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Abstract

In this paper, we deal with the boundary value problems without initial condition for
Schrodinger systems in cylinders. We establish several results on the existence and
uniqueness of solutions.
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Introduction

The initial boundary value for the Schrodinger equation in cylinders with base containing
conical points was established in [1]. Such a problem for parabolic systems was studied in
Sobolev spaces with weights [2]. The boundary value problem without initial condition
for parabolic equation was investigated in [3].

In the present paper, we consider the boundary value problem without initial condition
for Schrodinger systems in cylinders. Firstly, following the method in [1], we prove the
existence of solutions #* of problems with initial conditions ¢ = /. Then, by letting # —
—00, the solvability of a problem without initial condition is obtained.

This paper is organized as follows. In the first section, we state the problem. In Sec-
tion 2, we present the results on the unique solvability of problems with initial condition
for Schrodinger systems in cylinders. The well-posedness of the problem without initial
condition is dealt with in Sections 3 and 4.

1 Setting the problem
Let ©2 be a bounded domain in R” (# > 2) with boundary S = 9. For a < b, set QZ =
Q x (a,b), sz’ =S x (a,b). If (a,b) = R, we use Qp to refer to 2°°_ and Sg to refer to S*_.
For each multi-index « = (0, ...,,) € N, set || =a; + -+ + a, and 9% = 9y, - - - agn.
Denote u(x,t) = (u1(x,2),..., us(x,£)), D*u = (Duy, ..., D%us), ID*ul® = ¥ _;_; |D*u;|?* and
aj i / .
U, = %,..., %) , |l/lu|2 = Z?:l |88;l |2.
Let us introduce some functional spaces (see [4]) used in this paper.

We use H¥(Q2) to be the space of s-dimensional vector functions defined in Q with the
norm

1

k 2

ot pge g = (Z/|D°‘u|2dx> .
lal=0 V€
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Denote by H*(Q}) the space consisting of all vector functions u : 2% — C* satisfying

1

k l 2

lloel s ey = (/S‘Zb Z‘Dau‘z £y |uﬂ'|2dxdt) ,
j-1

@ |o|=0

and H* (-y, Qz) is the space of vector functions with the norm

1
k i 2
_ o |2 12 ) -2yt
el iy gty = (LZ(E D ul” +> " uyl )e dxdt) .

o] =0 j=1

In particular,

1
k 2
2 _
|WMWWMF(§:LNYAeM¢MO.
a

Jer|=0

Especially, we set Ly(—y, %) = H*%(—y, Qb).

Denote by H kl(—y, Q) the completion of infinitely differentiable vector functions van-
ishing near S with respect to H'"*(~y, Q%) norm.

Now we introduce a differential operator of order 2m

m

Lx D)= Y (-)P'D?(ap(x,)D7),

Ipllq|=0

where a,, are s x s matrices with the bounded complex-valued components in Qg, d,, =
a,, (ag, is the transposed conjugate matrix to a,,). Set

m
B(t,u,v) = Z /aququmdx, teR.
Iphlgl=0 7

We assume further that the form B(z,-, ) is H " elliptic uniformly with respect to t € R,
which means there exists a constant py > 0 independent of ¢ and « such that

Bt u,u) > o (-, 8)]| i (L1)

forall u € 121'”(9) and a.e. t € R, where 12[’”(9) is a subspace of H"(f2), the dense subset
of infinitely differentiable complex s-dimensional vector functions with compact support
in Q.

Now we consider the following problem in the cylinder Qp:

(=1)"YiL(x, ¢, D)u — u; =f(x,t) in Qp, (1.2)
Yul _o -0 1 (1.3)
-— =V, =V,....m—1, .
v Sr J

where v is the unit vector of outer normal to the surrounding surface Sg.
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Let f € Ly(—y, Qr), a complex vector-valued function u € H m0(—y, Qr) is called a gen-
eralized solution of problem (1.2)-(1.3) if and only if, for any T > 0, the equality

T
(—l)m’li/ B(t,u,n)dt + f un; dxdt = / frdxdt (1.4)
—00 QZDO SZ,TOC

holds for all n € H™(y, Qg), n(x,t) = 0 with £ > T.

