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1 Introduction and main results
Consider the second-order Hamiltonian system

i(t) + Au(t) + VF(t,u(t)) =0 ae teR, 1.1)

where A isan N x N symmetric matrixand F : R x RN — R is T-periodic in ¢ and satisfies
the following assumption:

Assumption (A)' F(t,x) is measurable in t for every x € RN and continuously differen-
tiable in x for a.e. t € [0,T], and there exist a € C(R*,R") and b : R* — R* which is
T-periodic and b € L*(0, T;R*) with p > 1 such that

|F(t,x)| <a(lx)b(t),  |VE(tx)| <a(]x])b(t)
forallx e RN and a.e. t € [0, T].

When A = 0, system (1.1) reduces to the second-order Hamiltonian system
i(t) + VF(t,u(t)) =0 aeteR. (1.2)

There have been many existence results for system (1.2) (for example, see [1-7] and
references therein). In 1978, Rabinowitz [6] obtained the nonconstant periodic solutions
for system (1.2) under the following AR-condition: there exist ¢« > 2 and L > 0 such that

0 < uF(t,x) < (VF(t,x),x), Vix| > L,t [0, T].
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From then on, the condition has been used extensively in the literature; see [8—12] and
the references therein. In [13], Fei also obtained the existence of nonconstant solutions for
system (1.2) under a kind of new superquadratic condition. Subsequently, Tao and Tang

[14] gave the following more general one than Fei’s: there exist 6 > 2 and u > 6 — 2 such

that
F(t,
lim sup ( |x) < oo uniformly fora.e. ¢t € [0, T, (1.3)
lx|—>o00 X
VF(t,x),x) — 2F(t,
llirlni f( ( x)|x|)ﬂ (&) >0 uniformly for a.e. £ € [0, T]. (1.4)
x|— 00 X

They also considered the existence of subharmonic solutions and obtained the following

result.

Theorem A (See [14], Theorem 2) Suppose that F satisfies
(A) F(t,x) is measurable in t for every x € RN and continuously differentiable in x for
a.e.te0,T), and there exist a € C(R*,R*) and b € L}(0, T; R*) such that

|F(t,%)| < a(lx])b(2), |VE(tx)| < a(lx])b(?)

forallx e RN and a.e. t € [0, T). Assume that (1.3), (1.4) and the following
conditions hold:

F(t,x) >0, V(tx)e[0,T] xRN, (1.5)
F(t,
I |1m0 |( |2x) =0 uniformly fora.e. t €[0,T], (1.6)
X|— X
F(¢, 272
lel—r>noo I(xlf) % uniformly for a.e. t € [0, T]. (1.7)

Then system (1.2) has a sequence of distinct periodic solutions with period k;T satisfying
ki € N and ki — oo as j — oo.

Recently, Ma and Zhang [15] considered the following p-Laplacian system:
(|« @4 @) + VE(t,u®)) =0 ae.te[0,T], (1.8)

where p > 1. By using some techniques, they obtained the following more general result
than Theorem A.

Theorem B (See [15], Theorem 1) Suppose that F satisfies (A), (1.3) and (1.4) with 2 re-
placed by p, (1.5) and the following condition:
F(t,x) F(t,x

lim =0< lim ) uniformly for a.e. t € [0, T]. (1.9)
[x—0 |x|? x| 00 |x|P

Then system (1.8) has a sequence of distinct periodic solutions with period k;T satisfying
ki € N and kj — oo as j — oo.
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When A = m?w*Iy, where w = 27/T and Iy is the unit matrix of order N. Ye and Tang
[16] obtained the following result.

Theorem C (See [16], Theorem 2) Suppose that A = m*w?Iy, F satisfies (A), (1.3), (1.4),
(1.5), (1.6) and the following conditions:

F(¢, 1+2
(t,2) Mt uniformly for a.e. t € [0, T].

m ———
lx—>oo |x|? 2

Then system (1.1) has a sequence of distinct periodic solutions with period k;T satisfying
ki € N and kj — oo as j — oo.

Recently, in [17], we considered a more general case than that in [16]. We considered the
case that A only has 0 or [?w? as its eigenvalues, where w = 27/T, [; € N,i=1,...,r and
0 <r < N.In [17], we used the following condition which presents some advantages over
(1.3) and (1.4):

(H) there exist positive constants m, ¢, n and v € [0,2) such that

1
(2 + —)F(t,x) < (VF(t,x),x), xRN |x|>mae te[0,T].
¢ +nlxl”

In this paper, we consider some new cases which can be seen as a continuance of our
work in [17].

Next, we state our main results. Assume that r e NU {0} and »r < N. Let A; >0 (i €
{1,...,r}) and -1; < 0 (i € {r + s + 1,...,N}) be the positive and negative eigenvalues of 4,
respectively, where r and s denote the number of positive eigenvalues and zero eigenval-
ues of A (counted by multiplicity), respectively. Moreover, we denote by g the number of
negative eigenvalues of A (counted by multiplicity). We make the following assumption:

Assumption (A0) A has at least one nonzero eigenvalue and all positive eigenvalues are
not equal to Pw? for all | € N, where w = 27/ T, that is, »; # Pw* (i=1,...,r) forall | € N.

The Assumption (A0) implies that one can find /; € Z* := {0,1,2,...} such that
Po*<ni<(i+1)*0? i=1,...,r (1.10)
For the sake of convenience, we set

A+ =max{Ali=1,...,r}, M- =min{\;|i=1,...,r},

A, =max{Mli=r+s+1,...,N}, Aio =min{\;li=r+s+1,...,N}.
Then

ifitefll,...,r}, ini_e{r+s+1,...,N}.
Corresponding to (1.10), we know that there exist /;+,/;- € Z* such that

ll-2+w2 <A < (I +1)%0%, l?.a)2 < i < (- +1)20?.
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Moreover, set

=+ 1?0 - i=1,...,7,

.....

