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Abstract

We investigate the degenerate Kirchhoff equations with strong damping and source
terms of the form

Uy — ||Vu||§yAu - Au; =f(u),

in a bounded domain. We obtain the optimal decay rate for || Vu,||2 by deriving its
decay estimate from below, provided that either ¢ is suitably small or the initial data
satisfy the proper smallness assumption. The key ingredient in the proof is based on
the work of Ono (J. Math. Anal. Appl. 381(1):229-239, 2011), with necessary
modification imposed by our problem.
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1 Introduction
In this paper, we consider the initial boundary value problem for the following degenerate
Kirchhoff equations with strong damping and source terms:

ety — |Vully Au— Auy = f(u), in S x (0,00), (1.1)
u(x,0) = up(x), us(x,0) =u1(x), x€Q, (1.2)
ulx,t)=0, x€d,t>0, (1.3)

where € is a bounded domain in RN (N > 1) with a smooth boundary 9. Here, £ > 0 and
¥ > 0 are positive constants and f(u) is a nonlinear term like |x|?'u, p > 1.
In the case N =1, the nonlinear vibrations of the elastic string are written in the form:

92u Eh (L/au\* ) d%u
h— = e ) dxt— +f, 1.4
e {p°+2L o (8x> x}axZ +f 14

for 0 <x < L, t > 0; where u is the lateral deflection, x the space coordinate, ¢ the time, E
the Young modulus, p the mass density, / the cross section area, L the length, p, the initial
axial tension and f the external force. The equation was first introduced by Kirchhoff [1] in
the study of stretched strings and plates, and is called the wave equation of Kirchhoff type
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after his name. Moreover, it is said that (1.4) is degenerate if py = 0 and nondegenerate if
po > 0.

A number of results on the solutions to problem (1.1)-(1.3) have been established by
many authors. For example, Hosoya and Yamada [2] studied the following equation:

g — M(|Vull3) Au + Su, =0, (1.5)

with M(r) > My > 0 (the nondegenerate case). They proved the global existence of a
unique solution under the small data condition in H*(Q2) N H}(Q2) x H}(K). Similarly, in
the degenerate case (M(r) = r”), Nishihara and Yamada [3] obtained the global existence
of solutions for small initial data in H?(2) N H}(Q2) x Hy ().

Concerning decay properties of solutions, Nakao [4] has derived decay estimates from
above of solutions when f(x) = 0 in (1.1). Later, Nishihara [5] established a decay estimate
from below of the potential of solutions to problem (1.1) without imposing f(u). Nishihara
and Ono [6-8] studied detailed cases of nondegenerate type and degenerate type to prob-
lem (1.1)-(1.3). They proved the existence and uniqueness of a global solution for initial
data (up, u1) € H*(2) N Hy(S2) x L*(2) and the polynomial decay of the solution. Recently,
in the absence of f(«) in (1.1), Ono [9] proved the optimal decay estimate for || Vu||3. And
the decay property of the norm || Au/|3 for £ > 0 was also given in that paper.

Motivated by these works, in this paper, we intend to give the optimal decay estimate
for ||Vu||2 to problem (1.1)-(1.3). In this way, we can extend the result in [8] where the
author considered (1.1) with y > 1; and we also improve the result of [9] in the presence
of a nonlinear source term. We followed the technique skill introduced in [9] with the
concept of a stable set in H*(2) N H}(R2) to derive the optimal decay rate of || V||, The
content of this paper is organized as follows. In Section 2, we give some lemmas which
will be used later. In Section 3, we derive the global solution and its decay properties with
y > 0.

2 Preliminary results
In this section, we shall give some lemmas which will be used throughout this work. We
denote by || - ||, the L” norm over .

Lemma 2.1 (The Sobolev-Poincaré inequality) If2 <p < % (2<p<o0ifN=1,2), then
lull, < BilVulla,  for u € Hy(S)
holds with some positive constant By.

Lemma 2.2 ([4, 9]) Let ¢(t) be a nonincreasing and nonnegative function on [0, 00) such
that

PO < wo(o(t) - p(t +1))

with certain constants wy > 0 and r > 0. Then, the function ¢(t) satisfies

1
¥

d(t) < ((0)” + wy'rlt —117)

for t > 0, where we put [a]* = max{0,a} and # =o0 ifa]* =0.
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Now, we state the local existence for problem (1.1)-(1.3) which can be established by the
arguments of [8].