2 The unique solvability of problems with initial condition
Firstly, for any / € R, we study the following problem in the cylinder 2;°:

(1) iL(x,t,D)v — v, = f(x,£) in Q5°, (2.1)
V=0, x€g, (2.2)
v )

— =0, j=0,....,m-1, (2.3)
v/ Ispe

where v is the unit vector of outer normal to the surrounding surface S;°.
The solution v(x,t) is surveyed in the generalized sense. That means v € H"%(-y, Q7°)
is a generalized solution if and only if, for any T > 0, we have

T
(—l)m‘lif B(t,v,n)dt+/ vmdxdtzf frdxdt (2.4)
h af of

for all n € ™ (y, ), n(x,t) = 0 forall £ > T.

In [1], the unique solvability of problem (2.1)-(2.3) is studied in the case & = 0 and f, f; €
L>°(0,00; L,(2)). Now, by the same method, we consider that problem in the case # € R
and f,f; € Ly(-y, 27°).

Theorem 2.1 Assume that

(i) sup{|ag%| (1) € 25°,0 < |pl, gl <m} = < oo;

(if) fof € La(=y, 27°)-
Then, for all y > yy = VZ”TZ’ m* =)\, 1<m L, there exists a uniquely generalized solution v €
H™O(~y, Q) of problem (2.1)-(2.3) satisfying

2 2 2
1m0y 00y = CLV L, i) + Wil 030 ] (2.5)
where C is a nonnegative constant independent of h, v, and f .

Proof The uniqueness is proved in a similar way as in [1]. We omit the details here. Now
we prove the existence by the Galerkin approximating method. Suppose that {¢;}72; is an
orthogonal basis of H”(2) which is orthonormal in L,(2). For any N € N, we consider
the function vV (x, t) = 21/:[:1 C,I(\[ (t)@i(x), where (C,](V (t))f: , is the solution of the ordinary
differential system

(-1 iB(t, VN, k) — /Q VWNordx = /Q fordx, (2.6)

CN(h)=0, k=1,...,N.
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So, multiplying both sides of (2.6) by 7 (CN (£)) and taking the sum with respect to k from
1to N, we arrive at

aDqVNDPVNdx—z vaNdx—z fVNdx
3 fom [

Adding this equation to its complex conjugate, integrating with respect to ¢ from % to T,
and then integrating by parts, we get

Z / g (%, T)DWN (x, T)DPVN (x, T) dx

Ipl,lg1=0

= (-1)" Z / quqVNDPdexdt

Ipl,lq1=0

—2Im( / Fx, T)WN (x, T) dx — fﬁdxdt). 2.7)
Q of

Using (1.1) and the Cauchy inequality, we receive from (2.7) that

mu+e [T
D < _E/HWuM;@m

sy (el [ o). o

m* pL+e

Using the Gronwall-Bellman inequality, put 2« = T

, from (2.8) we obtain
N 2 ! 2a(T—t) 2 g 2
9T gy =20 [ 0Ly + [ I )

r (VDL [ W00 ),

—2yT

Multiplying both sides of this equation by e and integrating with respect to T from &

to o0, we get
VN 2 1 o0 —2yT 2
“ ||Hm'0(—y,§2fl°) = G- /), e |V("T) HLZ(Q) dr
Tl e / A0, g dedr
€(po—€) Ji h (@)
= ot g 20(T—t) 2
_ o(T—
‘2 /h e /h ST £, |2, o, dedT
oo T t 9
+ 20 / et / e? =) / IfC9), g dsdedT. (2.9)
h h h

We denote by I, II, III, IV the terms from the first, second, third, fourth, respectively, of
the right-hand sides of (2.9). We will give estimations for these terms. Firstly

_ 2
o~ o)V N apr

Page 4 of 9
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and

11=¥/oo|y(- OIE /me’ZVTdet=;I[f||2 o
c(po—€) Jy VTIR@ [, 2ye(po—e) R

mute _ mp
N Ho—€ wo
m* pu+e

Tioze <2y.Next, the term /Il can be estimated by

Because of infyc, =2y, for any y > yy, we can choose € > 0 satisfying 2o =

m=2 [ |0 [ T ara - %)
B Hlne | = o VU aerepy

The last term, IV, is equal to

e A N e B L A
L SN Ly () g . 2y (y —a) Ly (-y,000)

