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1 Introduction

In recent years, the fractional differential equations have received more and more atten-
tion. The fractional derivative has been occurring in many physical applications such as a
non-Markovian diffusion process with memory [1], charge transport in amorphous semi-
conductors [2], propagations of mechanical waves in viscoelastic media [3], ezc. Phenom-
ena in electromagnetics, acoustics, viscoelasticity, electrochemistry and material science
are also described by differential equations of fractional order (see [4-9]).

Recently, boundary value problems for fractional differential equations have been stud-
ied in many papers (see [10-25]). Moreover, the existence of solutions to a coupled systems
of fractional differential equations have been studied by many authors (see [26—33]). But
the existence of solutions for a coupled system of fractional differential equations at reso-
nance are seldom considered. Motivated by all the works above, in this paper, we consider
the following boundary value problem (BVP for short) for a coupled system of fractional

differential equations given by

Dg+ u(t) :f(tr V(t)1 V/(t))r te (Ov 1);
D v(e) = g(t,u(e), ' (1), te(0,1), (11)
w0)=v(0)=0,  #(0)=u'(1), V(0)=v(),

where D, Dg+ are the standard Caputo fractional derivatives, 1 <o <2,1< 8 <2 and
f,g:10,1] x R? — R is continuous.

The rest of this paper is organized as follows. Section 2 contains some necessary no-
tations, definitions and lemmas. In Section 3, we establish a theorem on the existence of
solutions for BVP (1.1) under nonlinear growth restriction of f and g, basing on the coin-
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cidence degree theory due to Mawhin (see [34]). Finally, in Section 4, an example is given

to illustrate the main result.

2 Preliminaries
In this section, we will introduce some notations, definitions and preliminary facts which
are used throughout this paper.

Let X and Y be real Banach spaces, and let L : domL C X — Y be a Fredholm operator
with index zero, and P: X — X, Q: Y — Y be projectors such that

ImP =Kerl, KerQ=ImlL,

X =KerL & KerP, Y=ImL&®ImQ.
It follows that
Lldomzinkerp : domL NKerP — ImL

is invertible. We denote the inverse by Kp.
If Q is an open bounded subset of X, and domL N Q # &, the map N : X — Y will be
called L-compact on Q if QN(2) is bounded and Kp(I — Q)N : Q — X is compact, where

I is an identity operator.

Lemma 2.1 [27] LetL:domL C X — Y bea Fredholm operator of index zero and N : X —
Y L-compact on Q. Assume that the following conditions are satisfied:
(1) Lx # MNx for every (x,1) € [(domL \ KerL)] N 32 x (0,1);
(2) Nx ¢ImL for every x € Ker L N 3€2;
(3) deg(QN|kerr, KerLN 2,0) # 0, where Q: Y — Y is a projection such that
ImL =KerQ.
Then the equation Lx = Nx has at least one solution in dom L N Q.

Definition 2.1 The Riemann-Liouville fractional integral operator of order @ > 0 of a

function x is given by

I§ox(t) = ﬁ /0 (¢ — )% Lx(s) ds,

provided that the right-hand side integral is pointwise defined on (0, +00).

Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a function x
is given by
da"’ 1 d’

RD& x(t) = —II%x(t) = -

‘ n-a-1
dr W % '/.0 (t - S) x(s) dS,

where 7 is the smallest integer greater than or equal to «, provided that the right-hand

side integral is pointwise defined on (0, +00).
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Definition 2.3 The Caputo fractional derivative of order « > 0 of a function x is given by

n-1 *)
x(0)
D x(t) =R D, |:x(t)—§: kf tk],
k=0

where 7 is the smallest integer greater than or equal to «, provided that the right-hand
side integral is pointwise defined on (0, +00).

Lemma 2.2 [35] Assume that x € C(0,1) N L(0,1) with a Caputo fractional derivative of
order o > 0 that belongs to C(0,1) N L(0,1). Then

I§. DG x(t) = x(2) + co + a1t + Cot? + -+ "7
wherec; €R, i=0,1,2,...,n -1, here n is the smallest integer greater than or equal to a.
Lemma 2.3 [35] Assume that a >0 and x € C[0,1]. Then

D I x(2) = x(t).

