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Abstract

In this paper, the existence of at least one nontrivial solution for a class of semilinear
elliptic equations on R" is established by using the linking methods.
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1 Introduction
In this paper we consider the question of the existence of solutions for a class of semilinear
equations of the form

(P,) —Au+iru=glxu), xecRN,

where A > 0 is a parameter and the nonlinearity g € C(RN x R) is asymptotically linear,

iLe.,

im S99 vy dim V) = ve (11)

|t|—o00 t |x|— 00

for some V(x) € C(RN,R) and v, € R. In case this equation is considered in a bounded
domain Q C RN (with, say, the Dirichlet boundary condition), there is a large amount of
literature on existence and multiplicity results, with the case of resonance being of partic-
ular interest (see [1-3]). We recall that the problem is said to be at resonance if —A € o (S),
where o(S) denotes the spectrum of S, the ‘asymptotic linearization’ of the problem. In
other words, S : D(S) C L*(R2) — L*(R) is the operator given by

Su(x) = —Au(x) — V(x)u(x), D(S) = Hé(Q) NH2(Q). (1.2)

On the other hand, a systematic study of such asymptotically linear problems set in un-
bounded domains or the whole space RV is more recent and presents a number of math-
ematical difficulties (see [4, 5]). As an example, we note that in the case of problem (P;),
the asymptotic linearization operator S (now defined on D(S) = H*(RN)) has a much more
complicated spectrum (including an essential part [-vs,00)), which in turn makes the
study of this problem more challenging. In [4], motivated by the paper [5], Tehrani and
Costa studied the existence of positive solutions to (P;) by using the mountain pass theo-
rem if g(x, 1) satisfies some strong asymptotically linear conditions. Comparing with previ-
ous paper [4], in [6], Tehrani obtained the existence of a (possibly sign-changing) solution
for problem (P;) under essentially condition (1.1) only. In fact, he proved the following.

© 2013 Pei and Zhang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2013/1/163
mailto:prc211@163.com
http://creativecommons.org/licenses/by/2.0

Pei and Zhang Boundary Value Problems 2013, 2013:163 Page 2 of 10
http://www.boundaryvalueproblems.com/content/2013/1/163

Theorem 1.0 [6] Let go(x,s) := g(x,s) — V(x)s and assume that
(G) forevery € > 0, there exists 0 < b.(x) € L*(RN) such that

|g0(x,s)| <b.(x)+€ls] aexeRN,seR.
If A > 0 or max{0,veo} < A < —A and —x & 0,(S), then (P;) has a solution in H'(RN).

Now, one naturally asks: Are there nontrivial solutions for problem (2;) if —A € o(S) in
the above theorem? Obviously, this case is resonance. But, this problem is not easy because
we face the difficulties of verifying that the energy functional satisfies the (PS) condition if
we still follow the idea of [6]. Here, there is still an interesting problem: Are there nontrivial
solutions for problem (P,) if —A € o(S) and go(x,s) (in Theorem 1.0) is more generalized
superlinear? We will answer the above problems affirmatively by using Li and Willem’s
local linking methods (see [7]).

Next, we recall a few basic facts in the theory of Schrédinger operators which are rele-
vant to our discussion (see [6]).

1. Since limy—, o V(%) = Voo, ON€ has Oess(S) = [—Voo, 00).

2. The bottom of the spectrum o (S) of the operator S is given by

. [ IVul?> = V(x)u?
A=Xig= inf T— "
04ucH2(RN) fu?

Therefore we clearly have A < —v. If A < —v, then by using the concentration
compactness principle of Lions, one shows that A is the principle eigenvalue of S
with a positive eigenfunction ®g:

S®o=noPo, PoeH(RY),®p>0.