Z* such that
ll«zoa)2 <hig < (liy + 1)2w?. (1.11)

Theorem 1.1 Assume that (AQ) holds and F satisfies (A)', (1.5) and the following condi-
tions.
(H1) For some k € N, assume that k satisfies

1\2
(l,» +1- %) w* <ri<(;+1)20? forallie{l,...,r). (1.12)
(H2) There exist positive constants m, ¢, n and v € [0,2) such that
1 N
2+ ——— |F(t,x) < (VF(t,x),x), x € RY, x| >m, a.e.t €[0,T].
¢ +nlx|”

(H3) Assume that one of the following cases holds:
Ry
(1) whenr>0,s>0andr+s=N, there exist Ly >0 and Bj > min{(l’oﬂ)iwk’0 “’22 } such

2 k2
that
F(t,x) > Brlx)?>, VxeRN,|x|> Ly, ae t€[0,T], (1.13)

where l;, and A;, are defined by (1.11);
22 _
(2) whenr>0,s>0andr+s<N, there exist Ly >0 and B > min{(lloﬂ)fw/\’o o ==

such that (1.13) holds;

(3) whenr>0,s=0andr+s<N, there exist Ly >0 and B > min{
that (1.13) holds;

Uig+D*@*<hig  Ai

3 » 5~} such

D202

(4) whenr>0,s=0andr =N, there exist Ly, > 0 and By > G 1) 5 Yo such that (1.13)
holds;

(5) whenr=0,s>0ands <N, there exist Ly > 0 and By > min{%, %} such that (1.13)
holds;

(6) whenr=0,s=0andq=N, there exist Ly >0 and By > % such that (1.13) holds;
(H4) there exist Iy > 0 and ay < % such that

F(t,x) < arlx|* forall |x| <lxand a.e. t €[0,T],

where

) 2.2 5. 2
ok:min{,min{(ll”)‘“ kl},w‘” } if (H3) (1) holds;

i€t | (;+1)2w2 +1 2 4 k2

(ll' + 1)2(,()2 - )\,,‘
;+1)20? +1

2 .
} W A } if (H3) (2) holds;

0 = min{ min s
{' T@? + k2 1+,

ie{l,..,r}
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(i +D)*0* - A } Ai_

, if (H3) (3) holds;
G120 +1 1+/\,-+} if (H3) (3) holds

or=0 = min{,min }{
_ (i +1P0? -2 .
k=0 -,»e%{?}?m{m if (H3) (4) holds;

2

ok:min{ @ A } if (H3) (5) holds;

W+ k2 1+ Ay,

Ai
=0 = if (H. )
or=0 o if (H3) (6) holds

+

where o implies that oy is independent of k. Then system (1.1) has a nonzero kT -periodic so-
lution. Especially, for cases (H3)(1) and (H3)(4), system (1.1) has a nonconstant kT -periodic

solution.

Remark 1.1 For cases (H3)(1)-(H3)(4), from (1.10) and (1.12), it is easy to see that the
number of k € N satisfying (1.12) is finite. Let m € K be the maximum integer satisfying
(1.12), where

K= {k € N | k satisfies (1.12)}.

Then K = {1,2,...,m}. Hence, Theorem 1.1 implies that system (1.1) has nonzero kT-
periodic solutions (k = 1,2,...,m). For cases (H3)(5) and (H3)(6), since r = 0, (1.12) holds
for every k € N. Hence, Theorem 1.1 implies that system (1.11) has nonzero kT'-periodic

solutions for every k € N.

Remark 1.2 In [18], Costa and Magalhies studied the first-order Hamiltonian system
—Ju(t) +Au+ VH(t,u)=0 a.e.t€[0,T]. (1.14)

They obtained that system (1.14) has a T = 27 periodic solution under the following non-
quadraticity conditions:
, VH(t,x)) — 2H (¢,
liming BV HEX) 2 2H(Ex)

Jx|—00 ||

a>0 uniformly for a.e. £ € [0,27], (1.15)

and the so-called asymptotic noncrossing conditions

2H(t, 2H(t,
M1 < liminf (&%) <limsu (&%) <
[%[—o00 |x|2 %] — 00 |x|2

Ar  uniformly for a.e. t € [0, 2],

where Ax_; < A are consecutive eigenvalues of the operator L = —Jd/dt — A. Moreover, they
also obtained system (1.14) has a nonzero T = 27 periodic solution under (1.15) and the

called crossing conditions

1
H(t,u) > Ekk_1|x|2 for all (¢, u) € [0,27] x R?,

2H(t, .. 2H(t,
lim sup (&%) <o <A< B <liminf (&%)
|x|—0 x| |x]— 00 X

uniformly for t € [0,27].
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One can also establish the similar results for the second-order Hamiltonian system (1.1).
Some related contents can be seen in [19]. It is worth noting that in [18] and [19], Ax_; < Ax
are consecutive eigenvalues of the operator L = —Jd/dt — A or —d?/dt* + A. In our Theo-
rem 1.1 and Theorem 1.2, we study the existence of subharmonic solutions for system (1.1)
from a different perspective. A; (i € {1,...,r}) in our theorems are the eigenvalues of the
matrix A. Obviously, it is much easier to seek the eigenvalue of a matrix. In Section 4, we
present an interesting example satisfying our Theorem 1.1 but not satisfying the theorem
in [19].

Theorem 1.2 Suppose that (A0) holds and F satisfies (A)', (1.5), (H2) and the following
conditions:

(H3) whenr=0,s>0ands <N, there exist L >0 and B > ‘”72 such that

F(t,x) > Blx]®>, VxeRN,|x|>L, ae te[0,T); (1.16)
(H4)'
F(t,
‘ ‘1 X |( |f) =0 uniformly for a.e. t € [0, T].
X|— X

Then system (1.1) has a sequence of distinct periodic solutions with period k;T satisfying
ki € N and ki — oo as j — oo.

