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Abstract

In this work the Neumann boundary value problem for a non-homogeneous
polyharmonic equation is studied in a unit ball. Necessary and sufficient conditions
for solvability of this problem are found. To do this we first reduce the Neumann
problem to the Dirichlet problem for a different non-homogeneous polyharmonic
equation and then use the Green function of the Dirichlet problem.
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1 Introduction
Let Q = {x € R"” : |x| <1} be a unit ball, 9Q = {x € R" : |x| = 1} be a unit sphere and m be a
positive integer.

Consider on the domain €2 the following Neumann boundary value problem:

(=A)"u(x) =g(x), x €, O
k
%(x)zwk(x), k=1,2,...,mx € dQ, 2)

where v is the unit outer normal vector to sphere 9€2, g(x) and gi(x) are given functions;
we always suppose that these functions are sufficiently smooth, and from here on we do
not pay any attention to their smoothness.

A function u(x) € C*"(2) N C"*1(Q) is called a solution of problem (1), (2) if it satisfies
(1), (2) in a classical sense.

It is well known (see, for example, [1]) that even in case m =1 the considered problem
(1), (2) does not have solutions for arbitrary (even, as we supposed, smooth) functions
g(x) and ¢x(x); in the case of the Poisson equation, the necessary and sufficient solvability

condition for the Neumann problem is

[ewas= [ neas.
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In the paper [2] by Kanguzhin and Koshanov, in particular, it is shown that in case m = 2
the necessary and sufficient condition for solvability of problem (1), (2) has the form

f {sol(x)—gaz(xn / (&= 1)
I Q

X [(2 —nm)x—y|™" (1 - (ac,y))2 + |x —y|2_”(x,y)]g(y) dy} ds, =0,

r(2-2)
6r2
The authors of the paper [3] presented this condition in a different form, which could

where (x,y) is the scalar product in R” and d,,, =

be easily verified,

1 |x
| 5 ewdn= [ (o) - o] ..
Q e

In the above paper [2] the authors found a solvability condition for Neumann problem
(1), (2) for arbitrary m as well (see [2], Theorem 4.2). This condition follows from equality
to zero of the determinant of an 7 x m matrix, one column of which consists of integrals
Sy [@ic(x) = 05 10vK (&1, % g(%))] dSys €mpn = Ay %> and d,, is a constant. Note that the
equation which one has as a result is very difficult to verify.

The main goal of the present paper is to find a solvability condition for problem (1), (2)
in a more simple form. It should be noted that in our study of problem (1), (2) the Green
function of the Dirichlet problem for equation (1) is essentially used. In the paper [4] a
similar method was used in the solution of the boundary value problem for the Poisson
equation with the boundary operator of fractional-order.

The paper is organized as follows. In the next section we study the properties of some
integro-differential operators, which we then use throughout the paper. In Section 3 we
investigate the Dirichlet problem for a polyharmonic equation, making use of the ex-
plicit form of the Green function found in [5-7]. Then, in the following section, reducing
Neumann problem (1), (2) to the considered Dirichlet problem, we give the necessary and
sufficient solvability condition for problem (1), (2) with homogeneous boundary condi-
tions. In the same way we consider in Section 5 the Neumann boundary value problem for
the homogeneous equation with non-homogeneous boundary conditions. Finally, in Sec-
tion 6 we study problem (1), (2) in the general case. To present the necessary and sufficient
conditions for solvability, here we apply the Almansi formula for constructing solutions
to the Dirichlet problem.

2 Properties of some integro-differential operators
Let u(x) be a sufficiently smooth function in . Consider the following operators:

a 1
L [u](x) = (r— + c) (%), I‘C_l[u](x) = / 7 u(ex) dt, (3)
ar 0

where r = |x| and ¢ > 0 is a constant. Note that the operator I';" is not defined for functions
u(x) with u#(0) # 0.

