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Abstract
In this paper, we study the following problem:

~Apu=AulPu+ulf e in Q,
u=0 onods,

where Q@ c RV is a smooth bounded domain, 1 < p <N, -Apu= div(|VulP?Vu) is the
p-Laplacian, p* = pN/(N — p) is the critical Sobolev exponent and A > 0 is a parameter.
By establishing a new deformation lemma, we show that if N > p? + p, then for each

A >0, this problem has infinitely many sign-changing solutions, which extends the
results obtained in (Cao et al. in J. Funct. Anal. 262: 2861-2902, 2012; Schechter and
Zou in Arch. Ration. Mech. Anal. 197: 337-356, 2010).

1 Introduction

In this paper, we consider the following problem:

—Apu = MulPu+ [ul u inQ,

u=0 ond<,

11)

where Q@ C RN (N > 3) is a smooth bounded domain, 1 < p < N, —Au = div(|VulP2Vu) is
the p-Laplacian, p* = pN/(N - p) is the critical Sobolev exponent and A > 0 is a parameter.

The first existence result of Problem (1.1) with p = 2 was obtained by Brezis and
Nirenberg in the celebrated paper [1]. In that paper, the authors proved that Problem (1.1)
had a positive solution for N > 4 and A € (0,A]) or N = 3 and A € (A]/4, A]), where A is
the first eigenvalue of (A, H3(2)). After that, many existence results have appeared for
(1.1); one can see, for example, [2—7] and the references therein for case of p = 2 and [8-11]
and the references therein for case of 1 < p < N. In particular, in the case of p = 2, the au-
thors in [2] proved that the number of solutions of Problem (1.1) is bounded below by the
number of eigenvalues of (-A, Hy(€2)) lying in the open interval (A, A + S|2|N), where S
is the best Sobolev constant and |€2| is the Lebesgue measure of 2. In [5], the existence of
infinitely many sign-changing solutions of (1.1) with p = 2 has been obtained when N > 4,
A >0 and Q is a ball, while it has been shown in [6] that (1.1) with p = 2 has infinitely many
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sign-changing radial solutions when N > 7, A > 0 and 2 also is a ball. We remark that the
methods used in [5, 6] are strongly dependent on the symmetry of the ball 2. For a general
bounded smooth domain €2, by the method of invariant sets of the descending flow, the
authors in [7] have shown that (1.1) with p = 2 has infinitely many sign-changing solutions
when N > 7 and A > 0, which extends the main result in [4].

The main purpose of this paper is to try to obtain the existence of infinitely many sign-
changing solutions of Problem (1.1) for general p € (1,N). In a very recent work [9], the
authors have proved that (1.1) has infinitely many solutions for A > 0 and N > p? + p. How-
ever, by using the Picone identity (cf. [12, 13]), we see that every nonzero solution of Prob-
lem (1.1) is sign-changing for A > A, where A, is the first eigenvalue of (—A,, Wé’p(Q))
(see Lemma 2.1 for more details). Hence, to achieve our purpose, we mainly consider the
situation of A € (0, A1).

Our main result in this paper is the following.

Theorem 1.1 Assume that N > p* + p and ). > 0. Then Problem (1.1) has infinitely many

sign-changing solutions.

Since p* is the critical Sobolev exponent, in order to overcome the lack of compactness
of the embedding of Wé’p (€2) in the Lebesgue space LP*(2), we follow the ideas of [4, 7, 9]

to consider the following auxiliary problems:

—Apu = MulP?u + [ulP?u  inQ,

u=0 onads,

(Pn)

where p, < p* and p, is increasing to p*. It has been shown by [14, Theorem 1.2] that
for every n, Problem (P,) has infinitely many sign-changing solutions {u,,x}«en. Hence,
to prove Theorem 1.1, we will show that for every k € N, {u,,x} converges to some sign-
changing solution u; of (1.1) as n — 00, and that {u;} are different. The convergence of
{u,,x} can be done with the help of [9, Theorem 1.2], which we show in Lemma 2.3. To
distinguish {u}, we shall establish a new deformation lemma on special sets in Wé’” (2);
see Lemma 2.5 for details.