In the final theorem, we present a result about the existence of subharmonic solutions
for system (1.8). Using a condition like (H2) and similar to the argument of Remark 1.1 in
[17], we can improve Theorem B.

Theorem 1.3 Suppose that F satisfies (A), (1.5) and the following conditions:
(H5) there exist positive constants m, ¢, n and v € [0, p) such that

1
<p+ —)F(t,x) < (VF(t,x),x), xeRN|x|>ma.e te]0,T];
¢ +nlxl”

(He)

F(t,x)_O I F(t,x)

i <
lx[—0 |x|P lx|—>o0  |x]|

uniformly for a.e. t € [0, T].

Then system (1.8) has a sequence of distinct nonconstant periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo.

2 Some preliminaries
Let

H,%T = {u :R — RNy be absolutely continuous, u(¢) = u(t + kT) and i1 € LZ([O,kT]) }

Then H}, is a Hilbert space with the inner product and the norm defined by

kT kT
(u,v) = /0 (u(t), v(t)) dt + fo (s(2), ¥(t)) dt
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and

kT kT 1/2
||u||:[/0 |u(t)|2dt+/0 |iz(t)|2dti|

for each u,v € H,%T. Let

1 kT
i = k_T/O u(t)dt and u(t) = u(t) - u.
Then one has

~ 12 kT 4T . 2 , s .
llzlls, < 0} |u(t)| dt (Sobolev’s inequality),
0

) 272
u <
il <

kT
/ |it(t)‘2 dt (Wirtinger’s inequality)
0
(see Proposition 1.3 in [1]).

Lemma 2.1 Ifu € H};, then

2 2
halloo < | 22Ty
* = 12kT ’

where |[u]lco = maxejor) |[(t)].
Proof Fix t € [0,kT]. For every t € [0,kT], we have
t
u(t) = u(t) +/ 1(s) ds. (2.1)
Set

s—t+ Xt _kT2<s<t,

t+ K s t<s<t+ kT2

Integrating (2.1) over [¢ — kT'/2,t + kT'/2] and using the Holder inequality, we obtain

t+kT /2 t+kT/2 t
/ u(t)dr +/ / u(s)dsdr
t—KT/2 k12 Jr
t+kT[2 t t t+kT/2 T
5/ |u(r)|dr+/ / |it(s)|dsdr+/ / |is(s)| dsd
t—KT/2 t—kT/2 Jt t t
t+kT[2 t kT
:/ |u(r)|dt+/ <s—t+—)|i¢(s)|ds
kT2 kT2 2
t+kT/2 kT
+/ (t+——s)|it(s)|ds
. 2

t+kT/2 t+kT/2
=/ |u(r)}dr+/ ¢(s)|1)t(s)|ds
¢ 2

—kT/2 t—kT/

KT |u(t)| =
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t+kT/2 172
< (kT)"? ( / |u(r)|2dr>
t

—kT/2

t+kT/2 ) 172 t+kT/2 ) 1/2
+ </ [¢(s)] ds) </ |1§t(5)| ds)
t—kT/2 t—kT/2
t+kT/2 172 (kT)B/Z t+kT/2 ) 172
) (kT)l/z (/t‘—kT/Z |u(r)|2dt> * 2\/§ </t—kT/2 |M(S)|2ds)
3\ 172 t+kT/2 t+kT/2 1/2
< (kT+ k7) ) (/ |u(z)| dr +/ |b't(s)|2ds)
12 t-KT/2 t-KT /2
T 3\ 172 kT kT 1/2
- (kT+ (&T) ) (/ |u(r)}2d1+/ |it(s)|2ds> :
12 0 0

Hence, we have

1 kT 172 kT ) kT' ) 1/2
”u”ooS(k_T‘i‘E) (/0 |u(s)] ds+/0 |ia(s)] ds) .

The proof is complete. O

Lemma 2.2 (see [17, Lemma 2.2]) Assume that F = F(t,x) : R x RN — R is T-periodic
in t, F(t,x) is measurable in t for every x € RN and continuously differentiable in x for a.e.
t € [0, T]. If there exist a € C(R*,R*) and b € LP([0, T],R*) (p > 1) such that

’VF(t,x)| < a(|x|)b(t), vxeRN, ae t€[0,T], (2.2)

then
kT
= F(t, d
c(u) /0 (t u(t)) t

is weakly continuous and uniformly differentiable on bounded subsets of Hy.,..

Remark 2.1 In [17, Lemma 2.2], F € C}(R,RN). In fact, in its proof, it is not essential that

F is continuously differentiable in ¢.
We use Lemma 2.3 below due to Benci and Rabinowitz [20] to prove our results.

Lemma 2.3 (see [20] or [5, Theorem 5.29]) Let E be a real Hilbert space with E = E; ® E,
and E, = Ei-. Suppose that ¢ € C'(E, R) satisfies (PS)-condition, and

() @) =1/2(Pu, u) + b(u), where du = ®1P1u + ©yPyu and ®; : E; — E; bounded and
self-adjoint, i =1,2;
(I) &' is compact, and
(I3) there exists a subspace E C E and sets S C E, Q C E and constants o > B such that
(i) SCE and ¢|s > a,
(ii) Qis bounded and ¢|yq < B,
(iii) S and 9Q link.

Page 8 of 25
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Then ¢ possesses a critical value ¢ > a which can be characterized as

= inf h(1,u)),
= jof supe (h110)

where

= {h € C([O,l] X E,E)|h satisfies the following (Fl)—(Fg)},

(1) A(0,u) =u,
(T'2) h(t,u) =uforuecdQ, and
(Ts) h(t,u) = ”“®y + K(t,u), where 6 € C([0,1] x E,R) and K is compact.