Combining the above estimations, we get from (2.9) that

2 2 2
”VN”Hva(—y,Qf‘o) = C[”f”Lz(—y,QZC) + |lﬂ||L2(_y,Q;°)]' (2.10)
where the constant C is independent of /, N. O

From this inequality, by standard weakly convergent arguments (see [1]), we can con-
clude that the sequence {¥N}%7_, possesses a subsequence convergent to a vector function
Ve ISI’"’O(—]/, 2;°), which is a generalized solution of problem (2.1)-(2.3). Moreover, it fol-
lows from (2.10) that (2.5) holds.

3 The uniqueness of generalized solution of problem (1.2)-(1.3)
Theorem 3.1 Ify >0 and Iaz%l < me? vt e R, V|pl,|q| < m, problem (1.2)-(1.3) has no
more than one solution.

Proof Assume that u;(x, £) and u, (x, t) are two generalized solutions of problem (1.2)-(1.3),
set u(x,t) = u1(x,t) — ua(x,t). Forany T > 0, b < T, denote

IA

by

t
ulx,t)dr, -oo<t
n(x,t) = f

b<t<T.

Then n(x, T)=0,n € 1(31””1()/, Q_Too) and n,(x, t) = u(x,t), —oo <t < b.

From the definition of generalized solution, we obtain

LY /Q 5 gD’ Dindxdt + i / 5 n:|? dxdt = 0. 3.1)

Ipl.lq1=0 -

Adding (3.1) to its complex conjugate, we discover

m

(-1)"

o(DPnDP
/ apqudxdtzo,
Q

b
Ipllg|=0 * **-00
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which leads to

“ da _
- > /h 7DD dxdt
Ipl,lql=0 ¥ =00

= lim Z frfapq(x,r)D”u(x,t)un(x,r)dxdr. (3.2)
b Ja

T—>—-00

lplilq1=0

Using the assumption of Theorem 3.1 and the Cauchy inequality, the left-hand sides of
(3.2) can be estimated by

m m
0 - _
E / %D”ann dxdt < E / |anDP’e2V’dxdt
phigi-0 ¥ e OF Pphigieo ¥ oo

m
m Z
- 71 Iphlgl=0 /Ql_'wﬂDq’?‘Zezyt + |DPn|* ) dx s

2
< Mlm*HTI”Hm.O(y,QEOO)'

From (1.1) we have

-~ 2
B(r,nm= Y /apq(x,r)D"n(x,r)an(x,r)dxzuolln(»r)HHm(Q),
Iphlgl=0"

which implies

lim Z /Qapq(x,r)D”n(x,r)D‘ln(x,t)dxzMorl_i)rfloo||n(-,r)‘}im(g).

T—>—-00

lpl;q1=0

Thus
tim [ n( )|} < Clinll? (3.3)
T—>-00 e H™(Q) — " HMO(y,9b ) ’
Set
Vp(%, £) :/ DPu(x,t)dt, —-o0o<t<h,
t
then
t
DPn(x,t) = / DPu(x, T)dt = vp(x, b) — vp(x, t).
b

Replacing them into (3.3), noting that lim_, ., v, (%, £) = 0, yields
“ 2

> / |vy(x, )| dax

lpl=0 7

ECZ/QQ ez”"D”n(x,t)yzdxdt

lp|=0
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< 2cZ/b & ([vy @, b)| + |vp(x,0)[*) ddt
Q20

lp|=0

<cerry f vy ) dx+C Y
Q

/ e |vy(x, 1) |2 dxdt.
b
lpl=0 Ipl=0 ¥ 200

Setting

J(6)= Z/Q|vp(x,t)|2dx,

Ip1=0
we have
b
(1-ce®?)jb) < C / e (t) dt.
—00
So
](b)<2cfb U (8) dt Vbe( 00 ! In 1
e ’ - P ~~
B —0 2y 2C

where the positive constant C depends only on p and po.
Using the Gronwall-Bellman inequality, we get

J()=0 ( L
= on —Oo,g n%.