Throughout this paper, we will always respectively denote ||| and | ||, by the usual
norm in spaces Wé'p (2) and L"(2) (r > 1). Let C be indiscriminately used to denote various

positive constants.

2 Proof of Theorem 1.1

We first consider the case of A > A;. Recall that 1, the first eigenvalue of —A, in Wé’p(Q),
given by A := inf{ fQ |Vul? dx, fQ |ul? dx = 1}, is simple and there exists a positive eigen-
function e; € Wé‘p(Q) corresponding to X; such that fQ Ve |P2Ve Vndx =\ fQ ef_ln dx
for every n € Wé’P(Q) (cf [15]). Moreover, by [16, Proposition 2.1], we know that e; €
L() N CY*(). On the other hand, we have the following proposition which is the so-

loc
called Picone identity.
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Proposition 2.1 [13, Lemma A.6] Letu,v € W/ﬁ)’f(Q) N C(Q) be such that u>0,v >0 and
L e W2(S2). Then

loc

up
/V(—)WVV’_ZVvdx
o \w!
uw\?™ u\?
:/(p(—) |Vv|p‘2VvVu—(p—1)<—> |Vv|1’)dx.
Q 14 14

Moreover,

u\! u\?
/<p<—> |Vv|p_2VVVu—(p—1)<—> |Vv|1’)dx5/ |Vul? dx,
Q v v Q

and the equality holds if and only if u = cv for some constant ¢ > 0.

Lemma 2.1 Assume that u € Wé’p(Q) is a nonzero solution of (1.1) for . > Ay. Then u is

sign-changing.

Proof By a contradiction, we may assume u > 0. By using a standard regularity argument
and [17, Lemmas 3.2 and 3.3], we have u € C**(R2) for some « € (0,1). Thus, it follows
from the strong maximum principle (cf. [18]) that u# > 0. Now, for every ¢ > 0, by applying
the above Picone identity (i.e., Proposition 2.1) to u + ¢ and e;, we see

&
/lVellpdxz/V — 1 )|\ VulP?Vudx.
Q o \(u+ept

Noting that u is a solution of (1.1), we have

P d. " - epd
v py + :
/Q| “ x>/9< (u+e)p! (u+8)1”‘1) v

It follows from the Fatou lemma that

Mp—l u? -1
/|Ve1|1’dleiminf/ X + & dx
Q =0 Jo\ (u+el1  (u+e)p!

> / (r+u" )l dx,
Q

which is impossible since [, |Vey|P dx = A [, e, u>0,e >0and A > A;. Therefore, we
have proved Lemma 2.1. d

Next, we consider the case of A < A;.
It is clear that the corresponding functional of (P,) I, : Wé’p () — R, given by

1 1
Ly(u) = = (llull” = Aull) = —lulbr,
" P( p) Pn P

is C! Fréchet differentiable. Let X,,, = span{gy, ..., ¢,,}, where {g;} is a linearly independent
sequence of Wé'p (€2). It is easy to show that there exists R, > 0 such that [,,(#) < -1 for
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u € X, \B,,, where B, := {u € X, : lu|| < Ry} (cf [14, Lemma 3.9]). We denote

P(-P) := {u € Wé’p(Q) cu>0m<0) a.e.},
Df = {ue W,"(Q):dist(u,£P) <}, D, :=D}UDy,
=l € C(B,y, Wy?(R)) : his 0dd, h(x) = x for x € dx,, B .

Recall that the genus of a symmetric set A of Wé’p (€2) is defined by
gen(A) :=inf{k > 0: 3f € C(4,RX\{0}),f is odd}.

