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Abstract

We discuss the approximate controllability of nonlinear fractional integro-differential
system under the assumptions that the corresponding linear system is approximately
controllable. Using the fixed-point technique, fractional calculus and methods of
controllability theory, a new set of sufficient conditions for approximate controllability
of fractional integro-differential equations are formulated and proved. The results in
this paper are generalization and continuation of the recent results on this issue. An
example is provided to show the application of our result.

1 Introduction

Controllability is one of the fundamental concepts in mathematical control theory, which
plays an important role in control systems. The controllability of nonlinear systems rep-
resented by evolution equations or inclusions in abstract spaces and qualitative theory of
fractional differential equations has been extensively studied by several authors. An exten-
sive list of these publications can be found in [1-44] and the references therein. Recently,
the approximate controllability for various kinds of (fractional) differential equations has
generated considerable interest. A pioneering work on the approximate controllability of
deterministic and stochastic systems has been reported by Bashirov and Mahmudov [5],
Dauer and Mahmudov [8] and Mahmudov [10]. Sakthivel ef al. [28] studied the approxi-
mate controllability of nonlinear deterministic and stochastic evolution systems with un-
bounded delay in abstract spaces. On the other hand, the fractional differential equation
has gained more attention due to its demonstrated applications in numerous seemingly di-
verse and widespread fields of science and engineering. Yan [45] derived a set of sufficient
conditions for the controllability of fractional-order partial neutral functional integro-
differential inclusions with infinite delay in Banach spaces. Debbouche and Baleanu [1]
established the controllability result for a class of fractional evolution nonlocal impulsive
quasi-linear delay integro-differential systems in a Banach space using the theory of frac-
tional calculus and fixed point technique. However, there exists only a limited number of
papers on the approximate controllability of the fractional nonlinear evolution systems.
Sakthivel et al. [28] studied the approximate controllability of deterministic semilinear
fractional differential equations in Hilbert spaces. Wang [40] investigated the nonlocal
controllability of fractional evolution systems. Surendra Kumar and Sukavanam [33] ob-
tained a new set of sufficient conditions for the approximate controllability of a class of
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semilinear delay control systems of fractional order using the contraction principle and
the Schauder fixed-point theorem. More recently, Sakthivel et al. [27] derived a new set
of sufficient conditions for approximate controllability of fractional stochastic differential
equations.

In this paper, we discuss the approximate controllability of nonlinear fractional integro-
differential system under the assumption that the corresponding linear system is approxi-
mately controllable. We consider the following fractional integro-differential control sys-
tem involving nonlocal conditions,

CDfx(t) = —Ax(¢) +f(t,x(t)) n /OtK(t - s)g(g,x(s)) ds + Bu(t), o

x(0) = xg + h(x),

in X, where CDf , 0 < B <1, stands for the Caputo fractional derivative of order 8, and
f:00,TIxXy > X,2:[0,T] x Xy > X,K:[0,T] - R*, h: C([0, T]; Xy) — X, are given
functions to be specified later. Here, (—A, D(A)) is the infinitesimal generator of a compact
analytic semigroup of bounded linear operators S(¢), £ > 0, on a real Hilbert space X. B is
a linear bounded operator from a real Hilbert space U to X.

The rest of this paper is organized as follows. In Section 2, we give some preliminary
results on the fractional powers of the generator of an analytic compact semigroup and
introduce the mild solution of system (1). In Section 3, we study the existence of mild
solutions for system (1) under the feedback control i, (¢, x) defined in (5). We show that the
control system (1) is approximately controllable on [0, T'] provided that the corresponding
linear system is approximately controllable. Finally, an example is given to demonstrate the

applicability of our result.

2 Preliminaries

In this section, we introduce some facts about the fractional powers of the generator of
a compact analytic semigroup, the Caputo fractional derivative that are used throughout
this paper.

