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Abstract

In this paper, a nonlocal initial value problem to a p-Laplacian equation on time scales
is studied. The existence of solutions for such a problem is obtained by using the
topological degree method.
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1 Introduction
In this paper, we are concerned with the existence of solutions of the following nonlocal
p-Laplacian dynamic equation on a time scale T:

v alfu(?)

~(dp(u® () = —F————, Ve (0,T)r, (1.1)
Ol ON = T sy .
with integral initial value
T
)= [ goutvs,
0 (1.2)

u”(0) = A4,

where ¢,(-) is the p-Laplace operator defined by ¢,(s) = [s|Ps, p > 1, ¢1;1 = ¢, with g the
Holder conjugate of p, i.e., }7 + % =1,1>0,k>0,f:[0, Tlr — R** is continuous (R** de-
notes positive real numbers), a : [0, T]r —> R* is left dense continuous, g(s) € L'([0, T]r)
and A is a real constant.

This model arises in ohmic heating phenomena, which occur in shear bands of metals
which are deformed at high strain rates [1, 2], in the theory of gravitational equilibrium of
polytropic stars [3], in the investigation of the fully turbulent behavior of real flows, using
invariant measures for the Euler equation [4], in modeling aggregation of cells via interac-
tion with a chemical substance (chemotaxis) [5]. For the one-dimensional case, problems
with the nonlocal initial condition appear in the investigation of diffusion phenomena
for a small amount of gas in a transparent tube [6, 7]; nonlocal initial value problems in
higher dimension are important from the point of view of their practical applications to
modeling and investigating of pollution processes in rivers and seas, which are caused by
sew-age [8].
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The study of dynamic equations on time scales has led to some important applications
[9-11], and an amount of literature has been devoted to the study the existence of solutions
of second-order nonlinear boundary value problems (e.g., see [12—18]).

Motivated by the above works, in this paper, we study the existence of solutions to Prob-
lem (1.1), (1.2). Compared with the works mentioned above, this article has the follow-
ing new features: firstly, the main technique used in this paper is the topological degree
method; secondly, Problem (1.1), (1.2) involves the integral initial condition.

The paper is organized as follows. We introduce some necessary definitions and lemmas
in the rest of this section. In Section 2, we provide some necessary preliminaries, and in

Section 3, the main results are stated and proved.

Definition 1.1 For ¢ < supT and r > inf T, define the forward jump operator ¢ and the

backward jump operator p, respectively,

o(t)=inf{r eT|t>t}eT, p(r)=sup{teT|r<r}eT
forall t,r € T. If o(¢) > ¢, t is said to be right scattered, and if p(r) < r, r is said to be left
scattered. If o (£) = ¢, ¢ is said to be right dense, and if p(r) = r, r is said to be left dense. If
T has a right scattered minimum s, define Ty = T — {m}; otherwise, set Ty = T.If T has a
left scattered maximum M, define T* = T — {M}; otherwise, set T¥ = T.
Definition 1.2 For x: T —> R and ¢ € T¥, we define the delta derivative of x(t), x°(t), to

be the number (when it exists) with the property that for any ¢ > 0, there is a neighborhood
U of ¢ such that

[%(c () = x()] = x*(O)[o () = ]| < e|o () - 3
forall s € U. For x: T —> R and ¢ € Ty, we define the nabla derivative of x(£), x¥ (£), to be
the number (when it exists) with the property that for any ¢ > 0, there is a neighborhood

V of t such that

[#(p®) - (9)] -7 O p(6) ~s]| < £ p(6) ]
forallse V.

Definition 1.3 If F2(¢) = f(¢), then we define the delta integral by
t
/ f(s)As = F(t) — F(a).
If ®V(¢) = f(t), then we define the nabla integral by
t
/ f(s)Vs=D(t) — P(a).