Remark 2.2 As shown in [21], a deformation lemma can be proved with replacing the
usual (PS)-condition with condition (C), and it turns out that Lemma 2.3 holds true under
condition (C). We say ¢ satisfies condition (C), i.e., for every sequence {u,} C H¥., {u,} has
a convergent subsequence if ¢(u,) is bounded and (1 + ||u,||)|l¢’(u,)|| = 0 as n — oo.

3 Proofs of theorems

Proof of Theorem 1.1 It follows from Assumption (A)’ that the functional g on H}; given

1

kT . 1 kT kT
oulu) = /0 ]u(t)|2dt—5 /0 (Aue), u(t)) dt - fo F(t,u(t)) dt

is continuously differentiable. Moreover, one has

kT
((p,@(u),v) = / [(it(t),l'/(t)) — (Au(®), v(1)) - (VE(t u(t)),v(t))] dt
0
for u,v € H}; and the solutions of system (1.1) correspond to the critical points of ¢

(see [1]).

Obviously, there exists an orthogonal matrix Q such that

M

QAQ=B= (3.1)

_)\r+s+1

Let u = Qw. Then by (1.1),

Qu(t) + AQw(t) + VF(t, Qw(t)) =0 ae.teR.
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Furthermore
iw(t) + QTAQw(t) + Q'VE(£,Qw()) =0 ae.teR,
that is,
w(t) + Bw(t) + Q'VF(5,Qw(t)) =0 ae.teR. (3.2)

Let G(t,w) = F(t, Qw) and then VG(t, w) = Q"' VE(¢, Qw(¢)). Let

~ 1 kT . 9 1 kT kT
Ye(w) = 3 /0 ()| dt—E /0 (Bw(t), w(t)) dt - /0 G(t, w(p)) dt.

Then the critical points of ¥ correspond to solutions of system (3.2). It is easy to verify
that ¢ (u) = Y¥(w) and G satisfies all the conditions of Theorem 1.1 and Theorem 1.2 if
F satisfies them. Hence, w is the critical point of v if and only if # = Qw is the critical
point of ¢i. Therefore, we only need to consider the special case that A = B is the diagonal
matrix defined by (3.1). We divide the proof into six steps.

Step 1: Decompose the space H};. Let

IN: . :(617621'--161\1)'

Note that

o0

H,%T C Z(C,’ cos ik wt + d; sin ik‘lwt)|c,-,d,' eRY,i=0,1,2--- }
i=0

Define

r kl;
Hip = {u € Hyplu=u(t) = Zei Z(CU cosjk ot + dysinjk ' wt), ¢, dj € R},
-1 j=0

r+s o0
HYyp = {u€ Hyplu=u(t) = Z e Z(ci, cosjk ' wt + dysinjk ' wt), ¢, di € R},

irel  j=0
r oo
Hip={ue€Hiplu=u(t) = Zei Z (cjjcosjk~ wt + dyj sin jk wt)
=1 jekll

N 0
+ Z e; Z(Cif cosjk’la)t +dj sinjk_la)t), cij dij € ]R}.

i=r+s+1  j=0

Then Hy,, HY; and H; are closed subsets of H}, and

)

1 _ 0
Hyr = Hir @ Hir @ Hyrs
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(2)

Pi(u,v) =0, YueHg,veHy ®Hjy, or
Pi(u,v) =0, YueHy,veHg ®Hjy, or

P(u,v) =0, YueHiy,veHg®Hy,

where

kT
Pi(u,v) = fo [(iu(e), "0)) - (Au(t), ()] dt, Vu,v e Hpy.

Let
r+s
H,?%w =JUuc H/?T|M = Z Cio€;,Cip € R ,
i=r+l
r+s oo
HY2 =ueHYlu=ult) = Z e Z(clj cosjk wt + dy sinjk’la)t),ci,»,di,» € R},
i=r+l =1
r klj+k-1
H;% =jueHilu=u()= Zei Z (c,',' cosjkwt + dj sinjk_lwt),c,»,», dj e ]R},
=1 j=ki+1
r o0
H,j% =jueHiplu=u)= Z e; Z (c,',» cos jk " wt + dy sinjk_lwt)
=1 j=kij+k
N 00
+ Z e 2(6‘7 cosjk ' wt + dy sinjk ' wt), ¢, di € R}.
i=r+s+1  j=0
Then
0 01 02 1 2 1 - 01 02 1 2
Hir = Her © Hrs Hyp = Hip @ Hy, Hyp = Hip @ Hyp © Her @ Hip © Hyp
and

Pi(u,v) =0, YueH}},VveH;.
Remark 3.1 When k = 1, it is easy to see H3! = {0}.

Step 2: Let

1 kT )
qi(u) = E/o [|llt(t)| - (Au(t), u(t))] dt.

Next we consider the relationship between g (x) and ||| on those subspaces defined
above. We only consider the case that (H3)(2) holds. For others, the conclusions are easy

to be seen from the argument of this case.
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(a) For Yu € Hy, since

r ki
u=u(t) = Z e 2(0‘7 cosjk ' wt + dysinjk wt),
-1 j=0

then

1 kT 9
qi(u) = 5/0 [|it(t)| - (Au(t), u(t))] dt

kT r ki
- % / |:<Z € Zjl(lw(d,-j cosjk wt — ¢ sinjk t),
0

=1 j=0
r ki
Z e ij‘lw(d,j cosjkwt — Cjj sinjk’la)t))
=1 j=0

<Z Ae; Z cjjcos jk ' wt + dyj sinjk ot),

j=0

r ki
e (c,», cosjk’la)t +dj sinjkla)t))i| dt

=1 j=0

kT 2
/ [|:Z]k w(djcosjk ot — c;sinjk” a)t):|
0

ki; 2
—A; |:Z cijcos jk~ wt+d,, sinjk~ wt):| }dt

j=0
r ki
kT d
=T Z(/k w) —A (cfj+d?j)
i=1 j=0
and
2 SPTNY 2 kTrkli -1 \2 )
el :f (@] + [u@)) de = == 3 3 [k ") +1](c] + ).
0 =1 j=0
Let
5= mi Ai — (Lw)? 0
i | Gor 1)
Then
8§, 5 _
qk(u)s—illull, Vu € Hyp. (3.3)