We assume that X is a Hilbert space with norm | - || := 4/{,-). Let C([0,T],X) be
the Banach space of continuous functions from [0,T] into X with the norm |x| =
sup;co,77 IIx(8) ||, here x € C([0, T1, X). In this paper, we also assume that ~A : D(A) C X —
X is the infinitesimal generator of a compact analytic semigroup S(¢), ¢ > 0, of uniformly
bounded linear operator in X, that is, there exists M > 1 such that ||S(¢)|| < M for all £ > 0.
Without loss of generality, let 0 € p(A), where p(A) is the resolvent set of A. Then for any

a > 0, we can define A™ by

-, _ L > a—-1
A= F(a)/o t*71S(¢) dt.

It follows that each A™ is an injective continuous endomorphism of X. Hence we can
define A% := (A=)}, which is a closed bijective linear operator in X. It can be shown that
each A® has dense domain and that D(A?) C D(A%) for 0 < o < B. Moreover, A**fx =
A*APx = AP A%x for every a, B € R and x € D(A*) with 1 := max(«, B, + ), where A° =1,
I is the identity in X. (For proofs of these facts, we refer to the literature [15, 20, 22].)
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We denote by X, the Hilbert space of D(A*) equipped with norm |x||, := ||A%%| =
J{A%x, A%x) for x € D(A%), which is equivalent to the graph norm of A%. Then we have
Xg — Xy, for 0 <o < B (with Xy = X ) and the embedding is continuous. Moreover, A*
has the following basic properties.

Lemma 1 [42] A% and S(t) have the following properties.
(i) S(t): X — X, foreacht>0 anda > 0.
(i) A*S(2)x = S(t)A%x for each x € D(A%) and t > 0.
(ili) Foreveryt >0, A*S(t) is bounded in X and there exists M, > 0 such that

|A“S@) || < Mot
(iv) A~ is a bounded linear operator for 0 <o <1.

Let us recall the following known definitions of fractional calculus. For more details, see
[43, 44].

Definition 2 The fractional integral of order « > 0 with the lower limit O for a function f
is defined as

wrn L[ SO
PO | s t20e0

provided the right-hand side is pointwise defined on [0, c0), where I' is the gamma func-
tion.

Definition 3 The Caputo derivative of order « > 0 with the lower limit 0 for a function f

can be written as

1 ALY
CDO‘ t) = / ds=1"% () 0, t>00<n-1 ‘
1o C(n—a) Jy (t—s)2tl-n s S > <mn <a<n

The Caputo derivative of a constant is equal to zero. If f is an abstract function with
values in X then the integrals which appear in Definitions 2 and 3 are taken in Bochner’s
sense.

According to Definitions 2 and 3, it is suitable to rewrite the problem (1) in the equivalent
integral equation

_ L ! _ -l
x(t)-x0+r(q)/0(t s)

X [Ax(s) + Bu(s) +f(s,x(s)) + /SK(S - r)g(r,x(r)) dr:| ds, t€l0,T], (2)
0

provided that the integral in (2) exists. Applying the Laplace transform

v(A) = / me‘“x(S)ds, w() = / ooe‘“u(s)ds and
0

0

o)) = /Oooe‘“ (f(s,x(s)) + /OSK(S— r)g(r,x(r)) dr) ds, 1>0,
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to (2) and using the method similar to that used in [38] we get

x(t) = /000 Ws(0)S(£°0)x0do + B /Ot /Ooo 0t — )" Wg(0)S((t - 5)°0)

X [Bu(s) + <f(s,x(s)) + /SK(S - r)g(r,x(r)) dr):| de ds,
0

where
1 11 _ _
Wy(0) = EQ Pwg(077) >0,
wg(0) = %;(—1)”-19-'3”-1@ sin(nrB), 6 € (0,00).

Here, Wy is a probability density function defined on (0, 00), that is Wg(6) > 0, 6 € (0, 00)
and [, Wg(0)do =1.
For x € X, we define two families {Sg(t) : £ > 0} and {Pg(t) : £ > 0} of operators by

Sp(t) = fooo Ws(0)S(¢°0) db,

Py(t)=p /OOO OW(0)S(t70) db,

respectively.

