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Abstract
We consider equations involving the one-dimensional p-Laplacian

(V@O u®) +Afu@) =0, te(©,1)

with the Dirichlet boundary conditions. By using time map methods, we show how
changes of the sign of f(-) lead to multiple positive solutions of the problem for
sufficiently large A.

MSC: 34B10; 34B18

Keywords: positive solutions; one-dimensional p-Laplacian; uniqueness; time map

1 Introduction
Let f : [0,00) — R be continuous and change its sign. Let 2 be an open subset of RN with
smooth boundary 2. The semi-positone problems and their special cases

Au+Arf(u)=0 inQ, u=0 onadf (1.1)
and
u'(t) + M (u(®) =0, £€(0,1),  u(0)=u(l)=0 (12)

(and their finite difference analogues) have been extensively studied since early 1980s. Sev-
eral different approaches such as variational methods, bifurcation theory, lower and up-
per solutions method and quadrature arguments have been successfully applied to show
the existence of multiple solutions. See Brown and Budin [1], Peitgen et al. [2], Peitgen
and Schmitt [3], Hess [4], Ambrosetti and Hess [5], Cosner and Schmitt [6], Dancer and
Schmitt [7], Espinoza [8], Anuradha and Shivaji [9], Anuradha et al. [10], de Figueiredo
[11], Lin and Pai [12], Clément and Sweers [13] and the references therein.

Very recently, Loc and Schmitt [14] considered the problem
Apu+if(u)=0 ing, u=0 onds, (1.3)

where A, is the p-Laplace operator for p € (1,00). They assumed that the nonlinearity f is
a continuous function on R, f(0) > 0, and there exist 0 <ay < by <ap <by < -+ < by 1< ay
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such that f < 0 on (ay, bx) and f > 0 on (by, ak,1) for every k =1,...,m — 1. They proved
that, for A sufficiently large, if

Afer1
(s)ds>0 forallke{l,...,m—1}, (1.4)
ag
then the problem (1.3) has at least m — 1 positive bounded solutions u, ..., u,,; which

belong to the Sobolev space Wé’p(Q) and are such that [|ule € (ax, ax.1] for each k €
{1,...,m — 1}, where

[#]loo = max{‘u(x)’ |x € S_Z}

In the special case that p = 2 and N =1, Brown and Budin [1] applied the quadrature
arguments to get the following more detailed results.

Theorem A [1, Theorem 3.8] Assume that

(H1) f € C'0,0);

(H2) £(0)>0;

(H3) There exists ay,...,a, € Rsuchthat0<ay <ay<---<ay,andf(a;) <0 for
i=12,...,m

(H4) IfF(u) = fouf(s) ds, there exist by, ...,b,_1 € R with
a<by<ay<by<---<ay<b,1<ay,suchthatf(b;) >0 and F(b;) > F(u) for
O0<u<b,i=1,2,...,n-1.

Then:

(a) Forall A >0, there exists a solution (A, u) of (1.2).

(b) Ifx>inf{X(p): p € (o, Bi)}, there exist at least two solutions (A, u) of (1.2) such that

o< |Ulloo < Biy i=12,...,n—1,

where

Bi=influ>b; | f)=0},  a;=inf{u|(u,p)CS} (1.5)
and

S={ulu>0,f(u)>0,F(u)>F(s) forall s: 0 <s < u}. (1.6)

(©) If (A, u) is any solution of (1.2) such that «; < ||u||eo < Bi, then
A > dak™,
where k = sup{|f(u)| : 0 < u < B;}.

Of course the natural question is whether or not the similar results still hold for the

corresponding problem involving the one-dimensional p-Laplacian

(|« @24 @) + A (1)) =0, te(0,1),

u(0) = u(1) = 0.

(1.7)
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We shall answer these questions in the affirmative if p € (1,2]. More precisely, we get the
following theorem.

Theorem 1.1 Let p € (1,2] and let (H1), (H3), (H4) hold. Assume that

(H2') either f(0) >0 or f(0) =0 and

ﬂ) = Sl_l)I(I)]Jr“}S;(—fz >0. (1.8)
Then:
(a) Forall ) > ;\,—3, there exists a solution (A, u) of (L.7), and A, is the least eigenvalue of
BVP

(|« @24 @) + rlu@) | utt) =0, te(0,1),
(1.9)
u(0) = u(1) = 0.

