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Abstract

This paper explores the existence of solutions for a class of p(t)-Laplacian differential
systems with multipoint and integral boundary value conditions via Leray-Schauder’s
degree. Moreover, the existence of nonnegative solutions is discussed.
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1 Introduction

In this paper, we consider the existence of solutions for the following system:

—Dpyu =8t u,u',v,v'), te(0,1),

—Dpyyv =Safa(t,u,u',v,v),  te(0,1),

(P) Yu) =37 () + e,

lim, - o/ [P O-20/(8) = [ k()] PO20 (8) dt + e,

v(0) — kv (0) = fol e(t)v(¢) dt, V(1) + kv'(1) = 7% Bvi(ni),

where p; € C([0,1],R), pi(£) >1 (I = 1,2); —Appy := —(ly'[P®-2y"Y is called p(t)-Laplacian;
0<é& < vv<bpa<,0<m< - <ua<la,>0,8>0(G=1,...,m-2) and
0 < ZZIZ a;<1,0«< ZZIZ Bi < 1; k(t),e(t) € L}(0,1), they are both nonnegative, o] =
fol k(t)dt € (0,1), oy = fol e(t)dt € (0,1); ej,e; € RN; k; and k, are nonnegative constants;
8 and 8, are positive parameters.

The study of differential equations and variational problems with variable exponent
growth conditions has attracted more and more attention in recent years. Many results
have been obtained on these problems, for example, [1-16]. We refer to [3, 12, 16] for the
applied background of these problems. If p(¢) = p (a constant), —A () becomes the well-
known p-Laplacian. If p(¢) is a general function, — A, represents a non-homogeneity and
possesses more nonlinearity, thus —A ;) is more complicated than —A,, (see [7]).

In recent years, because of the wide mathematical and physical background (see [17—
19]), the existence of positive solutions for the p-Laplacian equation group has received
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extensive attention. Especially, when p = 2, the existence of positive solutions for the equa-
tion group boundary value problems has been obtained (see [20—25]). On the integral
boundary value problems, we refer to [26—30]. But as for the p(¢)-Laplacian equation
group, there are few papers dealing with the existence of solutions, especially the exis-
tence of solutions for the systems with multipoint and integral boundary value problems.
Therefore, when p(t) is a general function, this paper mainly investigates the existence
of solutions for a class of p(¢)-Laplacian differential systems with multipoint and integral
boundary value conditions. Moreover, we discuss the existence of nonnegative solutions.
Let N > 1and J = [0,1], the function f; = (f},...,.f¥) : ] x RN x RN x RN x RN — RN,
(/=1,2) is assumed to be Carathéodory, by which we mean:
(i) For almost every ¢ € J, the function fi(t, -, -, -, -) is continuous;
(ii) For each (x,7,z,w) € RN x RN x RN x R¥, the function fi(-,, y, z, w) is measurable
onJ;
(iii) For each R > 0, there are Bg, pr € L'(J,R) such that, for almost every ¢ € J and every
(x,9,2,w) e RN x RN x RN x RN with |x| <R, |y| <R, |z] <R, |w| <R, one has

ity zw)] < Be®),  |htxyzw)| < o).

Throughout the paper, we denote

|y/|p(0)—2y/(0) _ tlir& | y;|p(t)—2y,(t),

1p1)=-2 . , -2
' Py = lim [y 972y ).
The inner product in RY will be denoted by (-, -), | - | will denote the absolute value and
the Euclidean norm on RY. For N > 1, weset C=C(J,RN),Cl={y eC|y e Ch; W =
{(w,v) | u,v € C}. For any y(£) = (y1(¢),...,¥N(t)) € C, we denote |y'|o = maxcjo1) |V(2)],
i 1 ,
Ivllo = (X 1¥/13)2 and Iyl = Il llo + ¥/ llo- For any (u,v) € W, we denote | (u, V)|

llully + |Iv]l1. Spaces C, C' and W will be equipped with the norm || - [lo, || - l; and || - |
respectively. Then (C, || - [lo), (C4 || - [l1) and (W, ]| - ||) are Banach spaces. Denote L!
L(J,RN) with the norm ||y [l = [N, (/3 [y d6)*].

We say a function (u,v) : ] — R is a solution of (P) if (u,v) € W satisfies the differential

equation in (P) a.e. on J and the boundary value conditions.
In this paper, we always use C; to denote positive constants if this does not lead to con-
fusion. Denote

b = itnfb(t), b* =supb(t) foranybe C(J,R).
€,

te]

We say f; (I =1,2) satisfies a sub-(p; — 1) growth condition if f; satisfies

Silt,x,9,2,w)
el +lyl+ [zl +lwl—>+00 (o] + |y + || + [w]) 2O

=0 for ¢ €] uniformly,

where g;(t) € C(J,R), and 1 < q; < g; < p;. We say f; satisfies a general growth condition
if f; does not satisfy a sub-(p; — 1) growth condition.
We will discuss the existence of solutions for (P) in the following two cases:
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(i) fi satisfies a sub-(p; — 1) growth condition for [ =1,2;
(ii) f; satisfies a general growth condition for / =1,2.
This paper is organized as follows. In Section 2, we do some preparation. In Section 3,
we discuss the existence of solutions of (P). Finally, in Section 4, we discuss the existence
of nonnegative solutions for (P).