In this paper, we denote X = C'[0,1] with the norm ||x|x = max{||x|lco, |*'[loc} and Y =
C[0,1] with the norm ||y|ly = [|¥llcc, Where [x]loc = max;e[o1; [%(£)|. Then we denote X =
X x X with the norm ||(x, v)||5 = max{||u||x, |v]|lx} and Y = Y x Y with the norm ||(x, )|y =
max{||x|y, |y]ly}. Obviously, both X and Y are Banach spaces.

Define the operator L; : domL C X — Y by

Liu =D, u,
where
domL; = {u € XD} u(t) € Y,u(0) = 0,u4'(0) = '(1) }.
Define the operator L, : domLy; C X — Y by
Lyv= D§+ v,
where
domL, = {v € X|Dj.v(t) € Y,v(0) = 0,v/(0) = v(1)}.
Define the operator L:domL C X — Y by
L(u,v) = (Liu, Lyv), (2.1)

where

domL = {(u, v) e X|lu edomLy,ve domLz}.
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Let N : X — Y be the Nemytski operator
N(u,v) = (N1v, Nau),

where N1 : Y — X
Nwv(®) = £ (t,v(8), V(1))

and N»:Y — X
Nou(t) = g(t, u(t), u/(t)).

Then BVP (1.1) is equivalent to the operator equation

L(u,v) =N(u,v), (u,v)edomlL.

3 Main result

In this section, a theorem on the existence of solutions for BVP (1.1) will be given.

Theorem 3.1 Letf,g:[0,1] x R? — R be continuous. Assume that
(Hy) there exist nonnegative functions p;,q;,r; € C[0,1] (i =1,2) with

T(e)I(B) - 4(Q1 + R1)(Q2 + Ra)

D) () >0

such that for all (u,v) € R, t € [0,1]

[f (&, u,v)| < pr() + @ (8) ] + D)V,
and

g6, u,v)| < pa() + @2(®) ] + ra(B) V],

where P; = ||pillooy Qi = qillocs Ri = lI7illoo (i =1,2);
(H,) there exists a constant B > 0 such that for Vt € [0,1], |u| > B, v € R either

uf(t,u,v) >0, ug(t,u,v) >0,
or
uf (t,u,v) <0, ug(t,u,v) < 0;

(Hs) there exists a constant D > 0 such that for every c1, ¢, € R satisfying min{c;,cp} > D
either

ClNl(Czt) >0, CzNQ(Clt) > 0,

Page 4 of 13
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or
aNi(ct) <0, ¢oNy(cit) < 0.
Then BVP (1.1) has at least one solution.
Now, we begin with some lemmas below.
Lemma 3.1 Let L be defined by (2.1), then

KerL = (KerL,,KerL,) = {(u, V) € X|(w,v) = (c1t, cat), c1y ¢ € ]R}, (3.1)

ImL = (ImL;,ImL,)
_ {(x, y) e ?‘ /0 (19" x(s)ds = 0, /0 ao §)P2y(s) ds = o}. (3.2)
Proof By Lemma 2.2, Lu = D§, u(t) = 0 has the solution
u(t) =co +c1t, co,c1 €R.
Combining it with the boundary value conditions of BVP (1.1), one has
KerL; = {u € X|u=cit,c; e R}

For x € Im L;, there exists # € dom L; such that x = L u € Y. By Lemma 2.2, we have

1

u(t) = m /Ot (¢ —5)*x(s) ds + co + c1t.

Then, we have

1

u'(t) = -1 /Ot (¢t —8)%2x(s) ds + c1.