Here, we say that A is symmetric if x € A implies —x € A.
By [14, Theorem 1.2], we know that, for every n € N, I,(x) has infinitely many critical
points, denoted by {u,,}xen, in X\D,, for i small enough. Moreover,

L(upx) = dyy = inf supl,(u), (2.1)

€k uez
where Iy := {h(B,,\B)\D,, : h € G,,, for m > n,B=—-B C B,, open, gen(B) < m — n}.
Lemma 2.2 For every k € N, there exists di > 0 such that ||\u,x|| < d foralln e N.

Proof Consider the following auxiliary functional:
1 1
1(u) = I;(Ilullp — llulih) - Ellulliy

where o = (p + p*)/2. Since p, — p*, we may assume p,, > o for all n € N. Then 1% lullg <
meas($2) + 1 ||M||
Pn

o 4 for all € N. This means

meas(£2)

*

L) =L, + <i||u||1;; - i*uuuz) > 1) - (2.2)
Pn p

Note that [, (1) is the corresponding functional of the following equation:

—Apu = MulP~u + I%lu|“’2u in Q,

u=0 onos,

and the nonlinearity satisfies the assumptions of [14, Theorem 1.2]. Thus, this equation
has a sequence of solutions {vi} C Wé’p (Q2)\(D;, UD,,) such that

L(v) = dj = le’lf sup I, (u)

€lk uez

for u small enough. For every k € N, the definitions of dy and dy ,, together with (2.2),

imply d + meas(ﬂ > dy, for all n € N. On the other hand, since for every n, {u,x}ken is a
sequence of solutlons for (P,) whose energies satisfy (2.1), it follows that d,, x > (1—7 - p—l)(l -
;‘—1) |4k ||IP. We complete the proof by choosing d} = (W)l/p O
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By Lemma 2.2 and [9, Theorem 1.2], we know that for each k € N, there exists u; €
Wé’p (€2) such that u, x — ur as 1 — oo in W&’p (€2). The next lemma will give more infor-
mation about .

Lemma 2.3 uy is a sign-changing solution of Problem (1.1) for every k € N.

Proof We first prove that i is a solution of Problem (1.1) for every k € N. Since u,, — ux
as 1 — oo in Wp”(),

/ IVt i P2V, 1 Vo dx — / \VurP=2Vu Vo dx
Q Q
and
/ |t el th p dxe — / |ur P urg dx
Q Q
as n — oo for every ¢ € WS’”(Q). If we can prove

f |t P72 1t 0 dxc — f lur ¥ g dx (2.3)
Q Q

as n — oo for every ¢ € W/é’p(Q), then uy is a solution of (1.1) for u,, is a solution of
(P,). Indeed, u,x — ux a.e. in Q as n — 00 since u,; — Uy in Wé’p(Q). By the Egoroff
theorem, for every § > 0, there exists €25 such that u, x — u; uniformly in 2\2; and |25 <
8, where |2;| is the Lebesgue measure of ;5. This, together with the Lebesgue dominated
convergence theorem, implies

lim U e 1P 2ty o p A = / |uk|p*’2uk¢) dx foreverygpe Wé'p(fz). (2.4)
=0 JO\Q;s Q\Qs

On the other hand, for every ¢ € Wé‘p (2), we have

-2 *_2
/||un,k|m e — o2 o]
Q25

2 -1 *-1
= ||un,k|pn Ung = i~ = |t il? ||<P|dx
Qs
-1 -1 )
+ | [P+ P = P | 1] dx
Qs
-1 *—1 -1 *—1
o I Y e |7 L VA L | TP 2%
Qs

—1 *_1 -1 *-1 )
52/ etk P70+ [t i [P ||¢|dx+/ ot~ + NP7 = g P uage| )
Q25 Q25
-1 *_1 -1 *_1
+/ 1 L e 7 L V7MY L [T 2
Qs