Theorem 2.3 Suppose that (uo, u1) € H*(Q) N Hy(Q) x L*(Q), then there exists a unique
solution u of problem (1.1)-(1.3) satisfying

u(t) € C([0, T); H*(R) N Hy(K2)),
u,(t) € C([0, T); L*(R)) N L*(0, T; Hy(K2)).
Moreover, at least one of the following statements holds true:

(i) T = o0,
(ii) Nlucll3 + | Aull3 — oo, ast — T~

3 Decay properties
In this section, we shall show the decay properties of solutions u to problem (1.1)-(1.3).
For this purpose, we define

16 =1(u(®) = |Vu@ ;7 - w20, (3.1)
70 =7 () = 2(y1+ Slvuol - ﬁ Ju@l; (3.2)

and the energy function
€ 2
Hﬂ=§mm5+ﬂﬂ, (3.3)
for u(t) € Hy(2), t > 0. Then, multiplying (1.1) by u, and integrating it over Q, we see that
E'(t) = | V3. (3.4)

Lemma 3.1 Let (ug, u1) € H*(Q) N HY(RQ) x L*(Q). Suppose that p and y satisfy

N+2
p>2y+1 and 1<p§ﬁ (p<oo, ifN=1,2). (3.5)

If1(0) > 0 and

p-2y-1

1:31;*1(%5(0)) RS} (3.6)

then I(¢) > 0, fort € [0, T'].

Proof Since I(0) > 0, then there exists tyax < T such that
1(6) =0, ¢€[0,tmaxl,

which gives

p-2y-1
p+D(y +1)

p-2y-1

2(y+1)
2p+1)(y +1) |Vu@)|,”. 3.7)

J(t) =

v+ 1
”vMuw§”1+p+lunzz
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Thus, from (3.3) and E(t) being nonincreasing by (3.4), we have that

- 20+ 1)(y +1)

I) < 20+ 1)(y +1)
p-2y-1 p-2y-1
- 2p+1)(y +1)
- p-2y-1

| Vut) |37+ E(t)

E(0) on [0, tmax]. (3.8)

And so, exploiting Lemma 2.1, (3.8) and (3.6), we obtain

p2y-1
2+ 1)(y +1) 20+D 2y +1
lull2h < B vully? < Bi’”(mﬂo) [ Va3

2(y+1

2 vu@ 27 on [0, f. (3.9)

- 1]9u)] :

Therefore,

1) = | V@) |37 = @] >0 on [0, tmas].

By repeating this procedure and using the fact that

p2y-1
2 1 1 20y +1)
lim Bllﬂl(wg(t)) 4 <l<1,
£ tmax p-2y-1

we can take fa = T O

Lemma 3.2 Let u satisfy the assumptions of Lemma 3.1. Then there exists 0 < n < 1 such

that
Ju@)[27) < @=n)|Vu@];"™ foreelo, T, (3.10)
withn=1-1

Proof From (3.9), we get

w7 < 1| vu@®) |27, forte o, T].
ptl 2

Let n =1 -, then we have the inequality (3.10). O
Theorem 3.3 Suppose that (ug,u1) € H*(Q) N Hy(Q) x L*(), 1(0) > 0, (3.5) and (3.6)
hold. Then there exists a unique global solution u of problem (1.1)-(1.3) satisfying

u(t) € C([0,00); H*(Q) N Hy()) N L (0, 00; H*(R2) N Hy (),

() € C([0,00); L*(2)) N L*(0, 00; Hy(£2)) N L*(0, 00; L*(R)).

Furthermore, we have the following decay estimates:

y+1

Y Ty
(

(«E(0)20+D + ﬁ)_z[t - 1]*) fort>0, (3.11)

Et) < (15(0)‘/+1 P4
y+1

where o and B are some positive constants given by (3.15).


http://www.boundaryvalueproblems.com/content/2012/1/93

Wu Boundary Value Problems 2012, 2012:93
http://www.boundaryvalueproblems.com/content/2012/1/93

Proof First, for T = 0o, we can obtain the result by following the arguments as in [8], so
we omit the proof. Next, we will show the decay estimate. For ¢ > 0, integrating (3.4) over
[, + 1], we have

t+1
/ | Vai(s) |, ds = E(t) - E(¢ + 1) = D(t)*. (3.12)

Then there exist t € [¢, ¢ + ] and t, € [t + 2t +1] such that
| Va2 < 4D@?, i=1,2. (3.13)