Note that in the class of harmonic functions in a ball the properties of operators I'} and
I'-! with ¢ > 0 have previously been studied in the paper [8].
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Lemma 1 Let u(x) be a smooth function. Then for any x € Q one has
(1) ifc>0, then

T[T ] ](x) = T2 el (%) = ulx); (4)
(2) ifc=0, then

T [Tolul](x) = u(x) — u(0); (5)
(3) ifc=0and u(0) =0, then

To[Fo 1] ] () = u(x). (6)

Proof Let ¢ > 0. Then

1 1 !
‘/o%[t”u(tx)]dtzfo t”‘l[cu(tx)+t%u(tx):|df=/o £ u] (t) dit.

Therefore, if ¢ > 0, then

1
)= [T duen) de = Tl ),
0

and if ¢ = 0, then

1
u(x) — u(0) = / £ [u] (2x) dt. (7)
0
Hence, equality (5) and the second equality of (4) are proved.

As we noted above, if #(0) = 0, then the expression I';![«](x) is defined. Now apply the
operator 'y to this expression. Then

1
Fo[Fal[u]](x)zfo 710 [u](x) dt.

But due to equality (7) and the condition u(0) = 0, the last expression is equal to u(x).
Hence, equality (6) is proved. The first equality in (4) can be proved in the same way. [

The following statement can be proved by a direct calculation.

Lemma 2 Let u(x) be a smooth function. Then for any x € Q one has
(1) ifc>0, then

AT [u](x) = Tcpa[Au](x);
(2) ifc>0, then

AT u] () = T [Aul(x);

Page 3 of 15
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) ifc=0and u(0) =0, then
AFgl[u](x) = Fz_l[Au](x).

Corollary 1 Let u(x) be a smooth function. Then for any x € Q one has
1) ifc>0, then

Amrc[u](x) = Fc+2m [Amu](x)¢ (8)
2) ifc>0,0rc=0andu(0)=0, then
Aml"c [u](x) = C+2m[ ”’u](x). 9)

3 Some properties of the solutions of the Dirichlet problem
Let v(x) be a solution of the Dirichlet problem

(=A)"v(x) =gi(x), x€,

gikll(x) 0, k=12,...,mx € 0Q.

(10)

It is known (see, for example, [5-7]) that if g; (x) is a sufficiently smooth function, then
the solution of problem (10) exists, it is unique and has the form

V() = /Q G ()21 9) )

where G, ,(x, ) is the Green function of Dirichlet problem (10).
We make use of the following explicit form of the Green function [5]:
if n is odd, or even and n > 2m, then

2m-n

xlyl - =

||
m-1

%(m——)---(m—ﬁ—k+l>
k=1 2

2m-n-2k (1 ~ |x|2)k(1 3 |y|2)k:|,

Gm,n(x:y) = dm,n |:|x —y|2m_"

X xlyl——

where

(-1)"T(% —m)

T s amm—1)

if n is even and n < 2m, then

1)

Gun(%,y) = dpy |:|x —y|2m‘” (ln |x — y|2 —1In

x|yl - ﬁ
m— 2m-n—2k ' kmin(m—n/Z,k—l) (_1)] ‘
Z xlyl - = (- (-p*) > rc’m_m},
k=1 j=max(k-n/2,0) J
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where

(_1)m—n/2
2775 4m (m — n/2)(m — 1)1

mn =

Lemma 3 Let g1(x) = I'y,,[g](x) in Dirichlet problem (10), and let v(x) be the unique solu-
tion of this problem. Then v(0) = 0 if and only if

/ (1- lez)m_lg(x) dx = 0. (12)
Q
Proof Let v(x) be the solution of problem (10). Then it has the form (11). To use the explicit

form of the Green function, we shall deal only with the case # is odd or even and #n > 2m,
the other cases being exactly similar. So, if v(0) = 0, then from (11) one has

/[Wmn 1- Z ) ( _5)...(m_g_,m)(l_|y|2)k]gl(y)dy:0'

then the last integral can be rewritten as

If we denote p = |y| and & =

\yl’
" () (e fke)as
n-1 n_1_- ———k+1])(1- 2
/mfop[ > - ka1)1-e?)
<alpf)dpds = | 1) ds.

Now we consider the inner integral /(§). Noting that gi(p,&) = (p% +2m)g(p, &), we
introduce the following two integrals:

1 k
11(‘5):/(; /0"_1|:2WI,0 —2m —2m Z( - ( )...(m_g_k+1>

x (1- pz)k]g(p,é)dp,

1 m-1 k
IZ(E):/ pn|:p2m—n_1_ (_13') (m_g>,..(m_g_k+1>(1_p2)k:|
0 .