The following lemma follows from the results given in [37-39].

Lemma 4 The operators Sg and Pg have the following properties.
(i) Forany fixed t > 0, and any x € X, we have the operators Sg(t) and Pg(t) are

linear and bounded operators, i.e. for any x € X,

M
< < Ixla-

[Sptere], < Miixla and |Py(o)s], < £

(ii) The operators Sg(t) and Pg(t) are strongly continuous for all t > 0.
(iii) Sg(t) and Pg(t) are norm continuous in X for t > 0.
(iv) Sg(t) and Ps(t) are compact operators in X for t > 0.
(v) Foreveryt >0, the restriction of Sg(t) to X, and the restriction of Pg(t) to X, are
norm continuous.
(vi) Foreveryt> 0, the restriction of Sg(t) to X, and the restriction of Ps(t) to X, are
compact operators in Xy.
(vii) Forallx € X and t € (0,00),

o —af —— M
”A Pﬁ(t)xH =< Cat ”x”! where Ca T F(l + ﬁ(l —O[))'

In this paper, we adopt the following definition of mild solution of equation (1).
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Definition 5 A function x(-;xg, %) € C([0, T],X,) is said to be a mild solution of (1) if for
any u € L,([0, T], U) the integral equation

x(t) = Sp(t) (xo + h(x)) + /Ot(t — )PPy (t - 5)Buls) ds

/ (¢ -s)P IPﬂ(t s [ $,% / Ks—r)g 7, x( ))dr]ds, (3)
is satisfied.

Itis clear that L := fot(t—s)ﬁ’lPﬂ(t—s)Bu(s) ds: Ly([0,T],U) — C([0, T], X,) is bounded
if % < B < 1. In what follows, we assume that % <B <L

3 Approximate controllability

In this section, we state and prove conditions for the approximate controllability of semi-
linear fractional control integro-differential systems. To do this, we first prove the exis-
tence of a fixed point of the operator A, defined below using Krasnoselskii’s fixed-point
theorem. Secondly, in Theorem 11, we show that under the uniform boundedness of f and
g the approximate controllability of fractional systems (1) is implied by the approximate
controllability of the corresponding linear system (4).

Let x(T’;x0, u) be the state value of (1) at terminal time T corresponding to the control u
and the initial value xq. Introduce the set W(T,x0) = {x(T;x0,u) : u € Ly([0, T, U)}, which
is called the reachable set of system (1) at terminal time 7, its closure in X,, is denoted by
R(T,x0).

Definition 6 The system (1) is said to be approximately controllable on [0, T] if R(T, x¢) =
X, that is, given an arbitrary ¢ > 0 it is possible to steer from the point x( to within a
distance ¢ from all points in the state space X,, at time T

Consider the following linear fractional differential system:

DPx(t) = Ax(t) + Bu(t), tel0,T), "
4
x(0) =

The approximate controllability for linear fractional system (4) is a natural generalization
of approximate controllability of linear first order control system [9, 10, 12]. It is convenient
at this point to introduce the controllability and resolvent operators associated with (4) as

T

FOT:/ (T—s)ﬁ‘lPﬂ(T—s)BB*P;‘;(T—S)dS:X—>X,
0

R(e,TY) = (sI+TI) X > X, >0,

respectively, where B* denotes the adjoint of B and P;g(t) is the adjoint of Pg(t). It is
straightforward that the operator I'{ is a linear bounded operator.

Theorem 7 [10] Let Z be a separable reflexive Banach space and let Z* stands for its dual
space. Assume that I : Z* — Z is symmetric. Then the following two conditions are equiv-
alent:
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1. T:Z*— Zispositive, that is, (z*,Tz*) > 0 for all nonzero z* € Z*.
2. Forallh € Zz.(h) = e(el + TJ)"Y(h) strongly converges to zero as € — 0*. Here, ] is
the duality mapping of Z into Z*.

