts<&,
HA-8)- Y02 kiEi—s), t<s<&,
sS(L—1) + Yy kiEi(t — ) = Y0 k& - s,
G(t,s)— 1 éj§s§$/+1,s<tj=1,2,...,m—3,

1= ki | (1 -5) = Y00 kile - 9)),
§<s<&nt<sj=12,...,m-3,
S(I_t)+2 kzgt(t 8), Ema<s<t,

t(l - S): Emn <8t <s.

Moreover, the Green function satisfies the following properties:
(i) G(t,s) >0 fort,s €(0,1), and G(t,s) is continuous on [0,1] x [0,1];
(i) G(t,s) <G(s,s) forallt,s e [0,1].

Lemma 2.2 Assume that (H1)-(H5) hold. If0 < ZZ"SZ ki&; <1, then u € C?[0,1] is a solution
of (1) if and only if u € C[0,1] satisfies the following nonlinear integral equation:

uf&g(u(s»dst
Z klgt

Proof Integrating both sides of (1) from 0 to ¢ twice and applying the boundary conditions,

1
u(t) = A/ G(t, s)h(s)f(u(s)) ds +
0

then we can obtain

u/;ig(u(s»ds
1- Y72 kit

Am[/ A = 9)h(s)f (u(s)) dS—Zk/ (& - )h(s)f (u(s)) d }

u(t) = t—A /:(t - 9)h(s)f (u(s)) ds

Furthermore, by Lemma 2.1, we can obtain

n f&g(u(s» ds,
Z klgl 0
Let E denote the Banach space C[0,1] with the norm ||z = max;c(o,1 |#(¢)|. A function

u(t) is said to be a solution of (1) if # € C[0,1] N C*(0,1) satisfies (1). Moreover, from
Lemma 2.2, it is clear to see that u(¢) is a solution of (1) is equivalent to the fixed point

1
u(t) = Af G(t,s)h(s)f(u(s)) ds +
0

of the operator T defined as

fo (u(s)) dst

1
Tu(t) = )L/O G(t,s)h(s)f(u(s)) ds + 1t 1 anlz k&

In addition, define a cone K C E as

K= {u CE:u(t)z0,6€(01], _inf u(t)= Qllull},

telérém—

where 6 = k& min[1 — &, &,]. Then we have
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Lemma 2.3 If (HI)-(H3) hold, then T : K — K is completely continuous.
The proof procedure of Lemma 2.3 is standard, so we omit it.

Now, we will establish the classical lower and upper solutions method for our problem.

As usual, we say that x(t) is a lower solution for (1) if

X" (t) + Ah(e)f (x(2)) > 0,
2(0)<0,  x(1) - Y k(&) < [y g(x(s) ds.

Similarly, we define the upper solution y(¢) of the problem (1):

¥ () + M()f (y(2)) < 0O,
¥0) =0,  yO) - X7 ky(E) = [y g(s) ds.

Lemma 2.4 Let x(t), y(t) be lower and upper solutions, respectively, of (1) such that 0 <
x(t) < y(t). Then (1) has a nonnegative solution u(t) satisfying x(t) < u(t) < y(¢) fort € [0,1].

Proof Define
D) = {u € R:x(t) <u(t) <y(t),Vte [0,1]}.
It is clear to see that D), is a bounded, convex and closed subset in Banach space E. Now

we can prove that 7 : D, —> D
For any u(t) € Dy, from (H3), we have

1 1
Tuft) = & / G, ) () ds + p DL
0

1- 32 ki
= )\/IG(t $)h(s)f (y(s)) ds + Mt
e T ks

= y(9).
On the other hand, we also have
Jogluts))ds
1- Y2 ki

I3 gx(s)) ds ,
1- Y2 kit

1
Tu(t) = A/ G(t,s)h(s)f(u(s)) ds+ i
0
1
> A/ G(t, S)h(s)f(x(s)) ds+ i
0
= x(t).
From above inequalities, we obtain that T': D} — D).

Therefore, by Schauder’s fixed theorem, the operator 7 has a fixed point u(t) € D), which
is the solution of (1). O
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3 Proof of Theorem 1.1

Lemma 3.1 Assume (H1)-(HS) hold and . be a compact subset of R>\{(0,0)}. Then there
exists a constant Cx, > 0 such that for all (A, u) € ¥ and all possible positive solutions u(t)
of (1) at (A, 1), one has ||u|| < Cx.