9
X a—g(p,é)dp'
0

Obviously, I(§) = [,(§) + L(§).
Integrating by part in the integral I;(§), we obtain

1
L(§) = /0 p" [—npzm” +n

m-1 k
+1- |:Z (—kl!) (m—g)...(m—g—k+1>(1_p2)ki|_(2m_n)pzmn

2> mil(_l)kk " " k1) (1= 02 |g(o,6)d
-2p 27 m= )\ m= o —k+1)(1-0%) | g0 8)dp.
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Therefore

1
L) + (&) - /0 1S ()e(0,E) dp,

where
J k
Si(p) =n—-2m - Z D ( n)---(m—g—k+1>(1—,02)k1
k=1
4 (1 n ok .
(n— Zm; 0 m—E—k+1 (1—,0), 1<j<m-1

It is not hard to prove by induction that

(n—mmn4n—mm—ﬁ)j1—ﬁy’

Si(p) = ,
i(0) > i

Indeed, if j = 1, then
Si(p) = n—2m —2p%(-1) (m - g) +(n-2m)(-1) (m - g) (1-0%)

(1-r?)

—2m

:(n—2m)(1—,02)+(n—2m)~n

_ (n- 2m)(n2— 2(m —1)) (1 B pz).

Now let us suppose that (13) holds true for some j and prove it for j + 1. We have

(n=2m)- - (n=2(m—j)) (1-p*

S]+1(p): 2] ]!
2 2 - 2(m —j) i
]"Hzm n 2”’1 ](1—,02)’,02
n 2m n-— 2m n—2(m -7 v+l
Tienr T2 2 (=)
_(n—2m)~~~(n—2(m—j))'(1—;02)1'+1
- 2 Ji
n-2m (m=2m)---(n=2m—j) (1-p2y+
T2+ b !
C(m=2m)--(n-2m-j)) n-2m-j-1) @1-p**
= oy ' 2 Y]

Thus equality (13) holds true for any j = 1,2,...,m — 1. In particular,

n-2m)---(n-2) 1-p>m?

-1
o1 . (m—1)! :an,m(l_pz)m )

Sm-1(p) =

where

_(n-2m)---(n-2)
T omel (1)
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Therefore

1
0= I d =dum n—ll_ 2\m—1 ) d d,
/|51 E)dt =a, /m/o P (1= 0%)" g(0,6) dp di

and going back to the Cartesian coordinate system, we have

/Q(l - lez)m_lg(x) dx =0. N

4 The Neumann problem with homogeneous boundary conditions

In this section we study problem (1), (2) with homogeneous boundary conditions.

Theorem 1 Let g(x) be sufficiently smooth. Then the necessary and sufficient solvability
condition for Neumann problem (1), (2) has the form (12).

If a solution exists, then it is unique up to a constant and can be represented as
u(x) = C+ o' V1),

where v(x) is the solution of Dirichlet problem (10) with the right-hand side g (x) =
o lgl(x), which satisfies the additional condition v(0) = 0.

Proof Let a solution of problem (1), (2) exist and let u(x) be this solution. We apply an
operator I'y to a function u(x) and denote v(x) = o [u](x). Now we obtain the conditions
for the function v(x).

Obviously, v(0) = 0. If we apply the operator (—A)™ to v(x), then by virtue of (8) we have

(=A)"¥(x) = Dol (=A)" 1] (%) = T2 [g] (%) = &1().

Further, since

ou _au

~ = ) aQ;
rar(x) 8v(x) X €
then
0
v(x) = —M(x) =0, x€0d.
dv

It is not hard to verify that for any k =1,2,... and all x € 92 one has [9]

k k
ﬂ(x) = ri <r3 —1) (rai —k+1>v(x) = rk%(x).

vk ar r
Therefore from homogeneous conditions (2) we finally have

8k
—V(x) =0, k=12,....m-1x€0Q.
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Thus, if u(x) is a solution of problem (1), (2) with homogeneous boundary conditions,
then the function v(x) = I'g[u](x) is the solution of Dirichlet problem (10) with the right-
hand side

@) - (r% i 2m)g(x>  Donlel ).