Multiplying (1.1) by u, integrating it over Q x [#,%], using integration by parts and
Lemma 2.1, we get

[ v - sl ds

i

t+1 2
<eB? / IVuell3 ds + B} Y |Vt || Vuelt) |
t

i=1
t+1
+/ IV ll2 I Vull2 ds.
t

Hence, from the definition of I(¢) by (3.1), using (3.12), (3.13) and (3.8), we obtain

(L +Dly +11)E(t)) m. (3.14)

5]
2 1y(\2 2
/ I(s)ds < eBID(t)” + (4¢B +1)D(¢t) p-2y -

5]

On the other hand, integrating (3.4) over [t, 1], noting that E(z,) < 2 f:iz E(t) dt due to
th—t > %, and using (3.3) and (3.7), we have that

E@t) = E(t,) + / 2|\vm(s)||§ds

t t 9
< 2/ E(s)ds + / ||Vut(s)H2 ds
t t

ty _27/ -1 ty N
5(1+€B%)/t ||V”t(5)||§d3+m [ [ Vauts) |7 ds
2 (-
+(P+1)/t I(s)ds

We then use the fact that ||Vbt(t)||2(y+l < 151(¢) by (3.10), (3.12) and (3.14) to obtain

E@) < (1+eB})D(t)* + /tz I(t) dt

t

< aD(t)? + BD()E®) T, (3.15)

where

(3.16)

2p+1)(y +1 2<y+1
=(1+eB} +cieB?) and B =c(4eB? + 1)(M>

p-2y-1

Page 5 of 14
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with

p-2y-1 2
(p+1) y+1)1-1) (p+1

Moreover, from (3.12) and E(¢) being nonincreasing by (3.4), we note that
1
D(t) < E¥(¢) < E(0)# E(t) 7.
Thus, by Young’s inequality, (3.15) becomes

E(t) < (¢E(0)T0 + B)D(£)E(t) ™

2y +1 y 2Ay+1) 1
< E(0)20r+1 D(t)| >+t E(t
_2(y+1)[(a (0)20%0 + B)D(1)] TS (t)
This implies that

Y 4

E@)"71 < («E(0)Z+0 + B)’D(r)

= («E©0) + )’ (E() - E(t +1)).

Therefore, applying Lemma 2.2, we conclude that

y+1

(aE(O) 05D +B)” [t—l]*) ’ , fort>0. 0

Et) < (15(0)‘/+1 Ay

Remark (i) Based on the estimate (3.11), we have further the following estimates:

—

1
IVul2 < cr(1+8)77, lul2 <esQ+8)7, fort>0, (3.17)
2 2

where ¢, and C3 are some positive constants.

(ii) If w > " 1, then

/ tE(s)“’ ds < kyE(0)” 741, (3.18)
0

with k; = %(OE(OV o B)%. Indeed, by (3.11), we see that

t t
1
/ E(s)° ds < / <E(0)—% Y1
0 0
_ (Do

- E(0)° + /1 t(E(O)‘yyﬂ + ’”; 1(ous(O)% +B) (s - 1)) T ds.

_(ytho

(aE(O)% +/3)2[s—1]+) ’ ds

A direct computation yields the result.

Next, we will improve the decay rate for || ||5 given by (3.17).
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Proposition 3.4 If (ug, u1) € H*(2) N HY(2) x L2(R2), then the solution u of problem (1.1)-
(1.3) satisfies

t
1
lud2 <ca@Q+6)> 7 and /||Vut||§ds§cs, fort>0, (3.19)
0

where ¢4 and cs are some positive constants.
Proof Multiplying (1.1) by u, and integrating it over 2, we have

ed
——||ut||§+IIVutH%:—IIVullgy/ VuVutdaH/ Py, dx. (3.20)

We now estimate the right-hand side of (3.20). Employing Hélder’s inequality and Young’s
inequality, the first term gives

2 2y+1
IIVMIIZV/ VuVudx < ||[Vully”" | Vil
Q
20y+1) | 1 2
< IVl + 21Vl

As for the second term, using Holder’s inequality, Lemma 2.1, Young’s inequality and (3.8)

yields

14 p+1 14
< Nutlly el p < By IVl [ Vaell2

/ P Y s, dx
Q

1
2(p+1 2)
< BNVl + LIVl

< Bf(p”)(z(p +1)(y + I)E

—2y-1
v 20v+) , 1 2
0 Vu + — | V|5,
3y 1 ()) IVl 2Vl

Combining these estimates and using (3.17), we arrive at

2y +1)

d 2 2 2 —2-1
e—luel? + Va2 < |V 227 < ;1 + 877,

dt

—2y-1
where ¢ = 2(1 + Bf(p”)(%E(O))p T ) and ¢; = coc)” ™. Then, from Lemma 2.1, we

have

d _ o1
5—t||ut||§ + B w3 < e, +6)77.