2 Preliminary
Forany (¢,x) € ] x RN, denote ©p, (%) = |x|P10-2x (I = 1,2). Obviously, ¢p, has the following
properties.

Lemma 2.1 (see [5]) ¢y, is a continuous function and satisfies the following:
(i) Foranyt e [0,1], @p,(t,) is strictly monotone, that is,

<¢pl(t,x1) — @p (£, %2), %1 — xz) >0 foranyxi,x, € RN, x #x,.
(i) There exists a function By : [0, +00) — [0, +00), Bi(s) — +00 as s — +00, such that
<¢pl(t,x),x> > ﬁl(|x|)|x| forall x e RN,

It is well known that ¢, (¢, -) is a homeomorphism from RN to RY for any fixed ¢ € [0,1].

1

For any ¢ € /, denote by @y, (¢,-) the inverse operator of ¢,,(t, ), then

2-p;(t)

P, (%) = x| 10T x,  forx e RN\{0},  ¢,'(2,0) =0.

It is clear that (ppl(t, -) is continuous and sends bounded sets into bounded sets.

1
Let us now consider the following problem:

~(0n (L1 ) =a), te©O1), 1

with the boundary value condition
m—-2 1
u(l) = Zaiu(a) +el, tlir¥|u/ ’pl(t)_zu/(t) = / k(oo |pl(t)_2u’(t) dt + ey, (2)
i=1 - 0

where g; € L. If 4 is a solution of (1) with (2), by integrating (1) from 0 to ¢, we find that

t

Op (L‘, u/(t)) = ¢ (0, u’(O)) —/0 g1(s) ds. (3)

Denote a; = ¢, (0,'(0)). It is easy to see that a; is dependent on gi(-). Define operator
F:IL'— Cas

t
F(g)(t) = / as)ds, Vte] Vg el
0

From (3), we have

u'(t) = <p1;11[t, a1 - F(g)]. (4)
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By integrating (4) from O to ¢, we find that

u(t) = u(0) + Flg, [t,a1 - F(@)]}(8), te].
From (2), we have

fya@adt— [y k) [y @i s)dsdt+er

1- [0}

and

4(0) - Yt fy "ot - F(g)(©)]dt — [ ¢, [t a1 — F(g)(t

dt+el

1- Zzl «;

For fixed i € L', we define a; : L' — RY as

Jo (@ dt - [y k(&) [2 i(s)dsdt + e,

1—0'1

a1(l) =

It is easy to obtain the following lemma.

Lemma 2.2 a; : L' — RY is continuous and sends bounded sets of L' to bounded sets of

RN. Moreover,

2N
a1 ()| < oo (Il 1 + leal).

It is clear that 4, (-) is a compact continuous mapping.
Let us now consider another problem

(0 (VD)) =22(8),  £e(0,1),

with the boundary value condition

1 m-2
v(0) ~ kiv'(0) = /0 ev()de, V(1) + kv (1) =) Biv(n),
i=1

where g, € L', Similar to the discussion of the solutions of (1) with (2), we have

V(6) = g, [ta2 — F(g)],
and
v(t) =v(0) + Flg,, [t,as - F(@)]}(0), te],

where a; := ¢,,(0,/(0)), F(g2)(¢) fo & (s)ds forany t €].
From v(0) — k;v'(0) = fol e(t)v(t) dt, we have

kg, (0,az) + [re) [ O[5, a2 — F(g2)(s)] ds dt

102

v(0) =

(5)

(6)

7)

(8)

)
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From v(1) + kov/(1) = ZZf Biv(n;), we have

X By oplta — F@) ) di - [y 9,11t as - F(&) ()] dt
) 1- Y702 By
kag,, (L as - F(g2)(1)]
XA

v(0)

(10)

From (9) and (10), we have

ki, 10, a2) + [y e(t) [y 9ls, az — F(ga)(s)] ds dt
1-o0y
X B eIt a — F@)O)]de - [, @51t ar - F(g) () dt
) 1-Y 2 B
ko, [, a2 - F(g2)(1)]
Ry

For fixed /1, € C, we denote

kipy(0,a) + [y e(t) [y @[5, a2 — a(s)) dsdt
1- (o))
Y2 B et an — ha(B) dt — [y @, 1[t,ay — ho(t)) dt
1= B

Apy(a) =

s ko, [Lay — hy(1)]
1= 30" p

Lemma 2.3 The function Ay, (-) has the following properties:
(i) Forany fixed hy € C, the equation

Apy(az) =0 (11)

has a unique solution d(hy) € RN,
(i) The function @ : C — RN, defined in (i), is continuous and sends bounded sets to

bounded sets. Moreover,
|@3(ha)| < 3N |2 lo.
Proof (i) It is easy to see that

ki 10, a2) + [ e(t) [y oils, az — ha(s)] dsdt

1- (o))
. Y7 By oyt an — (D) dt + ka1, an — (1))
1= B

1
+ / 9, [t a2 — ho(t)] dt.
0

Ah2 (612) =

Page 5 of 22
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From Lemma 2.1, it is immediate that
(Ah2 () = Ap, (), —y) >0 forx,ye RN withx #y,

and hence, if (11) has a solution, then it is unique.
Let to = 3N||h2]lo. Suppose |az| > £o. Since hy € C, it is easy to see that there exists an
i €{1,...,N} such that the ith component aé of a, satisfies

| laal
|ah| > N~ 3lihallo-

Thus (a) — K (2)) keeps sign on J and

) ) ) 2|as|
s~ (0| = || = I llo = S

>2|\hallo, VEe].
Obviously, |a; — I (t)| < % < 2N|a§ - hé(t)|, then
20 . 1, . o1 1 1
|y — ha ()| 20T |ahy — Hy (2)| > W|a‘2 — Hy(8)| 20T > K][2||h2||0]p2m4, celtel.
Thus the ith component AZZ (az) of Ay, (az) is nonzero and keeps sign, and then we have
Apy(az) #0.
Let us consider the equation
AAp,(a) + (1 -A)ay; =0, X1e[0,1]. (12)

It is easy to see that all the solutions of (12) belong to b(ty + 1) = {x € RN | |x| < to + 1}.