Remark 3.2 Obviously, if one of (H3)(5) and (H3)(6) holds, then H;;. = {0}. Hence,

) =0, YueHg.
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(b) For Vu € H,:'% ® H,?%, let
u=u(t) = uy(t) + us(t) + uz(t),

where

r oo

u () = e; (c,] cosjk wt + d; sinjk_la)t),

i=1 j=kli+

by

N oo

uy(t) = Z e Z (cjicosjk wt + dysinjk " ot),

i=r+s+1  j=0
r+s oo
E e Z (cjicosjk wt + dysinjk " ot).

i=r+1  j=1

Then

1 kT . )
qi(u) = 3 /0 [Ji®)|” - (Au(t), u(t))] at
1 kT
-5 [ L0+ a0 + 150,00+ () )
0
- (Aul(t) + Auy(t) + Aus(t), ur (£) + uy(t) + ug(t))] dt
1 kT
-5 [ L0 i0(0) + a0 i0) + (150, 0)
0

— (Aul(t),ul( )) (Alxlz(t Mz ) (Abtg t) Uus If))]

r [e'e) N 9]
:%[Z Z (jk‘la) ¢ +d2 )+ Z Z(/k la) c +d2

i=1 j=klj+k i=r+s+1 j=0

r+s 00
+ E E (/k a) c +d2

i=r+l j=1

r 0 N 0

2 2 2

=Dk D (Grd) e D0 M) (G +d)

i=1  j=klj+k i=r+s+l1 =0

=%T{iiwk-lw>2—x e d)e 0 LGk ) +1](e )

i=1 j=klj+k i=r+s+1 j=0

+§i(jk a) c +d2 }

i=r+l j=1

and
kT
||u||2:/ (|li@)|” + (o) |*) de
kT[Z Z [(k ) +1 (c +d2)

i=1 j=ki;+k
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N [ee)
ZZ(]kw +1 c+di2j)

i=r+s+1 j=0

r+s

+ZZ(}k a) +1 c +dl.2j) .

i=r+l j=1

Since for fixed i € {1,...,r},

o)’

(k' w)? = X
P +1

SO = (kL) + 1

and g(j) =

are strictly increasing on j € N,

l —
£G) = f Kl + %m Vj> ki + k

and

(k'w)? w?
g) = = 0.
gl =M= (kK lw)? +1  w?+ k2 g

Moreover, it is easy to verify that

(k" w)* + A, o A
(kw2 +1 ~ 1+ A,

, VieNU{0}Li=r+s+1,...,N.

Let

) { . {(li+1)2w2—)»i} w? Ai }
ox =min{ min .

el | (41202 +1 [ 02 + K2 1+ Ay,
Then
Ok, 12 +2 02
qr(u) > o lull*, Yue Hj; @ Hep. (3.4)

Remark 3.3 From the above discussion, it is easy to see the following conclusions:
(i) if (H3)(1) holds, then (3.4) holds with

. (l, + 1)2w2 — )Li 602
o = min{ min ) 5
k= €Lt | (G +1)202 +1 | @? + k2

(ii) if (H3)(2) holds, then (3.4) holds with

. (; +1)%w? = A; w? Ai_
0% = min mm ’ » 5
k= iefl,... (G+1)20?+1 ) 0?2 +k2 1+,

(iii) if (H3)(3) holds, then (3.4) holds with

(li + 1)26()2 - )\i } )\i, }

Oy =0 =min{ min )
k { r{(li+1)2w2+1 1+,

Page 14 of 25
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(iv) if (H3)(4) holds, then (3.4) holds with

’

(li + 1)20)2 - )\,}
O =0 =

min —_—
ie{l,...,N}{ (l;+1)2w? +1

(v) if (H3)(5) holds, then (3.4) holds with

. o’ Mi
ok =miny ——,—— ;
, @* + k2 1+ A,

(vi) if (H3)(6) holds, then (3.4) holds with

(c) ForVu e H,:'%, since

ro k-1
U= Z e Z (cjjcosjk wt + di sin jk wt),
=1 j=kii+1
kT r klj+k-1 5
qi(u) = T Z Z [(jk_lw) - )»,'] (clzl + d;)
i=1 j=kl;+1
and
kT r klj+k-1
o1 22
||u||2 = - Z Z [(]k 1a)) + 1](ci2j +d?j).
i=1 j=kij+1

Obviously, when k =1, u = 0. So q1(«#) = 0. When & > 1, it follows from
1\2
(l,» +1- %) w? <ri<(;+1)w?, Vie{l,...,r)
that
qx(w) <0, YueH. (3.5)
(d) Obviously, for Yu € HY}., we have
qx(u) =0, VYuce H,?}. (3.6)
Step 3: Assume that (H3)(2) holds. We prove that there exist px > 0 and by > 0 such that
or(u) = b >0,  Vu e (Hi7 ® Hi) N 0B,

Let

12+ k2T
Ck:v 12T
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Choosing px = min{1, lx/Cx} > 0 and by = (%" —ozk)p,f >0, by Lemma 2.1, (H4) and (3.4), we
have, for all u € (H;7 ® H(7) N dB,,,

[\
R
|2
|
c
bl
~
=
o

(l+D) 20?1, Ai
min{min;eq, {% 12 i =1 w2+k2’1+)», } )
= 5 — Ok ) P+

For cases (H3)(1) and (H3)(3)-(H3)(6), correspondingly, by (H4) and Remark 3.3, similar
to the above argument, we can also obtain that

Ok
or(u) > <E —Olk>p,% >0, VYue (H,:% EBH,?%) NadB,,.
Step 4: Let
Qk = {Shk|S € [O)SI]} & (Bsg N (H/:T @H](()]l" @H]:]l"))y

where hi € H}j7 @ HY7, s1 and s will be determined later. In this step, we prove gx|yg, < 0.
We only consider the case that F satisfies (H3)(2). For other cases, the results can be seen
easily from the argument of case (H3)(2).