(b) If » >inf{A(p) : p € (s, B:)}, there exist at least two solutions (A, u) of (1.7) such that
a; < ||ulloo < Biy i=1,2,...,n—1

(©) If (A, u) is any solution of (1.7) such that a; < ||u||eo < Bi, then
A>| — s
Cs

P )

-1 1\»r1 =i
C, _P . (5) ( sup][f(s)|> . (1.10)

V4 5€[0,B;

We shall apply the time map method to show how changes of the sign of f(-) lead to
multiple positive solutions of (1.7) for sufficiently large A.

In the following, we extend f so that f(«) > 0 for all u < 0, then all the solutions of (1.7)
are positive on (0,1).

2 Preliminaries
To prove our main results, we use the uniqueness results due to Reichel and Walter [15]
on the initial value problem

(lw @ 2w @) +2f (u(r)) =0, te(0,1),
u(a) = b, u(a)=d,

where a € [0,1] and b,d € R.

Lemma 2.1 Let (H1) hold. If a € (0,1] and d # 0, then the initial value problem (2.1) has a
unique local solution. The extension u(t) remains unique as long as u'(t) # 0.

Proof It is an immediate consequence of Reichel and Walter [15, Theorem 2]. a
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Lemma 2.2 Let (H1) hold. Let a € (0,1), and let p € (0,00) be such that

f(p) #0.

Then the initial value problem

(|« @4 @) + 2 (w®)) =0, te(0,1),
(2.2)
u(a) = p, u(a)=0

has a unique local solution.

Proof (H1) implies that f is locally Lipschitzian. This together with the assumption f(p) #
0 and using [15, (iii) and (v) in the case (8) of Theorem 4] yields that (2.2) has a unique
solution in some neighborhood of a. O

Lemma 2.3 Let g: R — R be continuous. Let u be a solution of the equation

(|# @4 @) +gm®) =0, te(0,1) (2.3)
with ||ulleo = p € S. Let xg € (0,1) be such that u'(xq) = 0. Then

u(xo —t) = ulxo + 1), € (0,minfxo,1-x0}). (2.4)

Proof Since g is independent of £, both u(x, — £) and u(x, + t) satisfy the initial value prob-
lem

(W @OF2w'(2)) +gw(t)) =0, t € (0,min{xo, 1 -x0}),
w(0) = u(xo), (2.5)
w(0) =0.

By Lemmas 2.1 and 2.2, (2.5) has a unique solution defined on ¢ € (0, min{xo,1 — xo}).
Therefore, (2.4) is true. |

Lemma 2.4 Let (X, u) be a positive solution of the problem
(| @4 @) +2f w®) =0, te(0,1), (2.6)

u(0)=u(1)=0 (2.7)

with ||ulleo = p €S and X > 0. Let xq € (0,1) be such that u'(xg) = 0. Then
(@) xo = %;
(b) xo is the unique point on which u attains its maximum;
(c) u'(t)>0,te(0, %).

Proof (a) Suppose on the contrary that xy # %, say xo > %, then
0 =u(l) =u -2xp).

However, this is impossible since 1 - 2xq € (0,1) and « > 0 in (0, 1). Therefore x; = 5.
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(b) Suppose on the contrary that there exists x; € (0,1) with x; #xo and
u(x1) = u(xo) =: p.

We may assume that x; < xo. The other case can be treated in a similar way.

If u(£) = u(xo) in the interval (x1,%¢), then Lemma 2.3 yields that
u(t)=ulxg)=p >0, te(0,1).

This contradicts the boundary conditions #(0) = u(1) = 0. Therefore, u(t) # u(xy) in any
subinterval of (0,1).
So, there exists x, € (x1,%p), such that

u(x,) = min{u(t) | t € (x1,%0)}.
Obviously,
0<ulx)<p, u(x)=0.

Multiplying both sides of the equation in (2.6) by #’ and integrating from ¢ to xy, we get
that

OF =1L _ L
|/ (2)| _/\p_l[P(,o) F(u(®)], te[0,2:| (2.8)

and subsequently,

0= |u(x)] = Aﬁ[ﬂp) — F(u(x))].