So, we have
dB[Ahz (ﬂ2)¢ b(tO + 1)7 O] = dB [Ir b(tO + 1)’ O] 7! 0;

which implies the existence of solutions of Ay, (a,) = 0.
In this way, we define a function @ (k) : C[0,1] — RN, which satisfies

Ah2 (ﬁi(hZ)) =0.
(ii) By the proof of (i), we also obtain that a3 sends bounded sets to bounded sets, and
|@3(h2)| < 3N|lh2lo.

It only remains to prove the continuity of ;. Let {v,} be a convergent sequence in C and
vy — v as n — +00. Since {a5(v,)} is a bounded sequence, then it contains a convergent
subsequence {ti’z(vnj)}. Let [fz(vnl,) — ap as j — +00. Since AVn,- (EZ(V,,/.)) =0, letting j —
+00, we have A, (ap) = 0. From (i), we get ay = a5(v), it means that a; is continuous. The

proof is completed. d
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Now, we define the operator a, : L' — R as
ay(v) = a3 (F(v)). (13)

It is clear that a5(-) is continuous and sends bounded sets of L! into bounded sets of RY,
and hence it is a compact continuous mapping.
If u is a solution of (1) with (2), we have

u(t) = u(0) + F{(pljll[t,al —F(g)]}®), te],

and

1 Ollfol(ppl t,a, — F(gl t)]dt fO l[t a) — F(gl dt+61
1->7" >

If u is a solution of (7) with (8), we have

u(0) =

v(t) = v(0) +F{g01;21[t,a2 —F(gz)]}(t), tel,
and

/(1(pp2 (0,a,) fo fo ¥y s, ar — F(go)(s)] dsdt
1- (o) :

v(0) =

We denote
Ki(m)(2) = (Ky o )(8) = F{g, [t () - F(m)]}(2), Ve e[0,1],

Ky(ho)(2) := (Ky 0 hy)(8) = F{g,) [t az(hy) = F(h)]}(®), Vit € [0,1].

Lemma 2.4 The operators K; (I = 1,2) are continuous and send equi-integrable sets in L*

to relatively compact sets in C'.

Proof We only prove that the operator K] is continuous and sends equi-integrable sets in
L'to relatively compact sets in C!, the rest is similar.
It is easy to check that K (h;)(¢) € C* for all 41 € L. Since

Ki(m) (8) = @, [t-aa () = F(m)], Ve €[0,1],

it is easy to check that Kj is a continuous operator from L! to C'.
Let now U be an equi-integrable set in L!, then there exists o, € L! such that

|u(t)| <p«(t) ae.in]foranyuel'.

We want to show that Ki (1) C C! is a compact set.
Let {u,} be a sequence in Kj(U), then there exists a sequence {/,} € U such that u, =

K (h,). For any t;,t, € ], we have
15} ty
[ ot <| [0 dt‘.
i 1

/0[1 h,q(t)alt—/ot2 hn(t)dt‘ =

|F(h,)(81) = F(hy)(82)| =
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Hence the sequence {F(%,)} is uniformly bounded and equicontinuous. By the Ascoli-
Arzela theorem, there exists a subsequence of {F(%,)} (which we still denote by {F(/,)})
convergent in C. According to the bounded continuous of the operator a;, we can choose
a subsequence of {a;(k,) — F(h,)} (which we still denote by {a;(h,) — F(h,)}) which is con-
vergent in C, then ¢, (t, Ki(h,)'(¢)) = a1(h,) — F(h,) is convergent in C.

From the definition of Kj(%,)(t) and the continuity of (plgll, we can see that Kj(/,) is con-
vergent in C. Thus, {u,} is convergent in C'. This completes the proof. O

Let us define P;, P, : C! — C! as

S kK () (&) - 1<1(h1)(1) +e

Py(l) = . - ’
=1 i
Pylly) = 2 21(0’@(hZ))lt{.oze(t”(Z(hz)(t) e

It is easy to see that P; and P, are both compact continuous.
We denote Ny, (u,v) : [0,1] x C* — L' (I = 1,2) the Nemytskii operator associated to f;
defined by

Ny (,v)(t) = fi (&, u(t), u (2), V(t),v/(t)) a.e.on]/.

Lemma2.5 (u,v) isa solution of (P) if and only if (u, v) is a solution of the following abstract
equation:

u= Pl (81]\[]‘1 (u7 V)) + I(l (81Nf1 (ux V)))
v =Py (82Np, (4, v)) + K3 (82Np, (1, v)).

(S)

Proof 1f (u,v) is a solution to (P), according to the proof before Lemma 2.5, it is easy to
obtain that (i, v) is a solution to (S).
Conversely, if (4, v) is a solution to (S), then

u(1) = Py (6:1Np (1, v)) + Kq (61Np; (1, v)) (1)

_ 2 KGNy (1, V) (6) — KGN DD er s n ) )

1->7" 2
2 kG (81N (1, v) (&) — 11 K (1N () (1) + e

_ 2 ealus) - w(0)] - Y eilu(l) - u(0)] + e
1- le Q;
2 eulE) - 30 SR iu(l) + e
1- Zl o ’

which implies

m-2
= Zaiu(éi) +er.
i-1
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It follows from (S) that
O (6,4 (1)) = a1 (81N} (1, v)) = F (81N, (1, ) ) (2),
then
@p (L' (1)) = a1 (8:Ny, (u, v)) — F(81.Nj, (u, v)) (D).
By the condition of the mapping a;, we have

o 8N (,v)(8) dt — [ k(2) [y $1Np, (w, v)(s) ds dt + e

(ppl (1’ u,(l)) = 1-— o1
1
- / 81Ny, (u,v)(t) dt
0
oy INR () dt — [ k(®) [y 5N (u,v)(s) dsdt + ey
- 1- o1
_oilar— ¢, (1L, (1)] - oy k©lar - @ (6,0 ()] dt + €
- 1- o1
019y (LW (1)) + fo k(t)gp, (¢, u'(¢)) dt + 62
- 1- o1
and then