So u(x,t) = 0 almost everywhere ¢ € (o0, % In %]. Because of the uniqueness of the so-
lution of the problem with initial condition (2.1)-(2.3), we imply u;(x, £) = us(x, t) almost
everywhere £ € R. O

4 The existence of generalized solution
The generalized solution of problem (1.2)-(1.3) can be approximated by a sequence of so-
lutions of problems with initial condition (2.1)-(2.3).

It is known that there is a smooth function y (¢) which is equal to 1 on [1,00), is equal
to 0 on (—00,0] and assumes value in [0,1] on [0;1] (see [5, Th. 5.5] for more details).
Moreover, we can suppose that all derivatives of y(£) are bounded. Let / € (-00,0] be an
integer. Setting f"(x, t) = x (t — h)f(x, t), we then get

,0) ift>h+1,
fren= 0T
0 ift<h.
Moreover, if f,f; € Ly(~y, ), f".f" € Ly(~y, Qr) and

“fh Hiz(ﬂ/’QR) E ”f”%z(_nyR)y (41)

17 ”Z(—y,QR) < C(IVe 2y 20 * W1y 00) (4.2)

where the constant C is independent of f, /.
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Let us consider generalized solution %" and u* of problems (2.1)-(2.3) in cylinders Qp°
and Q¢° with f(x,¢) is replaced by f*(x,£) and f*(x, t) respectively. With / > k, 4 can be
understood in H"(~y, Q) with 4/ (x,1) = 0, Vk < t < h.

Define u*(x, t) = u¥(x,t) — u"(x, 1), then u*"(x,t) is the generalized solution of problem
(2.1)-(2.3) in cylinder Q¢° with f(x, £) is replaced by f*(x,t) = fX(x, ) — f"(x,t). According

to (2.5),
2 2
[ Limo = 16 Loy 0
S C[Hfh _fk“iz(—)/,ﬂkoo) + ”f;h _-ftk”iz(—}/,ﬂ;io)]'
Because

h+1
g =P Py [ U Pyt
h+1
- /k eyt~ ) = x(t=K)| - I 12

h+1
<2 / SR, o dt.
k
TS
Because of the fact that f € Ly(~y, Qg), lim [} " e 2)/[”](”%2(9) dt =0 when i,k — —o0. So
lim [|[f" — % ”%2(7%911@) = 0 when /1, k — —oc. Repeating this argument, we discover lim ||f/
ft’< ”%2(—%911&) =0 when &,k — —oo0. It follows that {u" }uoo is a Cauchy sequence and u" is
convergent to # in ]Z[”"O(—y, Qr).
In conclusion, we have i’ € H m0(—y, Qr) satisfying

T
(-1 /h B(t,u", n)dt + / (W mdxdt= | f'idxdt (4.3)
Qh

2y

forall T >0, n € H™(y,Q5°), (x,) = 0 with £ > T.
Because of the fact that u”(x,t) = 0, f"(x,£) = 0, V¢ < h, (4.3) leads to

(—l)m’li/T B(t, u”, 77) dt+/

00 Q,TOC

W' dxdt = / . Siidxdt (4.4)
Qo

forall T>0,n¢€ Ioim’l(y, Qr), n(x,£) =0 forallt > T.
For f(x,£) € Lo(—y, Qr), sending 1 — —o0, (4.4) is written as

(o ¢]

T
(—l)m_li/ B(t,u,n)dt + / un; dxdt = fndxdt (4.5)
- ol ol

forall T >0, n € H™\(y, Qx), n(x,£) =0 forall £ > T.
That means u(x, t) is a generalized solution of problem (1.2)-(1.3). We obtain our main
result.

Theorem 4.1 Assume that:

. d
(i) sup{| =2 : (x,2) € Qp,0 < |p, |ql < m} = u < 00;

Page 8 of 9
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(ii) |22] < o - €27, for all (x,t) € Qp, 0 < |pl, Iq] < m;

(ili) f.f: € La(-y, Q).
Then, for all y > yy = %, m* =3 1< there exists a uniquely generalized solution

u(x, t) € H"™(—y, Qp) of problem (1.2)-(1.3) satisfying

2
flaell

2 2
Fm0(—y,Qp) = C[”f”Lz(—%QR) + ”ﬁ”Lz(—%QR)]'
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