This contradicts the facts that p € S and u(x,) < p. Therefore,

u<%> >u(t), te [0, %)

Similarly, we can prove that

u<%> >u(t), te <%,1:|.

(c) Suppose on the contrary that there exists x € (0, %) with /(%) = 0. Then

u(x) < p.

This together with (2.8) implies that

0=|w@[ =2 p%l[np) — F(u®)].

This contradicts the facts that p € S and u(x) < p. a
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3 Proof of the main results
To prove Theorem 1.1, we need the following preliminary results.

Lemma 3.1 Forany p € S, there exists a unique ). > 0 such that

(|« @4 @) +2f w®) =0, te(0,1), (3.1)

u(0)=u1)=0 (3.2)

has a positive solution (\, u) with ||u|« = p. Moreover, p — A(p) is a continuous function
onS.

Proof By Lemma 2.4, (A, u) is a positive solution of (3.1), (3.2) if and only if (A, u) is a
positive solution of

(|w @4 @) + rf ((t)) =0, te (0, l), (3.3)

1
u(0) = 1/(5) =0. (3.4)
Suppose that (A, u) is a solution of (3.3), (3.4) with ||#|« = p. Then

)] = 2L (F(p) - F(ut)), te [0, 1]

p-1 2
and so
) 1
t(L )\) = / (F(p) - F(s))_”p ds, te [0, —]. (3.5)
)2 1 0 2
Putting ¢t = %, we obtain
—1\ pr _
PR 2(”—) / (F(p) - F(s)) ™" ds. (3.6)
p 0

Hence X (if exists) is uniquely determined by p.

If p € S, we define A(p) by (3.6) and u(¢) by (3.5). It is straightforward to verify that u is
twice differentiable, u satisfies (3.3), (3.4), # > 0 in (0,1) and #(1/2) = p. The continuity of
A(-) is implied by (3.6) and this completes the proof. d

Let
r=inf{u>0:f(x) =0}.
Then (0,7) € S.

Lemma 3.2 Let (H1) and (H2') hold, and let p € (1,00). Then

M
lim A(p) = —, lim A(p) = o0,
lim (o) % Jlim (o)

where )1 is the least eigenvalue of (1.9).
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Proof We only deal with lim,_,oA(p) = %‘ The other one can be treated by the same
method.

To this end, we divide the proof into two cases.

Case 1. We show that f; = oo implies lim,_,o A(p) = 0.

In this case, for any M > 0, there is a positive number R such that f(w) > MwP for
0 <w < R. Thus, if p < R, then

P
Fo)-Fw) = [ fw)av

M

> —
p

(oF =)

for 0 <w < p. From (3.6), we have that for any p <R,

boop(PLY [ dw
(0] ‘2< » ) | w0 Fos
p—l 1/p p Up pp aw
() Gi) [
(-4
—2<7> fou—emw

p- )1/17( 1 )l/pf@_l)l/ﬂ ds
M p-1 0 [1_1[%]1/17

where

(-p¥? ds
=2 / s
r 0 1- [%]Up

see Zhang [16]. Hence

lim A(p) = 0.
p—0

Case 2. We show that fy = m for some m € (0, 00) implies that

b- (np)p
limA(p)=—1F = —/—, 3.7
plm (p) o T, % (3.7)
where

1 p 1/p
rp:2/0 [l—vp] dv, p>1. (3.8)

Page 7 of 11
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In fact, (3.6) yields

Up _ m(p—l)]}? p dw
[niie)] _2[ p /0

[F(p) - F(w)]"»

-1 1/p 1 1/p
() [[2]
p o L1—v?

p—l 1p p1 p 1/p [1+J/(,0 V)]l/p
_2<7) /(;I:l—vp] 1+ (p,v)lp dV (3.9)

for p > 1, where

p ppv[f(w) — mwP Y dw
m

y(,O,V): )Op(l—Vp)

We will show that the last integral in (3.9) converges to zeros as p — 0.

ForO<v< —, using I'Hospital’s rule, it follows that as p — 0,

ppv If(w) — mwPL| dw

viem)| = £
m pP(L—vP)
_p J& If(w) = mwPt | dw
Tm o pr(-w)
-1
_, P Iflp)-mp?|
m ppr i (L— )
p |55 -ml
~om p(l-w)
— 0.