1
o (L' (1)) = / k(t)pp, (¢, 4/ (2)) dt + e,.
0
From (S), we have
V() = gal;; [t, a2 — F(8:N, (u,v)) ],
and

v(0) = P, (82Nf2(u, v))
k1§0p2 O 612 fO [(2 82Nf2(u V))( )dt
1- (o))

/<1(pp2 (0,a2) +f0 v(t) dt - 021/(())

10'2

then
1
v(0) =k1(p1;21(0,a2) +/0 e(t)v(t) dt.

Thus

1

1
1(0) - kv (0) = ki, (0, a2) + / eOV(t)dt - kg, (0,a2) = / e()v(t) dt.
0 0
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From (S), we have
v(1) = P(82Np, (1, v)) + Kz (82Np, (s, v)) (1).
By the condition of the mapping a5, we have

v(1) = Py (8:Np, (u, v)) + Ko (82Np, (1, v)) (1)

SUCB ,,1 @[t as — F(82N, (u, v) (D] dt + ko, [1, a2 — F(82Np, (4, v))(1)]

1-Y05 B
_ S Bilv@) = v(n)] + ka1, @y — F(82Np, (1, v)) (1)]
L3052 B ’
which implies that
m-2
v(l) = Z Biv(n:) — ko, [1, a2 — F (82N, (,v)) (1)].
i=1

Since V(1) = <p;21 (1,as — F(82Np, (,v))(1)], then we have

m—-2
V(1) +kov/(1) = ) Biv(n)-
i=1

Moreover, from (S), it is easy to obtain

—((pp1 (t, u/(t)))/ = 81N} (1, v)

and

_(‘sz (t, V/(t)))/ = 83Ny, (u, v).

Hence (u,v) is a solution of (P).
This completes the proof. O

3 Existence of solutions
In this section, we apply Leray-Schauder’s degree to deal with the existence of solutions
for (P), when f; satisfies a sub-(p; — 1) growth condition or a general growth condition
(l=1,2).

We denote (S) as

() = A(u,v) = (W (,v), Dy, (4, v)),
where

Wy, (u,v) = Py (8:1Np; (u,v)) + K1 (81N, (w,v)),
O, (u,v) = Py (52Nf2 (u, V)) + K, (82Nf2 (u, V)).

Page 10 of 22
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Theorem 3.1 If f; satisfies a sub-(p; — 1) growth condition, then the problem (P) has at
least one solution for any fixed parameter §; (I = 1,2).

Proof Denote

A)\, (M, V) = (\Ijkfl (M, V)r q))»fz (M, V))r
where

Wy (1, v) = Py (A81Np; (s, v)) + K (81N} (1, ),

D55, (1, v) = Py (A82Np, (1, v)) + Ko (A82Np, (1, v)).
According to Lemma 2.5, we know that (P) has the same solution of
(M, V) = A)‘(Lt, V) (14')

when A = 1.

It is easy to see that the operators P; and P, are compact continuous. According to
Lemma 2.2, Lemma 2.3 and Lemma 2.4, we can see that W, (#,v) and ®,, (1, v) are com-
pact continuous from C* x [0,1] to C', thus A; (1, v) is compact continuous from W x [0,1]
to W.

We claim that all the solutions of (14) are uniformly bounded for A € [0,1]. In fact, if it is
false, we can find a sequence of solutions {((,,, v,,), A,)} for (14) such that || (u,, v,)|| = +0o0
as 1 — +00.

From Lemma 2.2, we have

’al()\naljvfl(um Vn)){ = Cl(”Nﬁ(ul’ll Vn)”Ll + |62|)

-1
< Co(1+ |G v) )",
which together with the sub-(p; — 1) growth condition of f; implies that

’ﬂl ()Vnal]\[}l (unr Vn)) - F()\nalel (un’ Vn)) ’
S ‘ﬂl ()‘nalzvfl (Ll,,,, Vn)) } + }F()\nslel (l/t,,,, Vn)) ‘

< Cs(1+ | v )57 (15)
From (14), we have
1, (O 1 (8) = @1 (ndLN (1 V1)) = F(hnBiNf (1t v2)), £ €,
then

’u/n(t) ’Pl (-1

= |ﬂl ()"nalj\[ﬁ (Mm Vn)) | + |F()"n81Nf1 (Mm Vn)) | = C4 (1 + || (M,,, Vn) || )@f*l'
Denote o) = %. From the above inequality we have

[, = €51+ | Gen v [)- (16)
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It follows from (14) and (15) that

g -1
p-1

|un(0)| < Co(1+ | v)|)™,  wherea; =
Foranyj=1,...,N, we have

0] = w0+ [ () @rar
0

< |”¢1(0)| + t(u’;,)/(r)dr
0

=[G+ Gsl(1+ [ G v )™ < o1+ [ G v )™
which implies that
|, < Co(1+ | (umva)|)™, j=1...Nsn=12,....
Thus
lnllo < Cro(1+ | @ va) )™, n=12,.... 17)

It follows from (16) and (17) that ||u,|l; < Cii(1 + ||, V,q)||)°‘1
qz -1

Similarly, we have ||v,|l1 < Ci2(1 + [|(&4, vir)||)*%, where o = Pt

Thus, {||(#4, v,)||} is bounded.