Moreover, the function v(x) satisfies the condition v(0) = 0 and according to Lemma 3,
the necessary condition for this is (12). Hence, if a solution of problem (1), (2) exists, then
it is necessary for condition (12) to be satisfied.

Now we prove that if condition (12) is satisfied, then the solution of problem (1), (2) with
homogeneous boundary conditions exists.

Indeed, if (12) is satisfied, then according to Lemma 3 the solution v(x) of Dirichlet prob-
lem (10) with g (x) = 'y, [g](x) exists and v(0) = 0.

Therefore, we may apply the operator I';! to v(x) and consider the function u(x) = C +
I'5 [V](x). It is not hard to show that this function is the solution of problem (1), (2).

Indeed, by virtue of (9) one has

(=A)"u(x) = Fz_}n [(—A)"’v](x) = Fz_}n [I‘z,,, [g]](x) =gx), xeQ.

Since I'g[u](x) = T'o[T5*[V]](x) = v(x), then one can show as above that the function u(x)
satisfies all homogeneous boundary conditions. 0

5 The Neumann problem for the homogeneous equation
In the present section we consider Neumann problem (1), (2) with g(x) = 0.
Let A be the following matrix

1 1 1 ce 1

o 20 4l .o (2 —2)ll

0 20 42 . om-22 |, (14)
0 2l g1l (2 — 2)lm)

where jK = j(j—1)--- (j—k +1), /1! = j. Note that /i) = 0 if k > j. Denote by A;,j=1,2,...,m,
the determinant of the matrix obtained from A by deleting the elements of the first column
and the jth row. Obviously, |A| = detA = A;.

Let w(x) be a solution of the following Dirichlet problem with sufficiently smooth bound-
ary functions fi (x):

(-A)"w(x) =0, x€Q,
ak_lw(x) :.ﬁ((x), k:1,2y'”1m’x€8g2'

k-1

(15)

Theorem 2 Let g(x) = 0 and ¢i(x), k = 1,2,...,m, be sufficiently smooth functions. Then
the necessary and sufficient solvability condition for Neumann problem (1), (2) has the form

> [0 Ao + = D] =, (16)
k=1

where po(x) = 0.
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If a solution exists, then it is unique up to a constant and can be represented as
u(x) = C+ T3t [wl(x),

where w(x) is the solution of Dirichlet problem (15) with boundary functions fi(x) =
©1(%), fr(®) = pr(x) + (k = Dp_1(x), k = 2,3,...,m, which satisfies the additional condition
w(0) = 0.

Proof Let a solution of problem (1), (2) exist and let u#(x) be this solution. We apply an

operator 'y to a function u(x) and denote w(x) = 'y [u](x). Now we prove that the function

w(x) is the solution of Dirichlet problem (15) with the additional condition w(0) = 0.
From the properties of the operator I'y we have (-A)"w(x) = 0, x € Q. By virtue of the

following formula [9]

Vu 9. 9 du
— = }"——]+1 el r—-=1\)r—, (17)
v/ ar ar ar

one has for x € 9Q

w(x) = ¢1(x),

0 a .
r——j+1)-\r—-1)wx)=¢ix), j=2,3,...,m.
or or

We rewrite these conditions in a more convenient form. To do this we first consider the

last two of them:

Bl 9 B
(rg -m+ 2) e (rg - 1) (ra —(m - 1)> w(x) = @u(x), (18)
(ri —-m+ 2) e (ri - 1) w(x) = @1(x). 19)
ar ar

We multiply expression (19) by m — 1 and sum to (18). Then, making use of (17), we obtain

( 0 ) < d ) ow(x)

r——-m+2)---(r—-1]r

ar ar ar
0" M w(x)

= o = oml@) + (1= Do () = fulx), x € 0L

Further, by repeating this argument for all 1 <j <m -1, we get

¥ w(x)

SR @i (x) +jo;(x) = fi1(x), x€0Q.