Assume that F satisfies (H3)(2). Let

2 k2 2 |

Case (i): if

(liy + 1)%@* = Ay

dk:=d= 5

then we choose
hi(t) =sin(ly, + Dot - e;, VteR.

Obviously, & € H,j% and Fi () = (liy + )wcos(l;, + 1)wt - e;,, Vt € R. Then

KT (L, +1)%0?

kT .
I17ill?s = EX el = 5

By (H3)(2), (1.5) and the periodicity of F, we have

F(t,%) > Bilal* - Bilf = (d + co)lxl” — Bil},  Vx e RN, ae. £ € [0,kT], (37)
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where e = B —d > 0 and Lx > max{1, Lt}. Since Hy, ® HY% @ H;} is the finite dimensional
space, there exists a constant Ky > 0 such that

Kigllull* < lull?, < |lull?  VYu € He @ Hyy @ H7. (3.8)

By (3.3), (3.5), (3.6), (3.7) and (3.8), we know that for all s >0 and u = u~ + u® + u*l €
Hir ® Hir © Hz,

2
oS

) 2 kT . A kT
<pk(shk+u)§—5||u’”2+%/ |hk(t)|2dt—Tf ()| dt
0 0

kT
—f F(t,shy(t) + u(t)) dt
0

2 ) 2 2 2
S—§||u_||2+s—’kT(ZlO+l) w _k,os k_T
2 2 2 2 2

kT
—(d+ 8ok)/ |shk(t) + u(t)|2 dt + ﬂkz,%kT
0

2 8% kT(y +12%w®  As* kT
+ —_— — - —
2 2 2 2

— (d + £0r) (Sl + lul®,) + BRL2KT

. 2,2 .
5 _% [+ (kT(l,O +120®  MKT  dKT kTEOk)SZ

-5l

4 4 2 2

—(d + o) lul?y + BLIkT

kTe k A
< 22 _eollul®, + BrL2KT
kTe R
< —%sz — sorKullul® + BeL2KT. (3.9)

Hence,
o(shi +u) <0, either s> s; or |lul| > s3,

where

[2B:L2 | BLL2kT
Sl =, —=, Sy = ——.
ok e0kKik
Case (ii): if dx = @*/(2k?), then we choose
I (t) =sink'wt - e, € HY2, VteR.
Then
. w 3
hi(t) = % cosk™wt-e.1, VteR,

and

Tw?

—_— 1
2k (3.10)

kT .
(Ahy, ) = 0, ||hk||§2:7, Iil|?> =

Page 17 of 25
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By (H3)(2), (1.5) and the periodicity of F, we have

2

F(t,x) > Brlxl” - Beli = <2k2

+£0k>|x| —Bl?, VxeRN ae.te[0,T], (311

where I; > max{1, L} and €or = Bk — 2k2 By (3.3), (3.5), (3.6), (3.8) and (3.11), we know

that forall s> 0 and u = u™ + u® + u* € H ® Hyy ® H{7,
§2 kT
ox(shy + u) <——”u ” +—/ |hk(t| dt—/ F(t,shk(t)+u)dt
0

2 2 kT
<t S T (o) [ o a0l a

+ BL2kT
Sy 2 8 Taw? w?

=5l 5 5 (2k2+80k (5" Vel + el )
+ﬁki,%kT

2 Tw? kTe, w?
— __” ” (—_E_T()k)gz_ (ﬁ +80k>||u||L2

+ BL2kT
kT¢! .
< - 08" — el + BLRKT
kTe!
< TOk 52 — b Kullul + BRL2KT.

Hence,
or(shi +u) <0, either s> s; or |lul| > s3,

where

26 L2 BeL2kT
$1 = T Sy = n .
€ok EokKik

Case (iii): if dy = A;_/2, then we choose

h 1 € H;?
= e .
k kT kT
Then
hk = 0: (Ahk: hk) = _)‘-i_ (hk) h/()r ”thEZ =1L

By (H3)(2), (1.5) and the periodicity of F, we have

Ai .
E(t,%) > Bilx|® - Bil? = (7 + 80k> x| = B2, VxeRYN, ae.tel[0,kT],

(3.12)

Page 18 of 25
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where L > max{,/1+ %, L} and &), = B — A;_/2. By (3.3), (3.5), (3.6), (3.8) and (3.12), for

alls>0and u=u" +u® + u™ € Hy, @ HY} & H}}, we have

2 2 kT
(shk+u)<——||u I”+ / i@ dt + 5 / (0| dt
kT
—/ F(t,shy(t) + u(t)) dt
0

L2 kT R
< —ﬁllu*Hz+ bt (A“ +80k) f |shy() + u(@)| dt + B LT
0

2 2

8, _y2 AiLsS® A .
= ——Ju |+ = = (5 e ) (Pl 2 + ull) + BeL2kT
2 2 2
Sy _y2 Ao AL Ai o
=3 ||u ” + (Tl - 71 —sgk> 2_ (7l + 8&) ||u||%2 + ,BkLikT
—e}s? — el Kullul* + BRL2KT.
Hence,

@i(sex +u) <0, either s> s or |lul| > s,

where

Bl kT B l2kT
’ $2 = 1" .
orKk

Combining cases (i), (ii) and (iii), if we let

{ \/wkig \/2,3@2 \/ kLZkT
$1 = max , -
Eok Eok Eok

{ \/ﬁkiikT \/ﬁkiikT \/ ﬁkL2
Sy = max , -
50k1<1k 50k1<1k 50k1<1k

then
ox(shy +u) <0, eithers> s or |lul| > ss. (3.13)

By (1.5), (3.3), (3.5) and (3.6), for all u € H; & Hy; & H};}, we have

1 kT . 9 1 kT kT
o) = 5/0 |in(t)| dt_i/o (Au(t), u()) dt—fo F(t,u(t)) dt

dy _p2
<]

<o. (3.14)

Thus, it follows from (3.13) and (3.14) that ¢|yq, <0 < b;.
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Step 5: We prove that ¢ satisfies (C)-condition in Hj};.. The proof is similar to that in
Theorem 1.1 in [17]. We omit it.