By the conditions of BVP (1.1), we can get that x satisfies
1
/ (1-5)*2x(s)ds = 0.
0

On the other hand, suppose x € Y and satisfies fol (1 -5)*2x(s)ds = 0. Let u(¢) = 1% %(¢),
then u# € dom ;. By Lemma 2.3, we have D, u() = x(¢) so that x € Im L;. Then we have

1
ImZ, = {x € Y‘ / (1 —s)*2x(s)ds = 0}.
0
Similarly, we can get

KerL; ={v e X|v=cyt,cot € R},
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1
ImL, = {ye Y’/ (l—s)’gzy(s)ds=0}.
0

Then, the proof is complete. O

Lemma 3.2 Let L be defined by (2.1), then L is a Fredholm operator of index zero, and the
linear continuous projector operators P: X — X and Q:Y — Y can be defined as

P(u,v) = (Piu, Pyv) = (u’(O)t, v'(O)t),

Qmw=«mm@w=(m—nA%L4wZAQmAﬂ—DAQLwWZﬂ@m)
Furthermore, the operator Kp : Im L — dom L N Ker P can be written by

Kp(x,9) = (I x(0), 15.5(t)).
Proof Obviously, ImP = KerL and P?(u,v) = P(u,v). It follows from (u,v) = ((u,v) —
P(u,v)) +P(u,v) that X = Ker P+ Ker L. By simple calculation, we can get that Ker LNKer P =
{(0,0)}. Then we get

X =KerL @ KerP.
For (x,y) € Y, we have

Q*(%,9) = Q(Qux, Qxy) = (Q2x, Q3y).

By the definition of Q;, we can get

1
Qix=Qux-(a— 1)/ (1-s)*2ds = Qux.
0

Similar proof can show that Q%y = Qyy. Thus, we have Q*(x,y) = Q(x, 7).
Let (x,9) = ((x,5) — Q(x, %)) + Q(x,y), where (x,7) — Q(x,y) € KerQ =ImL, Q(x,y) € ImQ.

It follows from KerQ = ImL and Q?(x,y) = Q(x,y) that ImQ N ImL = {(0,0)}. Then, we
have
Y=ImL&ImQ.
Thus
dimKerZ = dimIm Q = codimIm L.
This means that L is a Fredholm operator of index zero.

Now, we will prove that Kp is the inverse of L|gom nkerp- By Lemma 2.3, for (x,y) € ImL,
we have

LKp(x,y) = (D& (13.), D (15.9)) = (x,9). (3.3)
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Moreover, for (#,v) € dom L N Ker P, we have #/(0) = v/(0) = 0 and

KpL(u,v) = (I§.D§. u(t), I}, D}, v(t))

= (u(t) + co + a1t,v(t) + do + dit), co,c1,do,dy €R,
which, together with #(0) = v(0) = 0, yields that
KpL(u,v) = (u,v). (3.4)
Combining (3.3) with (3.4), we know that Kp = (L|domnkerp) "} The proof is complete. [

Lemma 3.3 Assume Q C X is an open bounded subset such that dom L N'Q # @, then N is
L-compact on Q.

Proof By the continuity of f and g, we can get that QN (2) and Kp(I — Q)N (2) are bounded.
So, in view of the Arzela-Ascoli theorem, we need only prove that Kp(I - QN(Q) C X is

equicontinuous.

From the continuity of f and g, there exists a constant A; > 0, i = 1,2, such that V(u, v) € Q
|I-Q)Nwv| <A1, |- Q)Nau| < As.
Furthermore, for 0 <t < £, <1, (&, v) € Q, we have

|Kp(I = QN (u(t2), v(t2)) — (Kp(I = QN (u(tr), v(t1))) |
= (I8 (1 = QN (t2), I, (I = Qu)Nou(t,))
— (18U = QUNw(t), I (I - Q)Nu(ty) )|
= | (I (T = QUNiV(t2) - 1§ (T — QNiV(80),

151 = QNsulty) - I, (I - Qa)Nou(t)))-

By
I (I = QN v(t2) — I (I - Q))Nyv(ty)|
=T() fotz (82 =) (I = QN v(s)ds /0 ! (6= 9" - QN5 ds
<7 M (=) (0 =9 ds+ /t U ds}
o -e)
and

(18I - QUN) (&) - (I8 (I - QUNw) (&)

a-1

B W _/otz (t2 = )" (I = QN V(s) ds — /: (ty —5)*72(I = Q1)Nyv(s) ds

Page 7 of 13
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= F<j = [/o -9 (69 s + /t Sty -9 ds]