Thus, if u(x) is the solution of Neumann problem (1), (2), then the function w(x) =
Co[u](x) will be the solution of Dirichlet problem (15) with the additional condition
w(0) = 0. Note that, under the conditions of Theorem 2, the solution of problem (15) exists

and it is unique (see, for example, [10]).
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Next we find the conditions to the boundary functions gy (x), which guarantee the equal-
ity w(0) = 0. Making use of the Almansi formula (see, for example, [11], p.188) we write the
solution of problem (15) as

w(x) = wo(x) + PPwi(x) + Frwa (%) + - + 7" 2w, (%), (20)
where wj(x) are harmonic functions in the ball €. Obviously, w(0) = 0 if and only if
Wo(o) =0.

Substituting function (20) into the boundary condition of (15) and integrating over the

sphere, taking into account the equalities

Fwi(x w,w;(0), k=0,
/ /) ds, = /(0) w, is the area of the unit sphere,
FI9)

vk 0, k+#0,
we get the system of equations

wo(0) + w1(0) + wa(0) + - -+ + Wy, 1(0) = by,
0 - wp(0) + 2w1(0) + 4wy (0) + - - - + (2m1 — 2)w,,_1(0) = by,

0-wo(0) +2w1(0) + 4 - 3wy (0) + - - - + (2m — 2) 2m — 3)w,,,_1(0) = b3,

0-wp(0) + 2[’"_1]w1(0) + 4[”’_1]14/2(0) ++ (2m - 2)[’"_1]wm_1(0) =b,,

where

by = i / [(pk(x) + (k - l)wk_l(x)] das,, k=12,...,m,
Wy JyQ
and ¢o(x) = 0. The matrix of this system is matrix A, defined by (14). As we noted above,
|A| = detA = A;. By reducing to the Vandermonde determinant, it is not hard to find the
value of this determinant; one has A; = 2”1 (m — 1)!(2m — 4)!1 - - - 411211,

Making use of Cramer’s rule, we find wy(0) from the above system of equations: wy(0) =

% where |B| is the determinant of the following matrix

b 1 1 e 1
by 20 4l o (2m-2)l
by 20 a2 ... 2m-2)@
bm olm-1 glm-1 | (2m _ 2)[m—1]
Obviously,
m
1Bl = > (-1 b Ay,
k=1

where determinants Ay, k =1,2,...,m, are defined above. Therefore, the equality wy(0) = 0
holdsifand onlyif ) ., (=1)¥*1b; Ay = 0. But by the definition of by, this condition is equiv-
alent to (16).
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Thus, if the solution of the considered Neumann problem exists, then necessarily con-
dition (16) holds.

We now prove the converse, i.e., if (16) holds, then the solution of the Neumann problem
exists.

Let w(x) be the solution of Dirichlet problem (15). If condition (16) holds, then w(0) = 0
and we may consider the function

1
u(x) = C+ gt wl(x) = C + / swisr@)ds, x=r6,
0

and prove that this function is in fact the solution of the Neumann problem.

Indeed, after changing of variable sr = &, the last integral can be written as

u(x):C+/er§.
0

§
Therefore,
ou(x) b "w(&0)
r Pl ra </0 Tdé) = w(x). (21)

In the subsequent discussions, we use formulas (17) and (21) and assume that x € 9Q2.

So, we have

ou(x)  Ju(x)

v =7 9r =w(x) = il®) = p1(x).

Further, for the second derivative one has

3% u(x) _ (ri - 1>r8u(x) = (r3 - I)W(x).

a2 ar or or

Then

u(x)  dux) ( 9 ) du(x)  dulx)  Iw(x)
+ =|r 1])r +r =r
ov? ov

ar or ar ar
= "";V‘” = H®) = 0:(0) + 1 ().
V
Hence
92 0
%(f) = 02(x) + 1 (x) - % = 92(%).

Using the same argument, we have for anyj = 2,3,...,m

Vu(x) . 0 du(x)
— =|r——j+1)---|r—-1])r
av/ ar ar ar

Page 11 of 15
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Consequently,
Vulx) . 0 tulx) 9 . d
o +(/—1)W = (ra —Q—l))(ra —(1—2)) (rg —l)w(x)
. 0 . ]
+ (1—1)(;‘5 - (1—2)) (75 —l)w(x)

!