Throughout this paper, we assume that T is a nonempty closed subset of R with 0 € Ty,
T e T*.
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Lemma 1.1 (Alternative theorem) Suppose that X is a Banach space and A is a completely
continuous operator from X to X. Then for any A # 0, only one of the following statements
holds:

(i) Foranyy € X, there exists a unique x € X, such that
(A=ADx =y;
(ii) There exists an x € X, x # 0, such that
(A= D)x=0.
2 Preliminaries
Let E = Cyu([0, T]1,R) be a Banach space equipped with the maximum norm x| =
max limgo 77, |u(2)].
Consider the following problem:
~(p(x(®))" =), Vte(0,D)r, 1)
T
50)- [ gWlo)vs
0

x2(0) =4,

where y € C([0, T]T), fng(s)Vs #1.
Integrating Eq. (2.1) from O to ¢, one obtains

3p(34(0) -~ 0,(:0) =~ [ 36V
0

Using the initial condition (2.2), we have

*5(0) = ;! (@(A) - / y(s)Vs>.
0

Integrating the above equality from 0 to ¢ again, we obtain

T t T
x(t)—/0 g(s)x(s)Vs:/0 ¢1;1(¢>p(A)—A y(s)Vs)Ar. (2.3)

Let F(£) := [, 6, (¢p(A) - [; y(s)Vs)AT.
Define an operator K : Cy,([0, T]t) — Ci([0, T]t) by

(Kx) = /0 i 2(8)x(s) Vs,
then (2.3) can be rewritten as

(I = K)x(t) = F(¢t). (2.4)
Thus, x(¢) is a solution to (2.1), (2.2) if and only if it is a solution to (2.4).

Lemma 2.1 [ - K is a Fredholm operator.
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Proof To prove that I — K is a Fredholm operator, we need only to show that K is com-
pletely continuous.

It is easy to see from the definition of K that K is a bounded linear operator from
Cu([0, T]t) to Ciu([0, T]t). Obviously, dimR(K) = 1. So, K is a completely continuous op-
erator. This completes the proof. 0

Lemma 2.2 Problem (2.1), (2.2) admits a unique solution.

Proof Since Problem (2.1), (2.2) is equivalent to Problem (2.4), we need only to show that
Problem (2.4) has a unique solution.

Using Lemma 2.1 and the alternative theorem, it is sufficient to prove that
(I-K)x(t)=0 (2.5)

has a trivial solution x = 0 only.
On the contrary, suppose (2.5) has a nontrivial solution w, then u is a constant, and we
have

Tu=Ku=u.

The definition of K and the above equality yield

T
|:1 —/0 g(s)Vsj|,u =0,

which is a contradiction to the assumptions fOT g(s)Vs#1and pu #0.
Thus, we complete the proof. d

3 Main results

Throughout this section, we assume that the following conditions hold.
(H1) [ 1g(s)|Vs =M <1;
(H2) f:[0, T]t — R** is continuous;

(H3) a:[0, Tlr — R* is left dense continuous and max;e(o, 7, @(t) < Mj;
l—M

#p(
(H4) f») < [a1gp(lyD) + ] TF, €105 > 0 and ¢ < —AquTllT’< ,when k < 1;
¢ ( 1-M
(H5) f») = [Cs¢p(|y|)]ﬂ, c3>0andcs < AMZ"TllTk , when k > 1.

From Lemma 2.2 we know that u(t) is a solution to Problem (1.1), (1.2) if and only if it is

a solution to the following integral equation:

(I - K)u(z) = /0 ¢, (¢p(A) - f)‘”(s)f%w)m. (3.1)
O

Define an operator F : Cy([0, T]1) — Cy4([0, T]T) by

o - | ¢,;1(¢,,<A) %w)m
0
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then (3.1) can be rewritten as
(I = K)u(t) = (Fu)(¢).

In order to prove the existence of solutions to (3.1), we need the following lemmas.
Lemma 3.1 F is completely continuous.