Thus, we can choose a large enough Ry > 0 such that all the solutions of (14) belong
to B(Ro) = {(u,v) € W | (4, V)|l < Ro}. Therefore, the Leray-Schauder degree d;s[I —
Ay (u,v), B(Ry), 0] is well defined for each A € [0,1], and

dLS[I —Al(u, V),B(Ro), 0] = dLs[I —Ao(u, V),B(RQ), 0]

Denote

; -1 0)]di -1 ) d
o = L ol il O Bl oy g )

1- anl Olz
+ fo oy [t a2(0)] dt,

1 (18)
klwp [0,ay 0)]+f0 e(t) fO WPZ [r,ap(0)] drdt
1-o09

where a;(0) and a,(0) are defined in (5) and (13), then (i, V) is the unique solution of
(u,v) = Ag(u,v).

It is easy to see that (i, v) is a solution of (&, v) = Ag(u, v) if and only if (i, v) is a solution
of the following system:

~Appu=0, te(0,1),
DV =0, te(0,1),
u(l) = Y15 eu(E) + e, (19)
limg - |/ [P1O24/ () = [ k()| |00 (£ dit + s,

v(0) kv (0) = [y et dt,  v(1)+kpv'(1) = 377 Biviny).

Page 12 of 22
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Obviously, (19) possesses a unique solution (u, vo). Note that (ug,vo) € B(Ry), we have
dLS[I — Al(u, V),B(Ro), 0] = dLS [1 — Ao(u, V),B(RO), 0] 5/ 0.
Therefore (P) has at least one solution. This completes the proof. d

In the following, we investigate the existence of solutions for (P) when f; satisfies a gen-
eral growth condition.
Denote
Q= {(u,v) eWw | lréliz;)](v”uiio + |(ui),|0) <¢gand 12?1(\[(|Vi|0 + |(Vi),|0) < 8],

0=2,
3

Assume the following.

(A1) Letapositive constant € be such that (9, vo) € €2, |P1(0)]| < 8, |P2(0)| < 6 and |a;1(0)| <
min;e;(§)71971, |a3(0)] < min,e; (572071, where (uo,vo) is defined in (18), a1(-) and

a,(-) are defined in (5) and (13), respectively.

Itis easy to see that €2, is an open bounded domain in W. We have the following theorem.

Theorem 3.2 Assume that (A,) is satisfied. If positive parameters §; and 8, are small
enough, then the problem (P) has at least one solution on S, .

Proof Similarly, we denote A, (,v) = (W, (14, v), Dy, (4, v)). By Lemma 2.5, (,v) is a solu-
tion of

=Dy u = A8ifilt, u, i, v,v), te(0,1),
—DpyV = AMofatu,ul,v, V),  t€(0,1),

with (2) and (8) if and only if (,v) is a solution of the following abstract equation:
(,v) = Ay (u, v). (20)

From the proof of Theorem 3.1, we can see that A, (u,v) is compact continuous from
W x [0,1] to W. According to Leray-Schauder’s degree theory, we only need to prove
that

(1°) (u,v) = A (u,v) has no solution on 92, for any A € [0,1],
(20) dLS [1 _AO(Mr V); Qm 0] 7/0;

then we can conclude that the system (P) has a solution on ..
(1°) If there existsa A € [0,1] and (&, v) € 9<2, is a solution of (20), then (, v) and A satisfy

u'(t) = <p1;11 [t, a) — F()LrSleI (u, v))]
and

V(t) = galjzl [t, a; — F()»(Sngz (u, v))].
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Since (u,v) € 9., there exists an i such that ||y + |()'|o = € or [Vi|o + |(V))|o = &.

(i) If [ullo + (') ]o = .
(i°) Suppose that |ui|y > 26, then |(4)|o < & — 26 = 6. On the other hand, for any ¢, €/,

we have
0 - -

e L
‘/,(ul) (r dr 5/0 |(u’) (r)!dr<9.

This implies that |u/(¢)| > 0 for each t € .

Note that (i, v) € Q,, then |fi (¢, u,u’,v,V')| < Bne(t), holding |[F(Ng)| < fol Bne(£) dt. Since
Py(-) is continuous, when 0 < §; is small enough, from (A;), we have

’u(O)’ = |P1()»51Nfl(u, v))| <0.

It is a contradiction to |#(¢)| > 6 for each £ € J.

(ii°®) Suppose that |u]y < 26, then 6 < |(&')'|o < . This implies that | ()’ (£,)| > 6 for some
t, € J, and we can find

0 < () (&)] < | (&)| = |0 [t2, a1 = F(28:Nf; (1, V) (82) ] |- (21)

Since (u,v) € Q. and f; is Carathéodory, it is easy to see that

At wu v, V)| < Bre(®),

thus
1
S| <5 [ Pt
0

From Lemma 2.2, a4(-) is continuous, then we have

|a1(k81Nf1)| — |a1(0)| as §; — 0.

When 0 < §; is small enough, from (A;) and (21), we can conclude that
1 0
0 < ‘(pm [t, a; —F(Mlel(u, v))(t)]’ < 3

It is a contradiction. Thus |¢|o + | (&) |0 # €.

(i) If [V']o + |(+")'|o = &. Similar to the proof of (i), we get a contradiction. Thus |v/|y +
(V)]0 # &

Summarizing this argument, for each A € [0,1), (&, v) = A; (1, v) has no solution on 92,
when positive parameters §; and §, are small enough.