Aq
P ta—l _ta—l 2ty —t a-1 .
= l"(ot)[2 1 + (2 l) ]

Similar proof can show that

A
5.1 = Qo)Noults) — I, (I - Qu)Nou(ty)| < G 2+ 5 (& - ),

A, [
T'(B)

|(1§+ (I - Q)Nou) (1) — (I§+ (I - Q)Nou) ()] < 57—t 2t - 1))

Since t*, t*7!, t# and t#! are uniformly continuous on [0,1], we can get that Kp(I —
Q)N(Q) C X is equicontinuous.
Thus, we get that Kp(I - Q)N : @ — X is compact. The proof is complete. g
Lemma 3.4 Suppose (Hy), (H,) hold, then the set
Q= {(u, v) € domL \ Ker L|L(u,v) = AN (u,v), A € (0, 1)}

is bounded.

Proof Take (u,v) € Q, then N(u,v) € Im L. By (3.2), we have
1
/ a- s)“_zf(s, v(s), v/(s)) ds=0,
0

1
/ 1- s)ﬂ‘zg(s, u(s), u'(s)) ds=0.
0

Then, by the integral mean value theorem, there exist constants &,1 € (0,1) such that
S(&,v(§),v'(§)) = 0 and g(n, u(n), u'(n)) = 0. So, from (Hy), we get [v(§)| < Band |u(n)| < B.
From (u,v) € dom L, we get u(0) = v(0) = 0, then

|u(t)| = u(0)+/0tu/(s)ds

<[], ©5)

o) - <Vl 66)

v(0) + /Ot V(s)ds

By L(u,v) = AN(u,v) and (u,v) € dom L, we have

u(t) = — /t = S)“’lf(s, v(s),V/(s)) ds + u'(0)¢
0
and

v(t) = R0 /Ot (t - )" g(s,u(s), u/(s)) ds + v (0)z.

Then we get

u'(t) = ﬁ /: (t- s)”“zf(s, v(s),V/ (s)) ds + 1/ (0)

Page 8 of 13
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and

/t (t- s)ﬂ‘Zg(s, u(s), u’(s)) ds +v/'(0).

S A
YO= o ),

Take t = n, we get

n
uw'(n) = - / (1 —5)**f (s, v(s),V/(5)) ds + 1/ (0).

(@-1) Jo
Together with |#/(n)| < B, (H;) and (3.6), we have

A

n v / d
ﬁ./o (1= 5)**|f (5,v(5),V'(5))| ds

(o

|/ (0)| < |/ (n)| +
1 n
oD /0 (1 =5)*2[p1(s) + qu(9)|v(s)| + r(s) |V (s)|] ds
1 n
+ m/o (n —S)a_z[Pl + Q1Vlloo + R1 ||V,||Oo] ds
n
-7}5Lopw4m+@ﬁmwam

<B+ Mo )[P1+(Q1+R1)|| ” ]

So, we have

4 1 ‘ a— / ,
[ = F(a_l)/o (£ = 5" 2| (5, v(s),V(9) | ds + |/(0)]
=< ﬁ/o (t =) [pr(s) + qa(9)[W(s)] + ra(s) |V (s)|] ds + | (0)|

1 , t o /
fm[PH(Qle)anw]/o (t—9)""2ds + |/ (0)]

2 /
<B+ W[P1+(Q1+R1)Hv ”OO] (3.7)

Similarly, we can get

V1. <B+ s [P2+(Qa s R ) 39)

Together with (3.7) and (3.8), we have

||u || <B+ i{Pl+(Q1+R1)|:B+

y i P @ Rl )|

r'(B)

Thus, from J@# )}‘L(fgll{g)l)(@ *R2) 0, we obtain that

||u’|| < F(a)F(ﬂ)B + ZF(,B)[Pl + (Ql +R1)B] + 4‘P2(Q1 +R1) =M
oo = T ()T (B) — 4(Q1 + R)(Q; + Ry) -
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and

IV] <~ [Py + QB+ (Qs + RM,] = M.