d

Therefore, the desired estimate (3.19) is obtained. O

In order to obtain the decay estimates for problem (1.1)-(1.3), we need the function H(¢)
and equality (3.22) as in [9]. Define

llee 13 2 .
£ +||Vu ify >1;
g VU3 ify =1

lle 13 2w .
S—HWII% + || Vuly”, if0<y <l

H(t) = (3.21)
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Multiplying (1.1) by % with k > 0 and integrating it over €2, we have the following

equality:

1[ (A L ]+2 IVuell3

X = s
Va3 v L v
Jo VuVu, dx Jo VuVuydx [ lulP uu, dx
Q t Q t Q t
= —28(]/ + /()W || t||2 -2k v % + 2k (322)

Va3 IVl 1 Vully

Proposition 3.5 Let (ug,u1) € HX(Q) N HY(Q) x L*(Q), 1(0) > 0, (3.5)-(3.6) hold and
[IVugll2 > 0. Suppose that || Vu(t)||2 > 0 for 0 < t < Ty and

1
1-2yBi(¢H"(0))? >0, ify>1 (3.23)
1
1-2B,(¢H(0))?> >0, if0<y <l (3.24)

Then it holds that, for 0 <t < T,

H(®) < HO) + EQ) 7, ify =1; (3.25)

i
+1

H(t) < H(0) + a2E(0) 71, if0O<y <1, (3.26)
where constants oy and o, are given by (3.31) and (3.36).

Proof (i) In the case y > 1, we observe from (3.21) that

1
u u 3
. ll24e |12 :8§< l t||2 IV ”21/ 2) < (eH” (1)), (3.27)
IVull2 Vu ||

Using (3.22) with & = 0 yields

d i M2 Jo VuVu,dx fQ P~ un, dx

() +2—2 = 2ye llaeg]12 + (3.28)
dt IV uel |57 V] 200 IV ully”

Now, we estimate the right-hand side of (3.28). So, thanks to Hoélder’s inequality, Lem-
ma 2.1, (3.8) and Young’s inequality, we see that

Jo VuVu,dx loella 1Vatell3
lucll3 <2yBie 2
IVullz |Vul;

e Va3

and

1
fg|u|p Mutdx p-t—lHV ”p y” ut”Z

IVul? IVl
Py
523f+1(2(p+1)<y+1)“)m 1Vl
p-2y -1 IVul]
2p+ Dy +1) .\ (Vi
st(”’*”<7” Et) aty
p-2y-1 [Vl
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Taking into account these two estimates in (3.28) and using ¢ % < (eH” (t))% by (3.27),

we obtain

d 3
O+ (1-2yBi(eH" (2)) )||W||2V <

p-y
HVWH%<Bumn(2@+1KV+DE“0V“'
2

! p-2y-1
If1-2yBi(eH” (0))% > 0, then there exists T, such that 0 < T, < T7 and
1
1-2yB(¢H"(£))2 =0, for0<t<T,. (3.29)

Hence

p-y

2p +1)(y +1) E(t)) &

3.30
P — (3.30)

d 2p+1)
—H(t)<B
dt O =B

for 0 <t < T,. Applying (3.18) with w = %, we derive that

H() < H(0) + mE(0) 7, (331)

with
. _Bw+l>(2<p+n<y +1)>’% (r+ D -y) -y
-1

E(0)7 + g)>.
p2y -1 -2+ CEOTTH)

Therefore, we see that (3.29)-(3.31) hold true for 0 < ¢ < T7, which gives the estimate (3.25)
fory > 1.
(ii) In the case 0 < y < 1, we note from (3.21) that

ll24¢1l2 :

From (3.22) with k =1 -y, we have

d Vul3 Jo VuVudx
—H(t) +2 = 2e=t————|lull; - 2(1-y)
dt V|2 IV ]| e

Jo VuVu, dx

2(1-
IVul3t

Jo lulP vy dx

(3.33)
IVull;