(2°) Since (1o, vo) (where (1, vo) is defined in (18)) is the unique solution of (i, v) = Ag(u, v),
and (A1) holds (g, vo) € Q2, we can see that the Leray-Schauder degree

dis[I - Ao(u,v), 2, 0] #0.

This completes the proof. d
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As applications of Theorem 3.2, we have the following.
Corollary 3.3 Assume that fi(t,u,u',v,v') = w(O)|ul™D2u(t) + y(t)|u|"O2u'(t) +
(@) ™M O=2u(t) + yi(O) |V 1OV (t), where | = 1,2; my, ny, i1y, Tig, > Vio Tt 71 € CULR) sat-
isfy max;e; pi(t) < my, ny, my, g, Ve € . If |e1| and |ey| are small enough, then the problem

(P) possesses at least one solution.

Proof 1t is easy to have
[fl(t,u,u’,v,l/)| < |Ml(t)||u|m1(t) 1 |)/(t)||u |n1 (6)-1 |ﬁl(t)||V|y~”l(t) | t)||v |n1 - 1
From wy, vi, i1, 71 € C(J,R) and the definition of Q,, we have
[fi(t,u,u,v,V)| < Cize™ 101 4 Crae™ D1 4 Cpee™O-1 4 e O-1,

Since max;¢; py(t) < my, ny, my, 7, then there exists a small enough ¢ such that

1- 9\ 21
[ﬁ(t,u,u’,v,v')| < 4]\?1 . (5)

From Lemma 2.2 and the small enough |e; |, we have

2N 0 p1(6)-1
’611 5if1) | (||51f1||L1 + |32|) <3> ,

then |a1(0)| < minte](%)pl(’f)‘1 is valid.

Similarly, we have |a5(0)| < min,e;(§)P2©-1.

Obviously, it follows from |a;(0)| < mintg(%)pl(t)‘l, la;(0)] < mintej(%)pZ(t)_l and the small
enough |e| that (1o, vo) € R, |P1(0)| < 6, and |P2(0)] < 6.

Thus, the conditions of (A;) are satisfied, then the problem (P) possesses at least one
solution. O

Corollary 3.4 Assume that fi(t,u,u',v,v') = w(O)|ul™O2u(t) + y(t)|u/|"O2u'(t) +

(O O2y(2) + Fi(e)|V [1O-2V (t), where | = 1,25 my, my, 7, Ty, (a1, Vi s Vi € C,R) sat-
isfy minge; py(t) < my, ny, iy, 1) < maxeer pi(t). If le1|, |ea| and 8; are small enough, then the
problem (P) possesses at least one solution.

Proof From Lemma 2.2, we have

2N
a1 (8:14)] < =T (||51f1||L1 +lea]).

Since a;(8,f1) is dependent on the small enough §; and |e;|, then it follows from the
continuity of 4; that |a;(0)| is small enough, which implies that

0 p1(H)-1
’al(O)’ <min<—) .
te] \ 3

Similarly, we have |a5(0)| < minge;(§)?2()-1

Page 15 of 22
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t)-1

From |a;(0)| < minte](g)l’l(t)‘l, la;(0)] < mintel(%)m( and the small enough |e;| and

les], it is easy to have that (i, o) € 2, |P1(0)| < 0, and |P,(0)] < 6.
Thus, the conditions of (A;) are satisfied, then the problem (P) possesses at least one

solution. O

We denote

Qepen = {0v) € W | max ('], + | () |) < erand max (V] + () ];) <2,

&1 I
Or==,  6y=—.
'3 73

Assume the following.

(Ag) Let positive constants &1 and &3 be such that (ug, vo) € Q¢ ¢y, [P1(0)| < 61, [P2(0)] < 65
and |a1(0)| < minte](%—l)m(t)’l, |a5(0)] < minte](%z)p?(t)’l, where (u,vy) is defined in
(18), a1(-) and ay(-) are defined in (5) and (13), respectively.

It is easy to see that €, ., is an open bounded domain in W. We have the following.

Corollary 3.5 Assume that

St v,v) = @l O2ue) + y @) |7 0
+ OO0 + T [V o),
Bt v, ) = @) ulwIeO2u(e) + 520) || |V |79 (@),
where €, € are positive constants; m,n,m,n,0,0, L, V, 1L, Y, € C(J,R) satisfy 1 <

m, 1, M, 7 < minggg p)(¢), and max.cy p2(t) < 0,0, Vt € J. Then the problem (P) possesses at

least one solution.

Proof Similar to the proof of Theorem 3.2, we only need to prove that (A;) is satisfied,
then we can conclude that the problem (P) possesses at least one solution.
From w,y, 1,y € C(J,R) and the definition of €., .,, it is easy to have that

[fl(t, u,u,v, 1/)| < C17£{"(t)_1 + Clgsf(t)_l + Clgsgn([)_l + Czoegm_l,

where we suppose ¢, < 1 < ;. Since 1 < m, 1,71, 7 < ming; p;(¢), then there exists a big

enough ¢&; such that

1-o 0 p(o)-1
M(t,u,u’,v,v/)| < 3N1 . (é) .

From Lemma 2.2, we have

IN 0 p()-1
i (3if)| < ——— - (I61fill + leal) < = :
1—0’1 3

then |a1(0)| < minte](%—l)m(”’l is valid.
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From , 3 € C(/,R) and the definition of €, ,, we have

/ / o(t)-1 ¢ o()-1
Vot uu,v,V)| < Cuefes ™ + Celes .

1
Since maxc; po(t) < 0,0, then there exists a &, such that ¢, < (%)9*"’5 (where
Core] +Cooep

0™ = min{p~,07}), which implies that

Vo (tu,u,v,V)| < 1 (@)Pz(ﬂl
2L U, U, Y, = 4N 9 .