Lemma 8 The linear fractional control system (4) is approximately controllable on [0, T
ifand only if eR(¢,TL) — 0 as ¢ — 0" in the strong operator topology.

Proof The lemma is a straightforward consequence of Theorem 7. Indeed, the system (4)
is approximately controllable on [0, T] if and only if ('l x,x) > 0 for all nonzero x € X, see
[7]. By Theorem 7, ||e(eI + TL)7L(h)|| — 0 as & — 0* forall h € X. O

Remark 9 Notice that positivity of I'! is equivalent to (I'x,x) = 0 => x = 0. In other
words, since (I'Lx,x) = fOT(T —s)P71[B*P;(T - s)x||* ds, approximate controllability of the
linear system (4) is equivalent to B*P;}(T -s)x=0,0<s<T=x=0.

Before proving the main results, let us first introduce our basic assumptions.

(Hi1) f,g:10,T] x X, x X, — X are continuous and for each r € N, there exists a constant
y € [0, B(1 — &)] and functions ¢, € LY ([0, T];R*), ¥, € L=([0, T];R*) such that

sup{”f(t,x)” xlle < r} <@, and lim inf (240202 =01 < 00,
r—>00 r

sup{”g(t,x)” xlle < r} <4, and lim inf ¥l =0y < 0.
r—00 r

(Hz) h:C([0,T];Xy) — X, is a Lipschitz function with Lipschitz constant Lj,.
(He) The linear system (4) is approximately controllable on [0, T].

Using the hypothesis (H,), for an arbitrary function x € C([0, T']; X,,), we choose the
feedback control function as follows:

ug(t,x) = B*Py(T - t)(s] + FOT)_1 [Sﬂ(T)(xo + h(x))

T s
_ / (T — )P P4(T —s) |:f(s,x(s)) + / K(s,r)g(r,x(r)) dr] ds]. (5)
0 0

Let B, = {x € C([0, T]; Xy) : ||x]l« <r}, where r is a positive constant. Then B, is clearly

a bounded closed and convex subset in C([0, T]; X,). We will show that when using the
above control the operator A, : By — By defined by

(Aex)(2) := (Pex)(2) + (Mex)(2), te[0,T],
where
(o) (2) = Sp(2) (%0 + (),
(TTex)(2) := /t(t - s)ﬂ’lPﬁ(t —-) |:f(s,x(s)) + /S K(s, r)g(r,x(r)) dr:| ds
0 0
+ /t(t - s)’g_lP;; (t — s)Bu,(s,x) ds
0

has a fixed point in C([0, T']; X,)-


http://www.boundaryvalueproblems.com/content/2013/1/118

Mahmudov and Zorlu Boundary Value Problems 2013, 2013:118
http://www.boundaryvalueproblems.com/content/2013/1/118

Theorem 10 Let the assumptions (H;) and (Hy) be satisfied. Then for xy € X, the frac-

tional Cauchy problem (1) with u = u.(t,x) has at least one mild solution provided that

L G T8 M

2
“—ap T(p) et ©)

where

02,

1- o Cou KT8
L= MLy + ca< 4 ) TO-bvg ¢ 2

1-a)B-y 1-a)p
Lg =Bl K := max |[K(2)).
0<t<b

Proof It is easy to see that for any ¢ > 0 the operator A, maps C([0, T]; X,) into itself.
Letx € B, and 0 <t < T. Using assumption (Hj;) yield the following estimations,

J1ts(s,)] < l—LB[ (Iolla + Lir + [ 1O)].)