Step 6: We claim that ¢y has a nontrivial critical point u; € H,lT such that ¢y (ux) > by > 0.
Especially, we claim that, for cases (H3)(1) and (H3)(4), since A is a positive semidefinite
matrix, (1.5) implies that u; is nonconstant.

In fact, it is easy to see that

kT
) = Sl fo ((A + Dult), ule)) de
= %(([—K)u, u)),

where K : H}. — H} is the linear self-adjoint operator defined, using the Riesz represen-

tation theorem, by
kT
/0 ((A + Du(t), v(t)) dt = <(I(u, v)), Yu,v e H;.

The compact imbedding of H;T into C([0,kT];RYN) implies that K is compact. In order to
use Lemma 2.3, we let ® = — K and define ®;: E; — E;, i =1,2 by

(D;u,v) = <(1—K)u, v), u,v € E,

where E; = H{7 ® H; and E, = Hy ® HYp @ H;}. Since K is a self-adjoint compact oper-
ator, it is easy to see that ®; (i = 1,2) are bounded and self-adjoint. Let

kT
b(u) = — / F(t,u(t)) dt.
0

Assumption (A)" and Lemma 2.2 imply that b is weakly continuous and is uniformly dif-
ferentiable on bounded subsets of E = H,lT. Furthermore, by standard theorems in [22], we
conclude that b’ is compact. Let Sy = (H,j% @ H,?%) NoB,,. Then S and 0Qy link. Hence, by
Step 1-Step 5, Lemma 2.3 and Remark 2.2, there exists a critical point u; € Hj, such that
i(ug) = by > 0, which implies that i is nonzero. For cases (H3)(1) and (H3)(4), since A
is a positive semidefinite matrix, it follows from (1.5) that u; is nonconstant. The proof is
complete. g

Proof of Theorem 1.2 Obviously, when r = 0, s > 0 and s < N, (H1) holds for any k € N.
Moreover, since (H3)" implies that (H3)(5) and (H4)" implies that (H4), system (1.1) has
kT -periodic solution for every k € N.

Letd = “’72 Like the argument of case (ii) in the proof of Theorem 1.1, choose

ex(t) = sink'wte,, € HYy, VteR.

By (H3)', (1.5) and the T-periodicity of F, we have

2
F(t,x) > Blx|® - BL? = <% + 81) Ix|2 = BL?, VxeRN, ae. te(0,kT], (3.15)
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where &, = 8 — “;—2 In the proof of Theorem 1.1, if we replace (3.15) with (3.11), then we
obtain
or(sex +u) <0, either s> s or ||u]| > so,
where
212 [2pI2 BL2KT
8§ = = oL Sy = I .
&1 B - < E141k

Note that s; is independent of k. Hence, if 1 is the critical point of ¢y, then it follows from
(3.3), (3.5), (3.6), the definitions of critical value ¢ in Lemma 2.3 and Qy that

oi(ur) < sup gr(u)
uEQk

2 kT 2 kT
< sup {%/O |ék(t)|2dt—%/o (Aek(t),ek(t))dt}

s€[0,s1]

SZ kT . 9

ut / leu(0) [ dt
0

BL2Tw?

2k(B - %)

BL*>Tw?

< =M. (3.16)
2(8-%)

Hence, @i (i) is bounded for any k € N.
Obviously, we can find k; € N/{1} such that k; > 24—1, then we claim that u; is distinct from

u for all k > ky. In fact, if uy = u; for some k > ky, it is easy to check that

o(ux) = kor (1) > kby.

Then by (3.16), we have k < k < 2\—’11, a contradiction. We also can find k, > max{kj, ]%}
1
ko

such that ux # uy, for all k > e Otherwise, if ux = ux, for some k > ki, we have

k(Ui k) = ko, (ur,) > kby, . Then by (3.16), we have % <k< %, a contradiction. In the
1

same way, we can obtain that system (1.1) has a sequence of distinct periodic solutions

with period k; T satisfying k; € N and k; — oo as j — oo. The proof is complete. O

Proof of Theorem 1.3 Except for verifying (C) condition, the proof is the same as in The-
orem B (that is Theorem 1 in [15]). To verify (C) condition, we only need to prove the
sequence {u,} is bounded if ¢(u,) is bounded and ||¢’(u,)||(||1 + ||z,]]) = 0 as n — +o0.
Other proofs are the same as in [15]. The proof of boundedness of {u,} is essentially the

same as in Theorem 1.1 in [17] except that 2 is replaced by p, H, by

W,:f = {u:R — RN|u is absolutely continuous, u(¢) = u(t + T) and iz € L*([0, T1) }


http://www.boundaryvalueproblems.com/content/2013/1/139

Zhang and Tang Boundary Value Problems 2013, 2013:139 Page 22 of 25
http://www.boundaryvalueproblems.com/content/2013/1/139

equipped with the norm

kT kT 1/p
||u||=(f0 |u(t)|”dt+/0 |i¢(t)|pdt> :

and
F(t,x) > Brlxl?>, VxeRN,|x|>L
by
F(t,x) > e|xl’, VxeRN, |x|>L
for some ¢ > 0. So, we omit the details. d

4 Examples
Example 4.1 Let T =27 and

75 0 0 0 O
0 74 0 0 O
A=]0 0 0 0 O
0O 0 0 -3 O

0o 0 0 0 -4

Thenw=1,r=2,A4=75x=74,A3 =0, 4 = -3, A5 =—4, A;, =4 and A;_ = 3. Obviously,
the matrix A satisfies Assumption (A0) and /; = [; = 2 such that

Po* << (l+1)*0?, i=1,2.