Proof Let R; be an arbitrary positive real number and denote B; = {u € C,([0, T1r); ||u|| <
R;}. Then we have for any u € B,

_ T ha(s)f (u(s) ) ‘
o (A)— | 2207 yg)|a
o (¢p() fo Tl

T \a(s) SUp,cp, f
/0 (Tinfyes /)" VSDAT

A SupuGBlf ) T
(Tinfuep, X))

|Fu)(0)] < fo

T
< [ & (1aal s

s¢,;1(|¢p(A)| + M T

This shows that F(B;) is uniformly bounded.
Moreover, for any ¢ € [0, T]t, we have

¢,;1(¢p(A)—/OtMVS)‘

(Fu)(8)| =
(R (T Flus) Vs

)" SupuEBlf )

<5 (] T

Thus, it is easy to prove that F(B;) is equicontinuous. This together with the Ascoli-
Arzela theorem guarantees that F(B,) is relatively compact in Cj4([0, T).
Therefore, F is completely continuous. The proof of Lemma 3.1 is completed. O

Theorem 3.1 Assume that conditions (H1)-(H5) hold. Then Problem (1.1), (1.2) has at least

one solution.

Proof Lemma 2.1 and Lemma 3.1 imply that the operator K + F is completely continuous.
It suffices for us to prove that the equation

(I-(K+F)u=0 (3.2)

has at least one solution.
Define H : [0,1] x C([0, T1t) = Cuu([0, Tt) as

H(o,u) = (K + o F)u,

and it is clear that H is completely continuous.
Set h, (1) = u — H(o, u), then we have

ho(u) = (I - K)u,
h(u) = [I - (K + F)]u.
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To apply the Leray-Schauder degree to /,, we need only to show that there exists a ball

Br(9) in Ciy([0, T]T), whose radius R will be fixed later, such that 6 ¢ &, (0Bz(0)).
2071 (| (A) | +2 My T ) T
1-M=-29"1¢5 (WM TV K ep) T
ato € [0, Tt such that |u(ty)| = R. By direct calculation, we have

If k <1, choosing R > , then for any fixed u € dBg(6), there exists

(s ))|
T to T
Jutto) - [/ dSuls)Vs + o /O o (qsp(A)— 0 %w)m”
0
> |u( t0)|—‘/ g(s)u(s)Vs —}/ (qﬁp( ) — / %VS)AT‘
0
T
= a-mr- [ (sl [ %w)m. .3
0

From (H4), we have

T T 1-k
|(hgu)(to)|z(1—M)R—/ ¢p1<|¢p(A)|+AM1(f f(u(s))Vs) )Ar
0 0

T
>(1-M)R- /0 0, [|6p(A)] + MM T (1 (1ue])) + c2) ] AT

> 0. (3.4)

. 241 AT .
If k > 1, choosing R > M2, M T )T then for any fixed u € dBg(0), there exists a

to € [0, Tl such that |u(ty)| = R. From (H5), we have

T AM,
o L-MR- | ¢! ([ep(A)] + ——————— )2
|(ho ) (t0)| = (1~ M) /0 ¢ <|¢P( )|+ ([ f(uls) Vs)k- 1) ‘

T
> (1- MR- fo 6, (|0 + 1M T ey (luel)] A
> 0. (3.5)

. 6, (1gp(A)|+2M1) T
If k =1, choosing R > +—————

[0, Tt such that |u(zy)| = R. By direct calculation, we have

, then for any fixed u € dBg(6), there exists a ¢, €

T
()(t)| = - MR = [, ((gyta)|  200) e
0
> 0. (3.6)
This implies %, u # 6 and hence we obtain 6 ¢ h,(dBg(9)).

Since deg(hy, Br(0),0) = deg(hg, Br(0),0) = £1 # 0, we know that (3.2) admits a solution
u € Bp(0), which implies that (1.1), (1.2) also admits a solution in Bg(6). O
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