r'(p)
1— y 1-y () C T(l o)B ]
Co|l =2 ) TVl + ————— ¥
+ ((1 5= y) el + ==y Wl
1 M LBL (}")
eT(p)
1- o
Lu(r) := M(llxolla + Lir + | BO)],) + Ca (ﬁ) TP gy ||y
+w”¢/”
(1 )/3 rilLoe,

and

[(@e)(0) + (M@,

< s e0—HON, + [ =9 |4"Pyte 9] | Bt 0] s

t s
+/ (t—s)f‘—IHAaPﬂ(t—s)HL(X) P(s,x(s))+/ K(s,r)g(r,x(r)) dr| ds
0 0
t 1 M
Mol + L+ [1O)]) +C, [ (69113 T
t
+C, / (£ - )P (g, (5) + K|y 1) ds
0
CuIU™ M,
M(llxolle + Ly + | (0)]| ) + =BT L3L,(r)
1=y \7 pows
+ca((l_a)ﬁ_y) T g, |
C, KT8
A (7)

Ty

Page 7 of 16
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From (6) and the assumption (H,), it follows that for any ¢ > 0 there exists r(¢) > 0 such

that
C, TO-98 A
Mol + Lir(e) + [HO)],) + = Fala(r(e)
1- l_y Co K0
+Cy (ﬁ) TA-2)B-y el + W |Yre) ll oo < r(e). (8)

Therefore, from (7) and (8), it follows that for any ¢ > 0 there exists r(¢) > 0 such that .y +
I1.x € B, for every x,y € B,(,). Therefore, for any ¢ > 0 the fractional Cauchy problem (1)
with the control (5) has a mild solution if and only if the operator ®, + I, has a fixed point
in By().

In what follows, we will show that @, and I, satisfy the conditions of Krasnoselskii’s
fixed-point theorem. From (H;) and (6), we infer that ®, is a contraction. Next, we show
that I, is completely continuous on B,).

Step 1: We first prove that I, is continuous on B,(). Let {x,}7°; C By() be a sequence
such that x, — x as n — oo in C([0, T']; X,,). Therefore, it follows from the continuity of f,
g and u, that for each ¢ € [0, T,

£ (5,%u(5)) = f(s,%(5)),
g(s, xn(s)) - g(S, x(s)),

1e (5, %4(s)) = Bue(s,%(s)) asn— oo.

Also, by (H;), we see that

[ (om0
o [/ 6=l late ) g0 ) s
of (= 91 | Bug (5,50(6)) — Bt (5,(5)) |
2C,KT0-)P

1—)/ >1—y (1-a) B~
<2C, [ ——2— ) T gl + i Yl
((1—01)/3—)/ BT 1 -a)p t

1 [ M
+Cy= / (¢ —s)PU-0 1121 ds.
e Jo rep) "
Since

| (Mex)(0) - (Mex)(@) |,

t
<G, [ (g
0

X (Hf(s,x,,(s)) —f(s,x(s)) || + ‘/(; |I((s - r)| ||g(r,xn(r)) —g(r,x(r)) || dr> ds,
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using the Lebesgue dominated convergence theorem that for all ¢ € [0, T], we conclude
|(Mex)(®) - ()], —> 0, asn— oo,

implying that || I1.x, — I1.x|l — 0 as n — oo. This proves that I1, is continuous on B,
Step 2. I, is compact on B,).

For the sake of brevity, we write
N(x(s)) ::f(s,x(s)) + / K(s, r)g(r,x(r)) dr + Bu,(s,x).
0
Let t € [0, T] be fixed and §, n > 0 be small enough. For x € B,(,), we define the map
§ oo
(T127x)(¢) = / / Br(t — )P Wy (r)S((¢ - 5)r)N (x(s)) dr ds
0 Jny
$ 00
= 5(5/317) / / Br(t - s)ﬂ‘l\llﬂ(r)S((t —s)Pr- Sﬂn)N(x(s)) drds.
0 Jn