From Lemma 2.3, we have

6, p2(t)-1
|a2(8:/5)| < 3N 18212110 < (E) ,

then |a2(0)| < mintej(%z)m(t)‘l is valid.

Obviously, it follows from |a;(0)| < mintej(gs—l)f’l(t)‘1 and |a,(0)| < mintel(%z)m(t)‘1 that
(40,v0) € Qgy655 [P1(0)] < 61, and |P2(0)] < 6.

Thus, the conditions of (A;) are satisfied, then the problem (P) possesses at least one

solution. N

Corollary 3.6 Assume that

Siltsu,u v, V) = 5e(8) |l [v|2O2(¢) + ;t(t)|u/|€ |v’|g(t)_2v/(t),
ﬁ(t, u, u/, v, V/) _ /J,(t)lu|m<t)_2u(t) + V(t)|u/|n(t)_2bi/(t)
+EOW™O2v(e) + T |7V ),
where €, € are positive constants; 0,0,m,n,m,n,x, % WY,y € C(,R) satisfy

max;e; p1(t) < 0,0, and 1 < m,n,m,ni < mingg; po(¢), Vt € ]. If |e1| and |ey| are small enough,
then the problem (P) possesses at least one solution.

Proof Similar to the proof of Corollary 3.5, we conclude that (A;) is satisfied. Then the
problem (P) possesses at least one solution. d

4 Existence of nonnegative solutions
In the following, we deal with the existence of nonnegative solutions of (P). For any x =
(x%,...,a2N) € RN, the notation x > 0 (x > 0) means &/ > 0 (¥ > 0) for any j =1,...,N. For

any x,y € RV, the notation x > y means x — y > 0, the notation x > y means x —y > 0.

Theorem 4.1 We assume that

(1% 81fi(t, %, 9,2, W) <0, ¥(t,x,9,z,w) €] x RN x RN x RN x RV;
(2°) 825t %, 9,2, w) > 0, V(t,x,9,z,w) € ] x RN x RN x RN x RN;
(3% e >0;
(4°) ey <0.

Then every solution of (P) is nonnegative.
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Proof (i) We shall show that u(¢) is nonnegative.
If (z,v) is a solution of (P), from Lemma 2.5, we have

t
O (t, u/(t)) =m (81Nf1(u, v)) - / SA (s, u,u,v, 1/) ds, Vte],
0
which together with (5), (1°) and (4°) implies that

Pm (t' u/(t))
= a1(8:1Np; (u,v)) — F(8:Ny, (u, ) (2)
_ fol 81N (u, v)(t) dt — fol k(t) f(f 81Nf, (u,v)(s) ds dt + e,

1—0’1

- /t 81Ny, (u,v)(s) ds
0

1 1 1
{/ k(t) / 81N, (w, v)(s) dsdt + (1 - o7) / 81Ny, (u, v)(s) ds + ez} <0.
0 t t

- 1—0'1

Thus #/'(t) < 0 for any ¢t € J. Holding u(¢) is decreasing, namely u(f;) > u(t;) for any
t1, Ly E] with t < t.
According to the boundary value condition (2) and condition (3°), we have

m-2 m-2
= Zaiu(éi) +e > Z%‘M(l) + ey,
i-1 i1

then

ul)> —3L >,
1- Zz 1 o

Thus u(¢) is nonnegative.
(ii) We shall show that v(¢) is nonnegative.
If (,v) is a solution of (P), From Lemma 2.5, we have

v(t) = v(0) + F{(p;; [t, a2 — F(82Np, (u,v)) ] }(9).

We claim that a, (82N, (i, v)) > 0. If it is false, then there exists some j € {1,...,N} such
that a’2(82Nf2 (u,v)) < 0, which together with condition (2°) implies that

[a2 (82N, (u,v)) - E(8:Np, (w,1))(0)] <0, Vee). (22)
Similar to the proof of Lemma 2.3, the boundary value condition (8) implies

/<1</7p2 (0,a3) +f0 e(t) fo @y [s,az — F(8:Np, (u, v))(s)] ds dt

1- (o))
5zf 90,,2 [ty — F(8:Np, (u, v))(8)] dt + ko, (1, a5 — F(8:Np, (1, v)) (1)]
1- Zle Bi

1
+ / @y, [t a2 — F(82Np, (u, v)) (2) ] dit. (23)
0

Page 18 of 22
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From (22) and aé(SZNfz (1,v)) < 0, we get a contradiction to (23).
Thus a3(82Np, (#,v)) > 0.
We claim that
as (82Nf2 (u, v)) - F(Sszz(u, v))(l) <0. (24)
If it is false, then there exists somej € {1,...,N} such that
[az (82]\/}2 (u, v)) - F(chNf2 (u, v))(l)]j >0,
which together with condition (2°) implies

[a2 (82N, (u,v) = E(8:Np, (,)) ()] >0, Vee). (25)

From (25) and ay(82N, (4, v)) > 0, we get a contradiction to (23). Thus (24) is valid.
Denote

T'(2) = a2 (82Np, (u,v)) — F(82Np, (u,v)) (2), Ve €.