Therefore, finally we have by induction

o o1
) )+ G- D)~ - A
= @i(x) + (j = Dej1(x) — ( — Dej_1(x) = ¢j(x). O

6 The Neumann problem in the general case
In this final section we consider Neumann problem (1), (2) in the case when both the
equation and the conditions are non-homogeneous.

Let the solution of problem (1), (2) exist and denote this solution by u(x). Apply the
operator I'y to u(x) and put z(x) = Tg[u](x). Then the function z(x) is a solution of the
following Dirichlet problem:

(—=A)"z(x) = g1 (x), x€Q, (22)
D) = o) + (k=D (), k=1,2,...,m,x €09,

where g (x) = Ty, [g](x), @o(x) = 0. Moreover, by definition z(x) satisfies the additional
condition z(0) = 0. Since functions g; and ¢y are sufficiently smooth, then the solution of
problem (22) exists and it is unique.

Next we find the conditions to functions g(x) and @i(x), which guarantee the equality
z(0) = 0. To do this we present z(x) as

z(x) = v(x) + w(x),

where v(x) and w(x) are the considered above solutions of the corresponding Dirichlet
problems (10) and (15). Obviously, z(0) = 0 if and only if v(0) + w(0) = 0.
We represent the functions v(x) and w(x), according to (11) and (20), in the form

v(x) = A Gm,n (xr J/)gl ()/) dy’

2m—2

w(x) = wo(x) + rPwi(x) + r*wa(x) + - + 7 W1 (%).

Then

W0) = /Q Gon(0,9)61() dy = Co /Q (L= )" g0) dy,

1

w(0) = w(0) = Tl

> [0k A + &= D] ds.
k=1

Page 12 of 15
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where

()"T(5-m) (n—-2m)---(n-2)

Cum = dn,mﬂn,m =

w247 (m - 1)! 2 (- 1)
It is not hard to see that using the formula w, = ?’(’T"/;z) we can simplify C,,,, and obtain
1 (-1)"

Cnm = T T T o
7w 27 (m-1)1)?

Since |A| = Ay = 2" Y (m — 1)1(2m — 4)!1. .. 411211, the condition v(0) + w(0) = 0 has the

form

/ (1 - |x|2)m71g(x) dx
Q

2 m-1)!
T (2m =4 41121

3 /d D 80 + (k= D] S, (23)
k=1

where ¢g(x) = 0.
Thus, we proved the following statement on the necessary and sufficient solvability con-
dition for the general Neumann boundary value problem.

Theorem 3 Let ¢i(x), k =1,2,...,m and g(x) be sufficiently smooth. Then the necessary
and sufficient solvability condition for Neumann boundary value problem (1), (2) has the
form (23).

If a solution exists, then it is unique up to a constant and can be represented as

u(x) = C + Ty [2] (%),

where z(x) is the solution of Dirichlet problem (22) with the right-hand side g (x) =
o lgl(x), which satisfies the additional condition z(0) = 0.

Example 1 Let us consider the biharmonic equation, i.e., m = 2.

In this case

Then
2
-1 kA k_ 1 _ de — _ de.
;/m( ) A r () + (k = Dra (v)] /m[%(x) ()]

Therefore the solvability condition has the form

/ (1= [xP)g(x) dx = 2 / [0:() — 1)) S,
Q Q2

i.e., this condition coincides with the result of the paper [3].
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Example 2 Let us consider the so-called three-harmonic equation, i.e., m = 3.

In this case

1 1

2 4], A; =16, A, =10, Az =2.
2

Then
3
> [ 0k Ao + &~ D] as.
k=1

=2 / [3¢1(x) - 3pa(x) + @3(x)] S,
Q

Therefore the solvability condition has the form
/ (1-|x?) g(x) dx = 8 / [301(%) - 3¢2(%) + @3(x)] dS,.
Q a0

Remark 1 Let 0 < A < 1. Obviously, if g(x) € C**1(Q), then g (x) = T[gl(x) € CHRQ).
Therefore, if we suppose that g(x) € C**1(2) and ¢ (x) € C**"*1%(3Q), k =1,2,...,m, then
all the considered boundary value problems have solutions and these solutions are unique
(see, for example, [2]).
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