Therefore, from Lemma 4, we see that for each ¢ € (0, T], the set {(IT?"x)(¢) : x € By} is
relatively compact in X, . Since

| (Mex)(@) - (T27x) (1),

t fﬂ Br(t — )P Wy (r)S((t - 5)Pr)N (x(s)) dr ds
o Jo

o

t /OO Br(t—s)f! lIfﬂ(r)S((t - s)ﬂr)N(x(s)) drds

o

< BM, [/ (¢ - 5)P1-o)- (¢,5)<s)+1<||wm|u o1 F’é) )ds / T, (o) de

£ 1 M
+ / (£ - )Pt <<p,@>(s) + K|l + ——LéLM) ds f rl‘“wﬁ(r)dr}
t—68 & F(ﬁ) n

1-y RN KT-0p
sﬂMaK—) TP ool iy + ~gagg ¥ 1

l-a)B-y
T2 1 M T e
+ SF(ﬂ)LZL :|/0 ! Wg(r)dr

MyT(2 - 1- =y Kwhw
+f<1+ﬁ§1_3)))[((1_a)§_y) 1 gy v + =g 1o s

n-f1 M
+——— 1%L,
(=) & T'(B)

approaches to zero as n — 07, using the total boundedness, we conclude that for each

t € [0, T], the set {(T12"7x)(¢) : x € B,()} is relatively compact in X,.
On the other hand, for 0 < ¢; < ¢, < T and § > 0 small enough, we have

[(Mex)(#1) = (M) (22) ||a Sh+hL+13+1,

Page9of 16
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where

flrg)

/ (62— /P N (x05) | s
H-8
I := /0 (61 = )P A*Py (82 = 5) = A“Pp(tr = 5) | 1 | N (x(9)) | s,
j. f lﬁ(tl —9)P 7 (=97 + (- 9)) [N (x(5)) | ds,
I = /0 (=5 |(t— 9P — (6~ 9P| IN(x09) | ds.

Therefore, it follows from (H;) and Lemma 4 that

b 1 M
11 < CD, / (tg — S)ﬁ_l_at‘6 ((‘pr(s)(s) + I<||w7'(6) ||L°°) + EL,ZB (/S)Lu (7(8))) ds

A}

1-y -y
= C P EEee— ty —t (1-e)B-y
B a<<(1—0l),3—)/> (t2=11) @re) | 11y

CoK(ty — t)1-0P
1-a)B
ClP(ty—t)) M _,
c1—a)p r(ﬁ)LBL”(r(‘g)))

L, < sup HAO‘P,s(tz —s) = A*Pg(h _S)HL(X)

0<s<t;-§

” Wr(a) ||L°°

-6
X ‘/(; (ty — S)ﬂ_l_aﬂ ((‘pr(s)(s) + K”‘/’r(s) ||L°°) + %%Lél]u (r(g))) ds

< sup ||A®Pg(ty —s) - A“Pg(ty _S)HL(X)
0<s<fj-8

1—]/ 1-y /3_;1/ B~y 1- I("wrs ”L°°
* [(ﬁ —7/) lerellpr (67 =857 )7 + %Oﬁ =)

1 M

o R e - aﬂ)],

f M
I3 <2C, /tl_a(h — sl ((Q"k(s) + Kllyllz) + éﬁﬁ)

e A CoK Yl
: 2CD‘ ((7)/) 8(1*0‘)ﬁ*y ”‘pk”Ll/y + M(S(l—a)ﬂ
(1—(X)IB—J/ (l_a)‘B

s Gl M),
el-a)BT(B)

L§Lu> ds

and

n
L<C, / (1 = )P — (8 — )|
0

1 M
X ((wr(a)(s) + [<”wr(s)”L°°) + gﬁﬂ)l‘%llu(”(g))) ds
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1-y \7 (apy (T Bt
<c | —-—" t Y _ (¢ Yoo (ty—t 1=y 4
< “((1—0[);3—)/) lprio o [1 (82 (e-t) )]
2K 1-a)p  (Q-a) (1-
+Cp——— |t -t ~(t— 1)
eVl =67 = - )]

212, M -a o -a
) s [6 7~ — 1y )],

from which it is easy to see that all I;, i = 1,2, 3, 4, tend to zero independent of x € By as
t, —t1 — 0 and § — 0. Thus, we can conclude that

||(st)(t1) — (TTex)(t2) ||a -0 asth—-tH — 0,

and the limit is independent of x € B,(;). The case t; = 0 is trivial. Consequently, the set
{(Ix)(2) : t € [0, T],x € By} is equicontinuous. Now applying the Arzela-Ascoli theo-
rem, it results that I1, is compact on B,).