Similar to those estimates, as in the case for y > 1, the right-hand side of (3.33) can be

estimated as follows:

VuVu, dx u Vi, 1|V |2

A : g2 < 2Bre llzell2 1 Vaells <2B,(cH()} [ t”zz,

V|5 Vulla [IVully Va3
Jo VuVu, dx 9y | Vel 9y 1| Vg2
20-9)2— = = <2(1— )| Vul2 <20 -2 (IVu)2)” + = 2
)2 Qi = 2= IVl g <2 VAV + 5T

2y
2 +1 1 1 || V|2
P+ + )E(t)>y +_|| |3
p

<21— 2 )
=2 ”)< 2y -1 2 1Vul?


http://www.boundaryvalueproblems.com/content/2012/1/93

Wu Boundary Value Problems 2012, 2012:93
http://www.boundaryvalueproblems.com/content/2012/1/93

and

=

p-

ulPYuu, dx 20+ D(y +1 1|V
ZfQ | : t < ZBf(pH)( (p+ Dy )E(t)) I Ut||2’
(IVull; p-2y-1 i) Vull3

Combining these estimates, (3.33) becomes

d NAE
S H® + (1-2B1(H() )W
s ()
2 (E@) z vt (E(t) b
= csE(0)7 (W) + coE(0) (E(O))
<y (E(t)) szy,

where we have used the fact that 0 < E(¢) < E(0) and p > 2y + 1 on the last inequality with

2y p-1 -1
cg=2(1- y)2(72(23)}5’:1))w1 co = 2B2%*Y (72(1;%},”;1))%1 and cio = cg + coE(0)" sz ul

If1- ZBl(sH(O))% > 0, then there exists T3 such that 0 < T5 < T} and
1
1-2B,(sH(t))?> >0, for0<t<Ts. (3.34)
Thus

d 2y
s () < co(E@®) 7, (3.35)

for 0 <t < T5. Employing (3.18) with w = % gives

H(f) < H(0) + @,E(0)771, for0<t<Ts, (3.36)
with
2 1 v
oy = 2y +1)cyo (aE(O)Z(VVﬂ) s 13)2'
y+1

Therefore, we see that (3.34)-(3.36) hold true for 0 < ¢ < T;, which gives the estimate
(3.26)for0 <y <1. O

Proposition 3.6 Under the same assumptions as in Proposition 3.5, assume further that
the initial data satisfies

1-2(y + DBi(e(H(0) + mE©0) T )3 >0, ify >1;

v (3.37)
1-2Q2y +1)Bi(e(H(0) + 22E(0)7*1))2 >0, if0O<y <1.

Page 10 of 14
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Then it holds that

1
IVull; > as(L+8)77, for0O<t<T, (3.38)
where a3 is a positive constant.
Proof (i) In the case y > 1, we obtain from (3.22) with k = 2 that
i|: lloae 13 . 1 i|+2 Vs, |I3
dtl |\ vu2v? Vuly ] v
VuVu,dx VuVu,dx ulPuu, dx
=—2(y+2)8f97tllut||%—4f9 . +2f9' P v dx (3.39)
(V|2 |V ]| 302

2(y+43
IVully”
As in deriving the estimates for case (i) of Proposition 3.5, we get the following estimates:

laellz 1 Varell3

IVulla || 20+

Jo VuVu, dx )
ey My = 2(y +2)Bie

2(y+3

2(y +2)e
IVully

VuVusdx 1 ||Vul?
f v II“t =3 : uzt(uiz) +8][Vuly” ™,
Uiy IVully

and

p-1 d 2
fQ |u| uugax < 1 ||VM[||2 ZB%@+1)||VM||§@7V72)'

2(y+2 =5 2(y+2
IVul3? 7 2 vu )3 ?

Thus, using the above estimates in (3.39), together with the fact that 8% <(eH V(t))%

by (3.27) and the estimate (3.25), yield

1[ el 1 } IVl

2 2 2 2 2

dtl |\ vu)2? Vulz ] v 2r?
Vs 13

1
<2y + 2Bi(eH7 (1) —o2
O

+ 8 Vul" ™ 4 2B Va0

=2 L[|Vl
<2y +2)By(e(H(0) + E©0) 7)) IIVII%
ully

2(y-1 2 1 2(p-y-2
+ 8] Va2V 4 2B2EV | vy 2072

for0<t<T. ,
—. 1
If1-2(y +2)By(e(H(0) + a1E(0) 71 )7)% > 0, then, using | Vue||2 < c2(1 +£)7 by (3.17),
we see that
d [ llotel13 1 } _yt _py=2
— + <cu(@+e) 7 +@Q+0t) 7
dtl | vu)2¥?  IVul; ( )

y-1
Y

’