3. The spectrum of S in (—00, —Vs), namely o (S) N (—00, —vs), is at most a countable

set, which we denote by
A:)\.0<)\.1<)L2<~",

where each A is an isolated eigenvalue of S of the finite multiplicity. Let E; denote
the eigenspace of S corresponding to the eigenvalue ;.
Now, we state our main results. In this paper, we always assume that limy .o, V(%) = v
and v, < 0. The conditions imposed on gy (x, £) (see Theorem 1.0) are as follows:

(H;) go € CRN x R,R), and there are constants C;, C, > 0 such that

lgo(x, )| < G+ G, VxeRN,VeeR,s€ (2,p%) (N =3),

N |
N-2’
(Ha) go(x,2) = o(|t]), || = 0, uniformly on RY;

(Hs) limyy- oo go{f’t) = +00 uniformly on RY;

(Hy) There is a constant 6 > 1 such that for all (x,£) € RN x R and s € [0,1],

where p* =

0 (go (x, 0)t —2Gp(x, t)) > (sgo(x,st)t —2Gy(x, st)),

where Gy (x,t) = fot 2o(x,8)ds;
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(Hs) For some é > 0, either
Go(x,£)>0 for|t|<8,xeRN
or

Golx, £) <0 for |t] <8,x e RN;

(He) 1imyy o0 SUP <, ‘% =0 for every r > 0.

Theorem 1.1 Assume that conditions (Hy)-(Hy) hold. If - ). is an eigenvalue of S(—A < —vo),
assume also that (Hs) and (Hg) hold. Then the problem (P,) has at least one nontrivial
solution.

Remark 1.1 It follows from the condition (Hs) that our nonlinearity go(x, £) does not sat-
isfy the classical condition of Ambrosetti and Rabinowitz:

(AR) There is j > 2 such that 0 < uGo(x, u) < ugo(x, u) for allx € RN and u #0.
In recent years, there have been some papers devoted to replacing (AR) with more natural

conditions (see [8—10]). But our methods are different from the references therein.

We also consider asymptotically quadratic functions. We assume that:

(H;) For every € > 0, there exists 0 < b, (x) € L*(RN) such that
|g0(x,s)| <b.(x)+e€ls] ae.xeRN,seR,

and Ag < —A < Agyl.

Theorem 1.2 Assume that conditions (Hy), (He), (H7) and one of the following conditions
hold:

(A1) Aj<0<Xj,j#k;
(A2) Xj=0<Aj1,j 7k for some é >0,

Go(x,u) >0 for|u|>8,x€ RN,
(A3) Xj<0=Aj1,j#k for some $ >0,
Go(x,u) >0 for|ul <é,x€ RN,
Then problem (P,) has at least one nontrivial solution.

2 Preliminaries

Let X be a Banach space with a direct sum decomposition

X=X'® X2
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Consider two sequences of subspaces
XpcXjc---cXx, XjcXpc---cX?
such that

xX=Jx, j=12
neN

For every multi-index o = (o), a3) € N2, let X, = Xoy @ Xy, We know that
a<f & wa=<p, az < Ba.

A sequence () C N? is admissible if, for every o € N2, there is m € N such that n > m =
a, > . For every I : X — R, we denote by I, the function I restricted X,,.

Definition 2.1 Let I belocally Lipschitz on X and ¢ € R. The functional I satisfies the (C)}
condition if every sequence (u,,) such that («,) is admissible and

Uay € Xowr  L(the,)) = ¢, (1+ llthoy 1)1 (th,)) = O
contains a subsequence which converges to a critical point of 1.

Definition 2.2 Let be locally Lipschitz on X and ¢ € R. The functional / satisfies the (C)*
condition if every sequence (u,,) such that («,) is admissible and

Uay € Xor  SUPL(tt,) <€, (14 [tk 1)1 (th,,) = O
n

contains a subsequence which converges to a critical point of 1.

Remark 2.1 1. The (C)* condition implies the (C)} condition for every c € R.
2. When the (C)} sequence is bounded, then the sequence is a (PS)} sequence (see [11]).
3. Without loss of generality, we assume that the norm in X satisfies

o+ |® = Nl + Neiall?, w5 € XGj = 1,2.
Definition 2.3 Let X be a Banach space with a direct sum decomposition
X=X ®X,.

The function I € C}(X, R) has a local linking at 0, with respect to (X!, X?) if, for some
r>0,

Iw) >0, ueX'|ul|<r,

Iw) <0, ueX?|ul<r.

Lemma 2.1 (see [7]) Suppose that I € C'(X, R) satisfies the following assumptions:

(B1) 1 has a local linking at 0 and X* # {0};
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(By) 1 satisfies (PS)*;
(B3) I maps bounded sets into bounded sets;
(Bs) Forevery m € N, I(u) — —o0, ||ul| = 00, u € X = X}, ® X>. Then I has at least two

critical points.
Remark 2.2 Assume that I satisfies the (C)} condition. Then this theorem still holds.