Proof Suppose on the contrary that there exists a sequence {u,} of positive solutions of
Eq. (1) at (A, iy) such that (A, u,) € X forall m € N and

llnll — o0.
Then u,(t) € K, and thus

inf ]un(t) > 0|yl @

telé6m—2

Since X is compact, the sequence {(A,, ,)}2; has a convergent subsequence which we
denote without loss of generality still by {(A,, it,,)}52; such that

lim A, =27, lim g, =
n—00 n— 00

and atleast A" >0 or 1" > 0.
Case (I). If A" > 0, we have A,, > 1'/2 > 0 for u sufficient large. Then by (H5), there exists
a R > 0 such that

f(u)>Lu, Yu=R,

where L satisfies

)\f Em—2
—L6O min / G(t,s)h(s)ds > 1.
2 te[0,1] &

Since ||u,|| — oo, for n sufficient large, we

o Jo 8an(9) ds
0,0) = 2 [ GO (1,9 s+ ke

1
> A,,/ G(t, )h(s)f (un(s)) ds
0

1
zky,/ G(t,8)h(s)Lu,(s) ds
0

)\’* Em—-2

> — G(t, s)h(s)Lu,(s)ds
2 &1

)\’* Em-2
> — L0 u,| min / G(t,s)h(s)ds
2 tef01] Jg

> [lttnll.

This is a contradiction.
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Case (II). If ” > 0, then we have u,, > w'/2 > 0 for n sufficient large. Since lim| 400 # =
+00, there exists a R > 0 such that

gu) > Mu, Vu>R,

where M satisfies

M_*M9§1(§m-2 -&)

TN b
2 1—Zi:1 kigi

Since ||u,|| — oo, then for # sufficient large, we have

1 fol g(uy(s) ds
n(6) = /0 Glen Y (1n(9) s + o
= Ho 1- Y72 kg :

> Mnl_zfzizkisi 1

W MO||ull1(Emz — &)

2 1-YkE

> [lunll.

=

This is a contradiction. O

Lemma 3.2 Assume (H1)-(H4) hold. If (1) has a positive solution at (), 1), then Eq. (1) has
a positive solution at (), 1) € R2\{(0,0)} for all (r, ) < (A, I0).

Proof Let u(t) be the solution of Eq. (1) at (A, 7z), then #(t) be the upper solution of (1) at
(A, ) € R*\{(0,0)} with (A, ) < (A, 7x). Since £(0) > 0 or g(0) > 0, u = 0 is not a solution
of (1), but it is the lower solution of (1) at (&, ). Therefore, by Lemma 2.4, we obtain the
result. O

Lemma 3.3 Assume (HI)-(H5) hold. Then there exists (A", ") > (0,0) such that Eq. (1) has
a positive solution for all (A, 1) < (A", 1").

Proof Let B(t) be the unique solution of

—u’(t) = h(?),

m-2 (3)
u(0) =0, u) - > ku(E) =1.

It is clear to see that () is a positive solution of (3). Let My = maxe[o1f(B(£)),
M, = max;eo,g(B(¢)), then by (H4), we know that My > 0 and M, > 0. Set (A',u") =
(1/My,1/Mg), we have

B (1) + X h@F (B(£)) = —h(t) + X h@)F (B(8)) = k()" F (@) —1) <0,
BO)=0,  BU)-YrTkBE) -1 [, gBs)ds= [ 1-1'g(Bls))ds >0,
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which implies that 8(¢) is an upper solution of (3) at (A", #*). On the other hand, 0 is a
lower solution of (1) and 0 < B(¢). By (H3), 0 is not a solution of (1). Hence, (1) has a

positive solution at (A", ), Lemma 3.2 now implies the conclusion of Lemma 3.3. d
Define a set S by
S= {(A, ) € RE\{(O, 0)} : (1) has a positive solution at (A, u)},
Then it follows from Lemma 3.3 that S # ¥ and (S, <) is a partially ordered set.

Lemma 3.4 Assume (H1)-(HS) hold. Then (S, <) is bounded above.

Proof Let (&, 1) € S and u(t) be a positive solution of (1) at (1, ), then we have

1 1 J
leell = u(&1) = )‘/O G(&1, s)h(s)f (u(s)) dS+M% 1
T Lui=1 Nisi
' Y u(s)ds
= )‘/0 G(&1,8)h(s)myu(s) dS+M% 1

o |[u[§1(Em—2 — &1)

Sm—Z
) / GlEr $)h(s)myu(s) ds +

& 1- ZZIZ ki&;
Em—2 0 -
> Ann 0| G(&1,8)h(s) ds + um2 ||Lt||$1n(fy2n_2 Gl
; 1= Y7 ki

by (H4). Furthermore, we can obtain that

mo0&1(Em — &1) <1

Em—2
Am19/ GELsh(s)ds+ p——=—5— <1
& 1- Zl‘zlz ki";:i O

Lemma 3.5 Assume (H1)-(H5) hold. Then every chain in S has a unique supremum in S.

Lemma 3.6 Assume (H1)-(H5) hold. Then there exists a e A", A] such (1) has a positive
solution at (1,0) forall 0 < A < % no solution at (., 0) for all A > . Similarly, there exists a
7 € [u', ] such that (1) has a positive solution at (0, i) for all 0 < u < [i, and no solution
at (0, w) for all ju > Ji.