For%gvfl,

1

_ -1 p
SO —mw T 1< L/ L = 0
2 mpp(l_vp) pv

wr-1

lim |y(,0, =lim sup{
p—0

uniformly in v. Therefore, (3.9) implies

117 1 1/
hm [mk(p)]”p (p; 1) /0 |:1 fvp] ’ dv. (3.10)

Therefore, (3.7) holds. O

From the definitions of «; and B;, we have that a; < «; < 8; < a;;1 and (¢;, 8;)) C S for

i=1,2,...,n—1. Moreover, we have the following.

Lemma 3.3 Let p € (1,2]. Then
(1) lirnp—wt;r )&(P) =005
(ii) lim,_ 5~ A(p) = 00
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Proof (i) Suppose firstly that f(o;) > 0. Since S is open, «; ¢ S and so there exists k: 0 < k <
o; such that

Fla;) = E(K).

Clearly k must be a local maximum for F and so f(k) = 0. If M = max{|f"(x)|: 0 < u < b;},
then

Sfw) <Mlu-k|, 0<u<b;.
Let

N:max{{f(u)‘ :0<u §bi}.
Then if o; < p < b;,

F(p) - F(u) = F(p) - F(a;) + F(k) = F(u)
= (p —o)f (§) + (k—u)f (n),
where & € («;, p) and 1 € (k, u)

<N(p - o) + Mk — u)>.

Hence

1/
(M) = 2(’%1) ’ /O " (F(p) - F(9) ™" ds

p—l Up pai o N2 -1/p
zZ(—p ) /0 (N(,o o;) + M(k u)) du
_ / “ H, () du.

0

As p = af, H,(u) = 2(‘%1)”1’(N(p —a;) + M(k — u)?)™V7 is a nondecreasing sequence of
measurable functions. Therefore, by the monotone convergence theorem and the assump-
tion p > 2, it follows that

o

lim [)\(p)]up > lim H,(u)du

p*)()t; p*)()t; 0

aj -1 1/p
- / 2(’7—) M2l = 1] dy = o0
0 p

since k € (0, ;).
Suppose next that f(«;) = 0. Then F'(«;) = 0.
Since
F(a;) = F(u) =f(n)(a; —u), where n € (u,a;),

[f )] = |f () = f ()| < Ml — cxi].

Page 9 of 11
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Thus
/0 " [Fle) - F)] " du > /0 " [Mia; - ul?]™" du
= /:i M™YP oy —u|™P dy = .
(ii) Let K7 = max{|f(u)|:0 < u < B;} and K, = max{|f’(x)|: 0 < u < B;}. Since f(8;) = 0,
Sw) <Kslu-Bil, 0=<u<p;. (3.11)
Hence, if 0 < u < p < f3;, then it follows from (3.11) that

F(p) - F(u) = F(p) = F(B:) + F(B;) — F(u)
= (p = B (€) + (Bi —u)f (n),
where & € (p, 8:),n € (u, ;)
< Ki(Bi - p) + K(Bi — ).

Hence, if 0 < p < f8;,

1/
()" = 2(’%1) ) /0 (K- p) + Kol - 0?) ™ du

= /ﬁi G,(u)du,

0

where G, (u) = 2(‘%1)”1’(1(1(;3,» - p) + Ka(B; —u)*) VP x10,, and x[o,5) denotes the character-
istic function of [0, p]. As G, is a nondecreasing sequence of measurable functions, by the
monotone convergence theorem

Bi
. 1/p .
lim A > lim G,(u)du
Jim o))" = tim [ 6,00

Bi _1\P
= / 2<p_> K;/p|,3i—u|_2/pdu:oo. 0
0 p

Proof of Theorem 1.1 (a) follows from the continuity of p — A(p) and Lemma 3.2.
(b) follows from the continuity of p — A(p) and Lemma 3.3.
(c) (A, u) is any solution of (3.1), (3.2) if and only if

u(t) = At(fl/z M (u(s)) ds) " dr, te [0, ﬂ

Hence

Page 10 of 11
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Now, if a; < || #]|0 < Bi, then

p
1 p-1 <1>P-1 =t
< APl =
o < 5 (s sup][f(s)|>

p €[0,B;
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