< 2C11(1 + t)7A1 = 2C11(1 + t)
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and

<=

£ ”ut”% + <cpp(1+1)
= (12 )
[Vul 202 I Vull;

which implies that

1
Vull > cs1+8)77, for0<t<T,

with A; = min{VT_l, ‘%’2} = VT_I and some positive constants ¢;, i = 11-13.
(ii) In the case 0 < y < 1, it follows from (3.22) with k =1 + y that
g[ (A5 1 } IVa4e 15
2
el a3 Va1 vug
fQ VuVu;dx

VuVu,dx
=22y +1)¢ fQ !
l

S luell3 - 2(y + 1)
2(2y+2 2 2(y+1
V’/l”z( y+2) ”Vullz()/"’ )
Jo P, dx

||Vu||§(2““ (3.40)
Estimate the right-hand side of (3.40) as in the case (ii) of Proposition 3.5 to obtain

Jo VuVu,dx
V]| 327 2

2
Ve |5

1
, :
lee |13 < 22y +1)By(eH(2))? [

212y +1)e

2
Vel

Jo VuVu,dx 1
+1 5 207+1)’
IVull,

o 7 T o+ 1)+
2 1 —
Va3

2(y

and

2 [o lulP uu, dx

22y +1
[V 327D

2
Vel

1

2 1 2(p-2y-1

§2B1(p+ )”VM”z(p vy 5—” 200
CM 2

Back to (3.40), employing these estimates and using (3.26), we deduce that

1[ ey, 1 } AL
2(2 2 2(2
dt L |vul2® D vuly 1 vu 2

1V, 12

1

<22y +1)B(eH(t))?> ——-"—
( ) ”Vu||§(2y+1)

+2(y +1)% + ZBf(p+1)(||Vu||§)(p72y71)

2
Vel

v 1
< 2(2)/ + I)Bl (8([‘[(0) + Ole(O) v+l )) 2 ”VMHW
2

£ 2y +1)% + 2B (| 2) P2

for0<t<Ti.
Y 1
If1-22y +1)B1(e(H(0) + a2E(0)m))% >0, then, by | Vu(|3 < c(1+1¢)"7, we have

d |: [PALE; 1 :| ) _p-2y-1
—|e + <2y +1)" +cul+t) v <cs,
dt || vul2® | vu)y
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and

o113 1
||Vu||§(2y+l) + ||Vu||§y <cp(l+1),

for 0 < ¢ < T} with some positive constants ¢;, i = 14-16. This implies the desired estimate
(3.38)for 0 <y <1. O

Now, we are ready to state and prove our main result.

Theorem 3.7 Let (uo,u1) € HX(Q2) N Hy(2) x L*(2), 1(0) > 0 and (3.5)-(3.6) hold. Then
the solution u of problem (1.1)-(1.3) satisfies

V)2 < s + t)_% and |u)? <as1 + t)_z_% ort>0. (3.41)
2 2

Moreover, suppose that the initial data satisfies uy # 0 and

-2
1-2(y +2)By(e(H(0) + e E0) 71 )2 >0, ify > 1; 642
1- 6B, ((H(0) + 2,E(0)77))% >0, ifo<y <1l '
Then
IVul2 > a6 +8)7, fort>0, (3.43)

with some positive constants a;, i = 4,5, 6.

Proof Thanks to the decay estimates (3.11) and (3.17), we obtain (3.41). Setting
T) = sup{t € [0, 00)| ||Vu(s) ||§ >0for0<s< t},

then, we see that 77 > 0 and || Vu(#)||5 > 0 for 0 < £ < T, because of || Vg ||, > 0. If 71 < oo,
then it holds that

| Va1 = 0. (3.44)
However, from || Vul|3 > a3(1 + t)_% by (3.38), we observe that

lim ||Vu(t)||§ >CQ1+ Tl)f% >0,

t—T1

which contradicts (3.44). Hence, we have T} = oo and || Vu(t)||3 > 0 forall £ > 0. Therefore,
from (3.38), we have

”Vu(t) ||§ >ag(l+ t)_%, fort >0,

which gives the decay estimate (3.44). O
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