It is easy to verify that (H1) holds with k =1,2,3. Let

F(t,x)=

|x‘3/2
e |x|2<111+"3/2 - 5) ae tel0,T].

Then F(¢,x) > 0 for all x € RN and a.e. £ € [0, T] and

|x|lgo }% = & uniformly for a.e. t € [0, T, (4.1)
|x|1—I>noo % = %{2 uniformly for a.e. t € [0, T]. (4.2)
It is easy to verify that
61n1l a2 |x|3/2

(VF(t,x),x) — 2F(t,%) = o2 - 1114572

63k2 (1+ [xP32)2
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Choose & =1, n =1 and v = 3/2. Moreover, obviously, there exists m > 0 such that

3/2 2
IET»I’CW > 3 Then
3 e S
2 . 1 .
(VF(t’ x)!x) - 2F(t!x) 2 Inl- 111w L+[x[3/2 >Inll>1
F(t,x) - 1x[3/2 :
E+nlx]” 11 1+1x372 _.%

Hence, (H2) holds.
When k =1,

iy +1)%0? = 4jy @ X 1
min (lo'{—)—lo’w—’: = — and 01=0.15.
2 2k27 2 2

By (4.2), we can find L; > 0 such that

2 1 17
Ft,x) > = - = )Ix|>= =—=x|*>, V|x|>Ly, andae.t€[0,T].
3 10 30

Let 1 = %. Then (H3)(2) holds with k = 1. Moreover, by (4.1), we can find /; > 0 such that

e < ( 2 23

— + —— ) |%> ~ 0.0409|x]?, V|¥| <l anda.e. t€e[0,T].
63 2520

Let a; = 0.0409. Then (H4) holds. By Theorem 1.1, we obtain that system (1.1) has a T-
periodic solution.
When k =2,

O Al hd gy =015
2 22 2 and o

min{(l’“l)z 2= iy @? x,-_}_l
8

By (4.2), we can find L, > 0 such that
1 1 9 9
F(t,x) > <100 |x|* ~ 0.1567|x|°, V|x|>L,anda.e.te€[0,T].

Let 8, = 0.1567. Then (H3)(2) holds with k = 2. Moreover, by (4.1), we can find [, > 0 such

that
1 2 2
F(t,x) < — + —— ||| = 0.00894|x|°, V|x| <lyanda.e.te[0,T].
126 1000
. 2.2 4. X
Let o = 0.00894. Then (H4) holds. Note that é < % = min{%mfw%, ’“72, %}. So, when

k =2, by Theorem 1.1, we cannot judge that system (1.1) has a T-periodic solution. How-
ever, we can obtain that system (1.1) has a 27-periodic solution.
When k = 3,

1
=— and o03=0.1.

min (l,'o + 1)20)2 - )‘io (,()2 )\i,
18

2 2k 2

Page 23 of 25
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By (4.2), we can find L3 > 0 such that

2 1
Ft,x) > [ — - — )|#|> ~ 0.0641|x|>, V|x| >Lsanda.e.t€[0,T].
27 100

Let 83 = 0.0641. Then (H3)(2) holds with k = 3. Moreover, by (4.1), we can find /5 > 0 such
that

2 1
Ft,x) <[ —=— + —— ||x> 2 0.00453|x|%2, V|x| <l3anda.e.t<[0,T].
567 1000

L 3 2 o +1)2w2—kio 02 i 1
et a3 = 0.00453. Then (H4) holds. Note that 55 < § = min{——5—=2, Tom 5 <3 =
Uig D20 2iy 2 2

2 AURAY)

(1.1) has T-periodic solution and 27 -periodic solution. However, we can obtain that sys-

1
8

min{ }. So, when k = 3, by Theorem 1.1, we cannot judge that system

tem (1.1) has a 3T -periodic solution. It is easy to verify that Example 4.1 does not satisfy
the theorem in [19] even if k = 1.

Example 4.2 Let

0O 0 O
A=]0 -1 O
0O 0 -2
and
2 |x|3/2

2 =
FUmpséng@wW“—U ae.telo,T].

Then
F(¢,
im (&) =0 uniformly fora.e. t €[0,T],
lxl—=0 |x|2
F(t, 22
lxll_l}loo I(xlf) = %(e —1) uniformly for a.e. ¢ € [0, T].

Obviously, (A0), (A)', (1.5), (H3) and (H4) hold. Let§ =1,p=1and v = % Similar to the
argument in Example 4.1, we obtain (H2) also holds. Then by Theorem 1.2, system (1.1)
has a sequence of distinct periodic solutions with period ;T satisfying k; € Nand k; — oo

asj— oo.
Example 4.3 Let p =4 and
F(t,x) = |x|p(e|"|p - 1) = |x|4(e"‘I4 - 1) ae. te[0,T].

Then (1.5) holds and

F(t, . F(z,
im (&) =0, lim (&) =+00 uniformly for a.e. t € [0, T].
x>0 |x|* x>0 |x]*
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Let £ =1, 7 =1and v =1/2. Then it is easy to obtain that there exists m > 1 such that (H5)
holds. By Theorem 1.3, system (1.8) has a sequence of distinct periodic solutions with
period k; T satisfying k; € N and k; — 0o as j — oo. It is easy to see that Example 4.3 does
not satisfy (1.3). Hence, Theorem 1.3 improved Theorem B.
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