—1 *_1 -1 *—1 )
<2 P+l Mol da+ | [P+ LT = QP Ll dxe
Qs Qs

+3 [ [l P = o P = il 1) i
Qs
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For every ¢ > 0, by the above inequality and the absolute continuity of the integral, we can
take § small enough such that

2 [ it b it [l Pl <15
Qs Qs
For this 8, since u,,x — uy in W/é’p(Q),
3 el bl sl = gl <13
Qs
for n large enough. By (2.4), for this §, we have
[ sl i = | ds <13
Q\Qs

for n large enough. So (2.3) holds. Moreover, by a similar proof, we can show dy :=
limy, o0 dy i = Ln () = 1)

Next, we will show u is sign-changing for all k € N. Since for each n € N, u,, is a sign-
changing solution of (P,), multiplying (P,) by uf;k, we obtain || uik 17 = A Iqu;k ||§ + ||uik ||§Z,
where u® = max{#u, 0}. Note that A < A, by the Sobolev imbedding theorem, we have
0<(1- ;—I)C < ||uik||§i_p. It follows that 1, — u in L?" () as n — 00 for u,x — wu in

W,?(S2) as n — oo. This gives 0 < (1 - £)C < [luf (1.7, i.e., ui #0 forall k € N, O
Let ¢ > 0 and ¢ € R, we denote
Ki={ue WP (Q):I'w)=0},  K:={ueW,"(Q):1w)=cI'u)=0},
K :=K\(int(D;,) Uint(Dy)), K}, := K\ (int(Dj,) Uint(D,)),
Ny = [ € WoP () - dist(u, K7) < e}

Thanks to Lemma 2.3, u; € Ky, for some i > 0. We claim that {u} C K], for some
1> 0. Indeed, if not, then dist(z, P) — 0 as k — oo without loss of generality. On the

one hand, since u; is a solution of (1.1), {(I'(ux),ux — Sy (uy)) o = 0, where

Wy (9),Wy
Sy (i) : (=) (M7~ + |ur” ~2ur). On the other hand, by [17, Lemma 3.7], we have

(I (i) wie — Sx(uk)>Wé,p(Q),W0—1.p(Q) > Cllux - Sx(uk)Hz(llukll + ”Sx(lftk)H)%2
for1<p<2and
(1 i)t = 83,01 g1,y = C i = Siaa) [

for p > 2. Note that by a similar proof of [14, Lemma 3.3], we can see that S;, (le) C int(D:f)
for u small enough. Thus, ||ux — S5 (ux)|| > O for k large enough. This implies

(1,(Mk)’ Ui — S)L(uk)>Wé’p(Q),Wal'p(Q) Z Ck > 0

for k large enough, which contradicts (I’ (ug), ux — SA(Mk))Wl,p(Q) W) = 0. For the sake
0 ()

of convenience, we denote K}, K}, N, e by K*, K, M. Note that for every c € R, K is
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compact in W/é’p (2) (¢f [9, Theorem 1.2]). It follows from [19, Proposition 7.5] that there
exists & > 0 such that

gen(N;z.) = gen(KY) < +oo0. (2.5)

LetJi:={ue WS”’(Q) :I,(u) <c}and Q; =D, UJ.. LetJ*:={u e Wé'p(fz) :I(u) < c}. For
8 > 0 small enough, we define Aﬁ,‘i = (Q;*‘S\Qf[‘s)\./\/'c,s, then we have the following.

Lemma 2.4 Assume that there exists § > 0 such that K* N J*\ int(J°~?) = K} for n large.
Then there exists y > 0 such that || I,(u)| > y for u € .qui and large n.