Obviously, I'(0) = a3 (82Np, (4,v)) > 0, ['(1) < 0, and I'(¢) is decreasing, i.e., I'(t') < I'(¢")
forany t',t" € J with ¢’ > t". Forany j = 1,..., N, there exist ¢; € J such that

V()>0, Vtel0,g] and IV() <0, Vtelg,T).
We can conclude that v/(¢) is increasing on [0, ¢il,and V(t) is decreasing on [¢, T]. Thus
min{l/(O),l/(l)} = infV/(¢), j=1,...,N.
tel
For any fixed j € {1,...,N}, if
V(0) = infV/(2),
tel

which together with (8) implies that

1 , 1 .
V(0) = / e()V(t) dt + k (v’)’(O) > / e(t)V(0)dt + ky (V’)’(O). (26)
0 0
From a, (8N, (4,v)) > 0, we have
(V) (0) = (¢,110,a2]) > 0. (27)
It follows from (26) and (27) that

Y(©) _

1—02 -

V(0) > 0.
If

V(1) = infV/(2), (28)

tel
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from (8) and (28), we have

m-2 ) m-2 ‘ )
V) =Y BVm) -ke(VY 1) =) gV A) -k (V) (). (29)
i=1

i=1

Since (8N, (4, v)) — F(82Np, (4, v))(1) < 0, we have
(V)Y ) = (¢;1[1,a2 - F(8:N5 () D)]) <. (30)
Combining (29) and (30), we have

Sy s R0V

z o, 20
1‘2;‘:1 Bi

Thus v(¢) is nonnegative.

Combining (i) and (ii), we find that every solution of (P) is nonnegative. O

Corollary 4.2 We assume that

(1% 81fi(t,x, 9,2, W) <0, ¥(t,x,9,z,w) €] x RN x RN x RN x RN with x,z > 0;
(2°) 8:f5(t, %, 9,2, w) > 0, V(t,x,5,z,w) €] x RN x RN x RN x RN with x,z > 0;
3% e >0;

(

40) e, <0.

Then we have
(a) Under the conditions of Theorem 3.1, (P) has at least one nonnegative solution (u,v);
(b) Under the conditions of Theorem 3.2, (P) has at least one nonnegative solution (u, v).

Proof (a) Define

Li(u) = (Lo (u'), .., L (i), L) = (Lo(V"),..., L (VY)),

where
t, t>0,
L*(t) =
0, t<O.
Denote

ﬁ(t, u,u',v, 1/) =ﬁ(t, Li(u), u’,Lg(v),v’), ‘v’(t, u,u,v, v’) e] xRN x RN x RN x RV,

where [ =1,2, thenfl(t, u,u',v,V') satisfies the Carathéodory condition,ﬁ(t, u,u,v,v)<0
andf;(t, u,u',v,v') > 0.

We assume the following.

(Ay) 1im|u|+|v|_,+oo(/~§(t, u,ul,v,v)[(lu| + [v))2O1) = 0 for ¢t € J uniformly, where g,(t) €
C(,R)and1<qg; <q] <pj.


http://www.boundaryvalueproblems.com/content/2013/1/106

Zhi et al. Boundary Value Problems 2013, 2013:106 Page 21 of 22
http://www.boundaryvalueproblems.com/content/2013/1/106

Obviously,fl(t, -+, ) satisfies a sub-(p; — 1) growth condition.
Let us consider the existence of solutions of the following system:

~Dpou =8t i, v,V), te(0,1),
~ApyV = Saofstu, v, V), te(0,1),
u(l) = 3057 () + e, 31)
lim, - |02 (¢) = [ k(&) 1w/ 11O () dt + e,

v(0) - kv (0) = [yet®de, (1) +kov'(1) = X757 Biviny).

According to Theorem 3.1, (31) has at least a solution (x, v). From Theorem 4.1, we can
see that (u,v) is nonnegative. Thus, (¢, v) is a nonnegative solution of (P).

(b) It is similar to the proof of (a).

This completes the proof. d

5 Examples
Example 5.1 Consider the following problem:

~Dpou =filt,u,u', v, V) = e 2 (|u|10 2y + |0/ |10-2y)
+ 1Oy 4 |V 9O-2y 4 £ +1)72, te(0,1),

_APZ t)v :,fZ(t u, M/ v, V/) = |M|q(t)72u + |u/|q(t),2u/

(S1) + 2102y 4 |V120-2y) 1 (¢ +2)2, te(0,1),
w(l) = 37 e u(s,) tey,
lim, - |/ |P1O24/ (2) = fo = |/ [P O=24/ (£) dit + e,

W0) - kv(0) = [y e v dt, V(1) +kv'(1) = X757 Biviny),

where p1(¢) =7 + 37" cos 3t, po(t) =7 + 37*sin 3¢, q(t) =3 + 27 cos £.
Obviously, fi and f; are Caratheodory, q(¢) < 4 <5 < min{p1(t),p2(t)}, Y1\ 2o < 1,
372 B; <1, then the conditions of Theorem 3.1 are satisfied, then (Sl) has a solution.

Example 5.2 Consider the following problem

Ay =filt,u,u',v,v) = —e 2 (|Jul1O0 2y + [/ |1071)
— 1Ot — a1 (£ +1)2, e (0, 1)
DV =holt,u,u,v,V) = || 2024 4 |3/ |20~
(S2) +E2(V)IO2y 4 Y101y 1 (£ 4+ 2)2, te(0,1),
w(l) = 3007 () + 1,
lim;_1- |u/|1’1<t>*2 u(t) = f o |/ [PHO=20/ (£) dit - 2,
v(0) — kyv' (0 fo e"tv(t) dt, v(1) + kov' (1 Zlmlz Biv(ny),

where N =1, py(t) = 7 + 3¢ cos 3t, pa(t) = 7 + 37t sin 3¢, q(t) = 4 + e % sin 2¢.

Obviously, f; and f; are Caratheodory, g(¢) <5 < 6 < min{p:(¢),p2(2)}, D1 I o; <1,
Zi:l Bi < 1, the conditions of Corollary 4.2 are satisfied, then (S,) has a nonnegative so-
lution.
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