Therefore, applying Krasnoselskii’s fixed-point theorem, we conclude that A, has a fixed
point, which gives rise to a mild solution of Cauchy problem (1) with control given in (5).
This completes the proof. O

Theorem 11 Let the assumptions (Hy), (Hy) and (H,) be satisfied. Moreover, assume the
Sfunctions f,g:[0,T] x Xy x Xy — X and h:C([0, T]; Xo) — X, are bounded and MLy, < 1.
Then the semilinear fractional system (3) is approximately controllable on [0, T].

Proof 1t is clear that all assumptions of Theorem 10 are satisfied with o7 = 05 = 0. Let x;
be a fixed point of F; in B,. Any fixed point of F is a mild solution of (3) under the control

ue(t,x:) = B*P4(T - )R(e,T§) <h = Sp(T) (0 + h(x:))

- /OT(T ~8)P T Py(T ) |:f(s,x5(s)) + fosK(s - 1)g(t,%(7)) dri| ds)
and satisfies the equality
%:(T) = h—eR(e,T'¢ p(x.), )
where

plxe) = (h = Sp(T)(x0 + h(xe))

T s
_/ (T—s)ﬂ—lpﬂ(T—s)[f(s,xg(s))+/ K(s—r)g(t,xs(T))dt} ds).
0 0

Moreover, by the boundedness of the functions f and g and Dunford-Pettis theorem, we
have that the sequences {f (s, x¢(s))} and {g(s, x(s))} are weakly compact in L%([0, T]; X), so
there are subsequences still denoted by {f (s, x:(s))} and {g(s, x:(s))}, that weakly converge
to, say, f and g in L?([0, T];X). On the other hand, there exists € X, such that h(x.)
converges to h weakly in X,,. Denote

~ T s
w:h—Sﬁ(x0+h))—/O (T—s)ﬁ_lP,q(T—s)[f(s)+/o K(s—r)g(r)dt] ds.
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It follows that
|pe) = w], < | Sp(DhCxe) = Sp(T)A,

+

T
/ (T —s)ﬁ_lPﬂ(T —s)(f(s,xg(s)) —f(s)) ds

0

o

—0

+

T s
/ (T—s)ﬂ_IPﬁ(T—s)/ K(s—1)(g(t,%:(t) — g(r)) dr ds
0 0

as ¢ — 0" because of compactness of the operator
() — / (- = )P 'Pg(- - 5)l(s) ds : L ([0, T1,X) — C([0, T], Xa).
0
Then from (9), we obtain

|:(T) = k], = [eR(e, L)W, + [eR(e, Ta) [ [pxe) - wl,

< |eR(e;T'g ) (w) ||a + |p(xe) - w||a -0 (10)
as ¢ — 0*. This proves the approximate controllability of (1). O

4 Applications
Examplel Asanapplication to Theorem 11, we study the following simple example. Con-
sider a control system governed by the fractional partial differential equation of the form

CBt‘%x(t, z) = 02x(t, z) + u(t, z) + F(t,z, x(t, z))
+ [y K(t,5)G(s,2,x(s,2))ds, t€[0,T),z€[0,7],
x(t,0) =x(t, ) =0,

x(0,2) = x0(2) + Y4y [y k(z,r) cos(x(ty, r)) dr,

(11)

where f,g:[0,T] x [0,7] X R— R, k:[0,n] x [0,7] > R, 0<ty<---<t,<T.
Let us take X = U = L2[0, 7] and define the operator A by Aw = —w” with the domain
D(A) = {w(-) € L*[0, 7], w, W are absolutely continuous, w” € L*[0,7],w(0) = w(xr) = 0}.