Proof Assume a contradiction. Then, for every n € N, there exists {v,x} C Aﬁ,’i such that
limg— 00 I, (Vi) = 0. It is clear that I, satisfies the (PS) condition for every n € N. Hence
there exists v, € Wé’p (€2) such that, up to a subsequence, v,y — v, in Wé’p (R)ask — o0
with I (v,) = 0 and [,,(v,,) € [c -, ¢ + 8]. This implies

1 1 A 1 1 A
c+8=>Lv)=(-——{1-—=)IvP = === )| 1 - — }lIvall”.
P Pn A p n M

Thus, by [9, Theorem 1.2], up to a subsequence, we see that there exists vy € Wé’p ()
such that v, — vy in Wé’p (€2) as n — co. Moreover, by using the arguments in the proof
of Lemma 2.3, we have I'(vy) = 0 and I(vo) € [c — §,c + 8]. On the other hand, for large #,
v, & (int(D},) Uint(D},)) UM since v, x € .AZ‘i It follows that vy ¢ (int(Dj,) Uint(Dy,)) UNe.
This contradicts the fact that K* N ]S\ int(J¢°) = K. O

Lemma 2.5 Assume that there exists y > 0 such that ||I(u)|| > y for every u € qu‘i and

large n. Then there exist 5 > 0 and an odd continuous map n, such that n,, : Affzs Uos?t —
Q% and Nlge-s =1d for large n.
Proof We first assume 1 < p < 2. It is clear that there exists L > 0 such that

el + | SuaG)| <L forall u e Neae, (2.6)

where

(Sn,x(u),go) = / (Alulp‘zu + Iulp"‘2u)q) dx forue Wé’p(Q) and ¢ € Wo_l’p(Q).
Q

Let T : Wé'p (QN\K — Wé'p (€2) be the local Lipschitz continuous operator obtained in
[14, Lemma 2.1] and let ¢,(¢) be the solution of the following O.D.E.

9 = ¢+ Thi(9),
¢ =uc WP (Q)\K.

Denote t(u) to be the maximal interval of existence of ¢, (t).

8

Claim 1: ¢,(£) cannot enter N, before it enters Qf[‘S for small §, large n and u € .A,,’QE.
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Indeed, if the claim fails, then for every § > 0, ¢, (¢) will enter A, before it enters Qﬁ,“s.
Since u € A%, C Wé’P(Q)\J\/},ZE, there exist 0 < f; < t, < T(u) such that ¢, (£) € N 2.\ N

n,2e

for t € (t1, ;] and
dist(¢ (1), K7) =26, dist(¢u(t2),K}) = .

By [14, Lemma 2.1], C|lu = S,,,;, i) |12 (|e]| + | Sy ()))P~2 < (I(ut), u — T}, 5 (u)). On the other
hand, by the choice of # and t,, we know that ¢,(¢) € A;’i for t € (t1,t,]. Thanks to
(17, Lemma 3.8), [|u — S,,.(u)|| = (£)V®V for large n. This, together with (2.6) and [14,
Lemma 2.1], implies

e < |$ults) - dult))]| < / 6u(0) = To (600)) | dt

-c / 164(0) = Sy (0(0) | dt

I

<c / 1640) = S (Bu®) 2 (|0uO] + [ S (60)) | ) e

< C [ 1(00). 00 - T, (0u10)

= C(In(tl) - In(tZ)) <4Cs.

A contradiction with § <4C/e.

Claim 2: There exists 7(¢) < (u) such that ¢, (t1(«)) € Q5 for large n and u € Af,’fszg.

If the claim is not true, then ¢, (¢) € 95\ Q5 for all £ € (0, 7()). We first consider the
case of 7(u) < +oo. In fact, by Claim 1, ¢,(t) ¢ N, i.e., ¢,(t) € A% for all £ € (0, 7(u)).
Since |, (u)| >y >0 foru e Aﬁ,‘i and large n, we must have

||¢M(t)|| — o0 ast— t(u). (2.7)

On the other hand, by [14, Lemma 2.1] and [17, Lemma 5.2], we have
1640~ 0,001 = [ 16,60~ Tunlou(9)] s
<c /0 1 6ul6) = Sun(a(6)) | s
<C /0 (14 |00l = Sun () ) s
< ¢ [ (110400~ Sua@ D (5] + [5ealu()])as

<c / [64(5) = Sum (@) (166 | + | Sun(bu(s)) )7 ds
= C(In (¢u(0)) _In (¢u(t))) = C.