Lemma 3.7 Assume (H1)-(H5) hold. Then there exists a continuous curve I separating
R2\{(0,0)} into two disjoint subsets Q; and Q2 such that Q is bounded and Q, is un-
bounded, Eq. (1) has at least one solution for (1, 1) € Q1 UT, and no solution for (A, 1) € Q2.
The function u = u()) is nonincreasing, that is, if

A<A <X,

Page 7 of 11
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Lemma 3.8 Let (A, ) € Q. Then there exists eg > 0 such that (u’ + &,V" + &) is an upper
solution of (1) at (A, i) for all 0 < & < &y, where (u’,v") is the positive solution of Eq. (1)
corresponding to some (\', ") € T satisfying

() < (A1)
Proof From (H4), there exists constant M > 0 such that
fw@®)=M>o, g’ @®))=M>0, foralltel0,1].

Then by the uniform continuity of f and g on a compact set, there exist €y > 0 such that

MO =)

(' @)+ €) ~f (' @) « =

’g(u*(t) + e) —g(u*(t))’ < W,

forall £ € [0,1] and 0 < € < €.
Let u_ = u + ¢, then we have

w, () + M) (u,(2) = =2 hE)f (u,(2)) + M) (. (8)) < H(O (. = 1) (M £ (u)) <0,
uZ(O) =e>0,

and

m-2 1
.- Y ka6 - [ g} ds
i=1 0

m-2

=u (1) +e- Zki(u*(éi) +e) - /L/]g(”& +e€)ds
i=1 0
-2 m-2 1
=u (W)=Y k(W @) +e- Y kie—p f g +e)ds
i=1 i=1 0
* ) * 1 . m-2
o ge 5
1 1
_ *_ * d * — . d
(1 M)/O &) ““(/0 glu) el +6)) ’
m-2
+ (1— Z/Q)G
i-1
m-2
> <1_Zki)e > 0.
i-1

From above inequalities, it is clear to see that u_, is an upper solution of (1) at (%, 1) for all
0<e<g. |

Page 8 of 11


http://www.boundaryvalueproblems.com/content/2012/1/87

Wang and An Boundary Value Problems 2012, 2012:87 Page 9 of 11
http://www.boundaryvalueproblems.com/content/2012/1/87

Proof of Theorem 1.1 From above lemmas, we need only to show the existence of the sec-
ond positive solution of (1) for (A, ) € €. Let (A, ) € €4, then there exists (A", u") € T
such that

() < (A,1).

Let (u,v") be the positive solution of (1) at (A", "). Then for &y > 0 given by Lemma 3.8
and for all ¢ : 0 < ¢ < gp, denote

— JUR
U =u +¢, V=V +&.

Define the set
D:{ueE:—8<u<ﬁ*}.

Then D is bounded open set in E and 0 € D. The map T satisfies K N D — K and is
condensing, since it is completely continuous. Now let (4,v) € K N 9D, then there exists
£ € [0,1] such that either u(£) = % (¢). Then by (H) and Lemma 3.8, we obtain

oo Jo guls)) ds
Tu(g) = A /0 G(&,9)h(s)f (uls)) d“ﬂmé

o g’ (s)) ds

1
< /0 Gl&, )h(s) (i 5)) ds + =5 S ki

< W (€)= u(€) <Vu(§)
for all ¥ > 1. Thus, T(u) # du for allu € KN 3D and ¥ > 1, Lemma 1.2 now implies that
i(T,KND,K)=1.

Now for some fixed A and p, it follows from assumption (H4) that there exists a R > 0
such that

f(u)>Lu, and g(u)>Lu, Yu=>R, (4)

where L satisfies

Sim-2 &2 —5&)
Lo (x fa G(&1, 5)h(s) ds+u%) >1.

Let R = max{Cyx,07R, ||(#',7)||} where Cs is given by Lemma 3.1 with ¥ a compact set
in R2\{(0,0)} containing (A, 11). Let

Ky ={ueK:|lul| <R}
Then it follows from Lemma 3.1,

T(u)#u YuedKp.
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Moreover, for u € Ky, we have

inf  u(f) > 0|lu|| >R.

teléném-2]

Furthermore, we have

folg(u(s )ds

1
Tute) = [ Gle O (s ds + ]

! Lu(s)d
> /0 G(El,s)h(s)Lu(s)ds+u%g
-2 Lenunsl(sm 2 - &)
> L6 G(&,8)h(s)d.
> ALO|ul| A (€, 8)h(s)ds + ST

gm—Z
- Le(x fél G(&),s)h(s)ds + Sl(ggz /flé))”u”

> |lull.
Thus, || Tu|| > ||«| and it follows from Lemma 1.3 that
i(T,Kg,K)=0.
By the additivity of the fixed-point index,

0 = i(T,Kg,K) = i(T,K N D,K) +i(T,Kg:\K N D,K)

=1+i(T,Ke\KND,K),
which yields
(T,Kgp\KND,K)=-

Hence, T has at least one fixed point in K N D and another one in Kz \K N D; this shows
that in €, (1) has at least two positive solution. (]

Example Consider the following boundary value problem:

—u"(t) = AMu +1)?,
w(©0)=0,  u) -7 kuE) = p [, (uls) +2)° ds,

where f(u) = (u + 1), g(u) = (u + 2)%, and h(t) = 1.
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