~=T@)
Together with (3.5) and (3.6), we get

||(u, V) ||)—( < max{M, M} := M.
So ©; is bounded. The proof is complete. d
Lemma 3.5 Suppose (Hs) holds, then the set

Qs = {(u,v)|(4,v) € Ker L, N(u,v) € Im L}

is bounded.

Proof For (u,v) € Q, we have (u,v) = (c1¢, cat), 1, ¢2 € R. Then from N(u,v) € Im L, we get
1
[ a-9sesends=o
0
1
/ 1- S)ﬂ_2g(s, as,c)ds=0,
0
which, together with (H3), implies |c;], |¢ca] < D. Thus, we have
o)l <.

Hence, 2, is bounded. The proof is complete. d
Lemma 3.6 Suppose the first part of (Hs) holds, then the set
Q3 = {(u,v) € Ker L|A(u,v) + (1 - )QN(%,v) = (0,0), 1 € [0,1]}
is bounded.
Proof For (u,v) € Q3, we have (i,v) = (a1t, ¢2t), ¢1,¢2 € R and
1
rat+ (1 =A)(a—-1) / (A —8)*72f(s,c28,¢0) ds = 0, (3.9)
0
1
Aot + 1 —2)(B - 1)/ (1 -5)#2g(s,c15,¢1) ds = 0. (3.10)
0
If A = 0, then [c1], |cz] < D because of the first part of (H3). If A =1, then ¢; = ¢; = 0. For

A € (0,1], we can obtain |c1|, |c3| < D. Otherwise, if |c;| or |cp| > D, in view of the first part
of (H3), one has

1
Ac%t +(1-2)(a - 1)/ (1 —5)*2cif (s, ¢28,¢0) ds > 0,
0
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or
1
kc%t +@-2)(B- 1)/ (1 -s)P"2cag(s, c15,¢1) ds > 0,
0

which contradicts (3.9) or (3.10). Therefore, Q3 is bounded. The proof is complete. O

Remark 3.1 If the second part of (H3) holds, then the set
Q= {(u,v) e KerL| - A(u,v) + 1 = A)QN(u,v) = (0,0), 1 € [0,1]}
is bounded.

Proof of Theorem 3.1 Set Q = {(u,v) € X|||(u,v)|lx < max{M, D} + 1}. It follows from
Lemma 3.2 and 3.3 that L is a Fredholm operator of index zero and N is L-compact on
Q. By Lemma 3.4 and 3.5, we get that the following two conditions are satisfied:

(1) L(u,v) # AN(u,v) for every ((u,v), 1) € [(dom L \ KerL) N3] x (0,1);

(2) Nx ¢ ImL for every (u,v) € KerL N 9S.
Take

H((u,v), 1) = £A(u,v) + (1 - ))QN (, v).

According to Lemma 3.6 (or Remark 3.1), we know that H((%,v), 1) # 0 for (u,v) € KerL N
092. Therefore,

deg(QN|kerz, @ NKerL,(0,0)) = deg(H(-,0), 2 N KerL,(0,0))
= deg(H(-,1),2NKerL,(0,0))
= deg(+I,2NKerL,(0,0)) #0.
So, the condition (3) of Lemma 2.1 is satisfied. By Lemma 2.1, we can get that L(x,v) =

N(u,v) has at least one solution in dom LN Q2. Therefore, BVP (1.1) has at least one solution.
The proof is complete. O

4 Example
Example 4.1 Consider the following BVP:

DR.u(t) = LIv(5)~10] + L0, re[o,1],
D(‘)éiv(t) = & [u(t) - 8] + % sin? (/(t)), te[0,1], (4.1)
u(0) =v(0) =0, u'(0) =u'(1), v (0)=v(1).

Choose p () = %,pg(t) = %, q(t) = %, qo(t) = ﬁ, ri(t) = () =0, B=D =10.
By simple calculation, we can get that (H;), (H>) and the first part of (H3) hold.
By Theorem 3.1, we obtain that BVP (4.1) has at least one solution.
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