This means ||¢,(¢)] < |lu|| + C for all ¢ € (0, t(u)), which contradicts with (2.7). It follows

that there must exist 71(x) < 7(u) such that ¢,(t;1(u)) € Q5 for u € AZ',‘SZE, large n» and

Page 8 of 10
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7(u) < +00. Next, we consider the case of 7(u) = +00. Since ||u — S, (u)|| > (%)1/(”‘1) for all
u € A% and large n, it follows from [14, Lemma 2.1] and [17, Lemma 5.2] that

,€

() _

dt <In(¢u(t))’ _d’u(t) + Tn,k ((pu(t)))

< =C||pu(® = S (3u(®) | (| 6u(®) | + | S (20 )

< —C||u®) = Sur (3u®) > (1 + | (®) = S (6. 0) )
<-C«<0.

8
n,2e

Thus, there also exists 7;(u) € (0, +00) such that ¢, (t1(u)) € Q% for u € A
+00. Moreover, we must have ¢,(t) € Q5 for t € (71(u), T(u)) since W < 0 for all
ue WP (Q\K.

Let

and t(u) =

¢u(rl(u))» ue "4228’

nn(u) = s

u, ue Q.
Then, by the continuity of ¢,(t), n,(u) is continuous. Note that ¢,(¢) is odd and 7; () is
even, we see that 7,(u) is odd and it is the desired map. The situation of p > 2 can be
proved in a similar way. Therefore, we complete the proof of this lemma. O

Proof of Theorem 11 We first consider the case A > A;. Thanks to Lemma 2.1 and [9,
Theorem 1.1], (1.1) has infinitely many sign-changing solutions. Next, we consider the case
of L € (0,11). Since for every n € N, 0 <d, < d, s forall k e N, di < dy,; for all k e N.
It follows that two cases may occur:

Case 1: Thereare 1< k; <ky < --- such thatdy, <d, <--- .

In this case, Problem (1.1) has infinitely many sign-changing solutions.

Case 2: There exists kg > 0 such that d,, = d; for all k > k.

In this case, if (K* NJ%*\J d*“s)\l(;* # () for every § > 0 small enough, then Problem (1.1)
also has infinitely many sign-changing solutions. Otherwise, there exists § > 0 such that
(K* N J4+\J4=%) = K for § < 8. Thanks to Lemmas 2.4 and 2.5, there exists 7, such that
’Yn(AZ,*zg U Q%) ¢ Q%% for small § and large . Fix [ € N and k > ko, the definitions of
dy and dy,; give that there exists a large n such that d, x > d, — 8 and d, x4 < d, + & for small
8 € (0,1). By the definition of d,, x,;, there exists Z € I'x,; such that sup, I,,(&) < d, + 3, where
Z =h(B,,\B)\D,,, h € G,, and gen(B) < m — k — L. It follows that 4(B,,\B)\ Nz, 2. C A%, U
Q<. Thus, 1,(h(B,;\B)\ N4, 2:) C Q%%. By the choice of § and B,,, we have 1, 0 & € G,,.
If gen(B U b1 (N, 2¢)) < m — k, then we have

dy —8<dyy < sup L(u) <d,-6.
1noh(Bm\(BUR 1 (N, 2¢)))

A contradiction. By the properties of gen, we have
m—k+1<gen(BUN ' (Ny,2)) < gen(B) + gen(Ny, 2:) < m —k — 1 + gen(Ny, 2,).

This implies gen(N, ».) > + 1. Since [ € N is arbitrary, we have gen(N;, ».) = +00, which
contradicts with (2.5). O
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