Let X be a real Hilbert space and let I € C'(X, R). The gradient of I has the form
VI(u) = Au + B(u),
where A is a bounded self-adjoint operator, 0 is not the essential spectrum of A, and B is
a nonlinear compact mapping.
We assume that there exist an orthogonal decomposition,
X= Xl + Xz,
and two sequences of finite-dimensional subspaces,

XycXjcxic--cx, XjcXpc---CX’

such that

X=]JX, j=12
neN
AX, c X, j=1,2,neN.
For every multi-index « = (a1, 000) € N 2 we denote by X, the space

X, o X2,

by ps : X — X, the orthogonal projector onto X,, and by M~(L) the Morse index of a

self-adjoint operator L.

Lemma 2.2 (see [7]) [ satisfies the following assumptions:
(i) I has a local linking at 0 with respect to (X', X?);
(i) There exists a compact self-adjoint operator Boo such that

B(u) = Boo () + o(llull),  llull — 00;

(iii) A + Boo is invertible;
(vi) For infinitely many multiple-indices o := (n, n),

M~ ((A +PyBx)lx,) # dim X,

Then I has at least two critical points.
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3 The proof of main results
Proof of Theorem 1.1 (1) We shall apply Lemma 2.1 to the functional

I(u) = %/(|VM|Z—V(x)|u|2)+ %A/uz—/QGO(x,u)

defined on X = H'(RY). We consider only the case —A € o/(S), and
Golx,u) <0 for |u| <8,x RN, (3.1)

Then other case is similar and simple.

Let X2 be a finite dimensional space spanned by the eigenfunctions corresponding to
negative eigenvalues of S + A and let X' be its orthogonal complement in X. Choose a
Hilbertian basis e, (n > 0) for X and define

1
X,, = span(eg, ej,...,e,), HEN;
X2=X% neN;

X=X

neN

By the condition (H;) and Sobolev inequalities, it is easy to see that the functional / belongs
to C'(X, R) and maps bounded sets to bounded sets.

(2) We claim that  has a local linking at 0 with respect to (X!, X2). Decompose X" into
V+Wwhen V=FE_,,W=(X?>+V)-. Also,setu=v+w,uc X, veV,we W.

For the convenience of our proof, we state some facts for the norm of the whole space X.

It is well known that there is an equivalent norm | - || on X = H'(R") such that
[ (9u = V) = -pui?, wex?
and
[ (9u =) < jui?, wew.
By the equivalence of norm in the finite-dimensional space, there exists C > 0 such that
[Vlleo = Cllvll, VvelV. (3.2)
It follows from (H;) and (H,) that for any € > 0, there exists C, such that
|Gox, )| < €u® + Celul’. (3.3)
Hence, we obtain

I(u) < —mlu)® + c*[lul*,
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where m > 0, ¢* is a constant and hence, for r > 0 small enough,
Iw) <0, ueX?ulx=<r.
Let u = v+w e X! be such that |lu||x <7 = % and let
A = {xeRN: |w(x)’ < g},
Ay =RN\ A,
From (3.2), we have
v < vl = ClYl = 5

forall ||| < r, andx € RN, Onthe one hand, one has |u(x)| < |[v(x)| +|w(x)| < ||v||00+% <4

for all x € A;. Hence, from (Hs), we obtain

/ Golx,u)dx < 0.

Ap
On the other hand, we have
3

lux)| < [vx)| + [wx)| < o lw(x)| <2|w(x)|
for all x € A,. It follows from (3.3) that

Golx, u) < eu® + Clul*! < dew? + 2°71C |w|™
for all x € A, and all u € X; with ||«|| < r;, which implies that

fGo(x, u) < 46[ w? dx+/ 25 C w| dx

Ay Ay
< 4(Cs)’ellwl” + 2C3)" Ce|lw|I*,

where C; is a constant. Hence, there exist positive constants C**, C, and Cs such that
1 2
Iw) = Zlwll” = | Golxu)dx— | Golx,u)dx
2 Ay A
> C*|wl? - 4(Cs)elwl|* - 2C3) ' Ce|w** - / G(x, u) dx
Ap
2 s+1
> Cyllw||” = Csllwl|
for all # € X! with |lu|| < r;, which implies that

I(u) >0, YueX with|ul|<r

for 0 < r small enough.
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(3) We claim that ] satisfies (C)}. Consider a sequence (14, ) such that (u,,) is admissible

and
U, € Xy, 1(the,) = C (1 + llthee, 1)1 (24r) — O (3.4)
and
. 1
lim /(—go(x, Uy, U, — Gox, uan)) =c. (3.5)
n—00 2

Let Wy, = ||ta, || t4a,,. Up to a subsequence, we have
W, =W inX, Wo, =W inLi ., w,(x) > wx) aexeRY.