Then
o0
Aw = an(w, es)e,, weDA),
n=1
where e,(z) =,/ —sinnz, 0 <z <m,n=1,2,.... Clearly —A generates a compact analytic

b4
semigroup S(¢), t > 0 in X and it is given by

oo
S(tw = Ze’”zt(w, e.e,, weX.

n=1

Clearly, the assumption (H;) is satisfied. On the other hand, it can be easily seen that the
deterministic linear system corresponding to (11) is approximately controllable on [0, T;
see [12].
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The operator A?is given by

o0
Abw= Zn(w,e,,)en, w GD(A%),

n=1

where D(A2) = {w € X : Y°°° n{w,e,)e, € X} and A2 = 1.

Let X, := (D(A2), || - Il2), where [|x]l12 := |[A2x|x for x € D(A?). Assume that F, G :
[0,T] x [0,7] x R — R satisfies the following conditions:

1. The functions F(:, ), G(-,,-) are continuous and uniformly bounded.

2. F(,-,-)=F(nr,-)=G(0,-,-)=G(m,-)=0.

3. k:[0,7] x [0,7] — R is continuously differentiable, k(0, -) = k(sr,-) = 0 and

I

Denote by Eg ., the Mittag-Leffler special function defined by

92 2
@k(é,y) dyd& < oo.

Eﬁ,{:hzom, ;,/3>O,tER.

Therefore,

Spx =Y Ega(-n*)meen, S50, <1,
k=0

oo
Py()x =) Epp(-n’t’)(xeen,  [Ps@] 0 < =0 x€X,2=0.

k=0

b
I'(B)
Define

f(6,%(0)(2) = F(t,2,%(t,2)),

2(t,x(0))(2) = G(s,2,%(s,2)),

P T
)@=y / k() cos(x(t,9) dy.
k=170

Then, for each x,y € C([0, T], X7/2) we have

[5G, = 1A @O 2100 = D 7 llenllFago 0 (B
n=1

2

2 e} T 2 o 1 b4 82
- 2% [ s d| =Y | [ S neaere ) de
n=1 n=1
2 32 2 2 82 i b4 ( ) 2
<N me| =L f ke, ) cos (x(te,y)) dy
6 || 0> L12[0,7] 982 k=070 , 12[0,7]
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72 [T P T 52 2
= — —k(&,y)cos(x(t,y)) dy| d&

< /O ;/0 5gak(6:7) cos(x(te.3) dy

73 [T 7| 92 73 2
22 k| dvas =22 | ke

6 Jo Jo |0§ 6 | 3§ L12(0,7] % [0,7]

and

| i) - h9) |1, = [A"2HC) = A2RG)O 2100,

2

2
< % |32 Z/ k(&,r)[cos(x(tr, 1)) — cos(y(tx, r))] dr o
: .
= a—ézk(é,r)[cos(x(tk,r)) —cos(y(t, 1)) ] dr| dg
2 2 b4 5
@k(é,r) drdé& Oiltlgn/o |x(t,r)—y(t,r)| dr.

It follows that 4 : C([0, T']; X1/2) — Xi/» is bounded and Lipschitz continuous. On the other
hand, it is not difficult to verify that f,g: [0, T] x X, — X are continuous.

Next, we show that the linear system corresponding to (11) is approximately controllable
on [0, T]. It is clear that Pg(t) :X% — X% is defined as follows:

Pg(t)=p /Ooo OWs(0)S(t70) b,

B*PY(T —t)x

=B ano OWg(0)Ep(-n*(T - )P0) dO(x,en)en, x €X1,0=<t<T.

By Remark 9, the linear system corresponding to (11) is approximately controllable on
[0, T if and only if B*P;;(T —tx=0,0 < t< T implies that x = 0. This follows from the
representation of B*P;; (T - t)x.

Now, we note that the problem (11) can be reformulated as the abstract problem. Thus,
by Theorem 11, the system (11) is approximately controllable on [0, T], provided that

MLy, = drd?;‘ <1
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