If w = 0, we choose a sequence {t,} C [0,1] such that

1(t,uy,) = max I(tu,,).
te[0,1]

For any m > 0, let v, = 24/mw,,,. Now, we claim that

n—00

lim /Go(x, Va,) = 0.

Let € > 0; for r > 1, then,

/ | Go(x,vy,) dx < C6rp_2*/ |Va,,|2* dx
Vo 1>

[Vay 1=

o 2%
<GP Vg, l5s.

Since p < 2%, we may fix r large enough such that

’ / Go(x, Ve, ) dx
‘Vo(n|27'

for all n. Moreover, by (Hg), there exists R > 0 such that

/ Gol, v, ) dx
[Vay =7

for all n. Finally, since v,,, — 0 in L*(Br(0)) for s € [2,2*), we can use (H;) again to derive

‘ / Go(x, vy,) dx
[Vay, |<r0lx| <R

for n large enough. Combining the above three formulas, our claim holds.

=

W m

2 |Go(x,8)| €
<Wa,ly sup ———— =<
ltl<rlei=R T 3

=<

W] M

So, for 1 large enough, 2/m||u,, || € (0,1), we have
m
I(tnuay,) ZI(V(X;/’) Zm—-€= E’ (36)

where € is a small enough constant.

Page 8 of 10
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That is, I(t,u,,) — 00. Now, 1(0) = 0, I(1,,) — ¢, we know that ¢, € [0,1] and

/ (19 ntte )| = V@)t 1)

d
+ A / Itfl|uan|2 — /go(x, Lulla, )tnlha, = t,,E I(tu,,) = 0. (3.7)

t=ty

Therefore, using (Ha), we have

1 1 1
f Ego(x, Uy, MUy, — Go (%, Uey,,) > 9/<2go(x, Lulta, )bnlla, — Go (%, tnuan)) — +00.

This contradicts (3.5).
If w # 0, then the set © = {x € R : w(x) # 0} has a positive Lebesgue measure. For x € O,
we have |u,, (x)| — oo. Hence, by (H3), we have

o (X, Ue, (X)) g, (%)
|ther,, ()2

|Wa,, (%) |2 — 0. (3.8)

From (3.4), we obtain

1— 0(1) > (/#0 +/0>go(x, Man(x))uan(x) !wan(x)|2dx. (3.9)

|24, () |2

By (3.8), the right-hand side of (3.9) — +o0. This is a contradiction.
In any case, we obtain a contradiction. Therefore, {u,,} is bounded.
Next, we denote {u,,} as {u,} and prove {u,} contains a convergent subsequence.
In fact, we know that {u,} is bounded in X. Passing to a subsequence, we may assume
that u, — u in X. In order to establish strong convergence, it suffices to show that
ll2tnll — llaell.
By the condition (He) and (I'(u,), u, — u) — 0, we can similarly conclude it according to
the above proof of our claim.
Finally, we claim that for every m € N,
I(u) > —00  as ||u]| » oo, u GX}W ® X2
By (H;) and (H3), there exist large enough M and some positive constant T such that

Golx,t) > Mt:, xeRN,t>T.

So, for any u € X, ® X2, we have
1, 2 A 2
I(tu) = Et (|Vu| - Vix)|ul )+ Ek u” — | Golx, tu)
1, 2 A 2 2 2
< Et (IVuI - V(x)|u| )+ 5)\. u —-Mt” | uw— —00 ast— +00.

Hence, our claim holds. O
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Proof of Theorem 1.2 We omit the proof which depends on Lemma 2.2 and is similar to
the preceding one since our result is a variant of Ding Yanheng’s Theorem 1.2 (see [12]).
O
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