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Abstract
We provide the existence of a positive solution for the quasilinear elliptic equation

—div(a(x,|Vu|)Vu) =f(x,u, Vu)

in € under the Dirichlet boundary condition. As a special case (a(x, t) = t*~%), our
equation coincides with the usual p-Laplace equation. The solution is established as
the limit of a sequence of positive solutions of approximate equations. The positivity
of our solution follows from the behavior of f(x, t&) as t is small. In this paper, we do
not impose the sign condition to the nonlinear term f.
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1 Introduction
In this paper, we consider the existence of a positive solution for the following quasilinear
elliptic equation:

—divA(x, Vu) = f(x,u, Vu) inQ,
u=0 ondg,

(P)

where @ C RY is a bounded domain with C?> boundary 3. Here, A: @ x RN — RN is
a map which is strictly monotone in the second variable and satisfies certain regularity
conditions (see the following assumption (A)). Equation (P) contains the corresponding
p-Laplacian problem as a special case. However, in general, we do not suppose that this
operator is (p — 1)-homogeneous in the second variable.
Throughout this paper, we assume that the map A and the nonlinear term f satisfy the
following assumptions (A) and (f), respectively.
(A) A(x,y) = a(x, |y])y, where a(x, ) > 0 for all (x,£) € Q x (0, +00), and there exist
positive constants Cy, Cy, Cy, C3, 0 < £y <1 and 1 < p < 0o such that
i) AeCoQ x RN,RN)N CH(Q x (RN \ {0}), RN);
(ii) |DyA(x,y)| < Ci|ylP~2 for every x € Q,and y € RN \ {0};
(ili) DyA(x,y)& - & > ColylP~2|&|? for every x € Q,y € RN \ {0} and &€ € RY;
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(iv) |D-A(x,y)| < Co(1 + |y|P!) for every x € Q, y € RN \ {0};
(v) |DxA(x,y)| < CslylPH(~log|y|) for every x € @, y € RN with 0 < |y| < t,.
(f) f is a continuous function on € x [0,00) x R¥ satisfying f(x,0,&) = 0 for every
(x,€) € Q x RN and the following growth condition: there exist 1 < g < p, b; > 0 and
a continuous function fy on  x [0, 00) such that

~by(1+ tq—l) <folxt) <fxt,€) <b(1+ 1y |%-|q—1) W

for every (x,t,&) € Q x [0,00) x RN,
In this paper, we say that u € WS’”(Q) is a (weak) solution of (P) if

/A(x,Vu)Vgodx:/f(x,u,Vu)<pdx
Q Q

for all g € W% ().

A similar hypothesis to (A) is considered in the study of quasilinear elliptic problems (see
[1, Example 2.2.], [2-5] and also refer to [6, 7] for the generalized p-Laplace operators).
From now on, we assume that Cy < p —1 < Cy, which is without any loss of generality as
can be seen from assumptions (A)(ii), (iii).

In particular, for A(x,y) = |y|P~2y, that is, div A(x, Vu) stands for the usual p-Laplacian
Apu, we can take Cyp = C; = p — 1 in (A). Conversely, in the case where Cp = C; =p -1
holds in (A), by the inequalities in Remark 3(ii) and (iii), we see that a(x, ¢) = |¢[’~2 whence
A(x,y) = |y|P~2y. Hence, our equation contains the p-Laplace equation as a special case.

In the case where f does not depend on the gradient of u, there are many existence
results because our equation has the variational structure (cf. [1, 4, 8]). Although there are
a few results for our equation (P) with f including Vu, we can refer to [7, 9] and [10] for the
existence of a positive solution in the case of the (p, q)-Laplacian or m-Laplacian (1 < m <
N). In particular, in [9] and [7], the nonlinear term f is imposed to be nonnegative. The
results in [7] and [10] are applied to the m-Laplace equation with an (m — 1)-superlinear
term f w.r.t. u. Here, we mention the result in [9] for the p-Laplacian. Faria, Miyagaki
and Motreanu considered the case where f is (p — 1)-sublinear w.r.t. # and Vi, and they
supposed that f(x, 4, Vi) > cu” for some ¢ > 0 and 0 < r < p — 1. The purpose of this paper
is to remove the sign condition and to admit the condition like f (x, &, Vi) > Au?~! + o(u? 1)
for large A > 0 as u — 0+. Concerning the condition for f as |u| — 0, Zou in [10] imposed
that there exists an L > 0 satisfying f (x, u, Vut) = Lu" ' + o(|u|" ! +|Vu|" 1) as |ul, |Vu| — 0
for the m-Laplace problem. Hence, we cannot apply the result of [10] and [9] to the case of
fot,u, Vi) = am(x)u? ™ + 1= )| Vul" ' + o(u? ) as u — 0+ for 1 < r < p and m € L®(R)
(admitting sign changes), but we can do our result if > > 0 is large.

In [9], the positivity of a solution is proved by the comparison principle. However, since
we are not able to do it for our operator in general, after we provide a non-negative and
non-trivial solution as a limit of positive approximate solutions (in Section 2), we obtain
the positivity of it due to the strong maximum principle for our operator.

1.1 Statements
To state our first result, we define a positive constant A, by

G (G
4 - _1<_1) > 1, @)
p—l Co
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which is equal to 1 in the case of A(x,7) = |y|P~2y (i.e., the case of the p-Laplacian) because
we can choose Cy = C; = p — 1. Then, we introduce the hypothesis (f1) to the function
fo(x,£) in (f) as ¢ is small.
(f1) There exist m € L>°(2) and by > j11(m)A, such that the Lebesgue measure of
{x € Q; m(x) > 0} is positive and

, L
liminf (x_l )

iminf=> > bom(x) uniformly in x € 2, (3)

where fj is the continuous function in (f) and w;(m) is the first positive eigenvalue
of the p-Laplacian with the weight function m obtained by

w1 (m) := inf{/Q |Vulf dx;u € Wé‘p(Q) and /S;m|u|p dx = 1}. (4)
Theorem 1 Assume (f1). Then equation (P) has a positive solution u € int P, where
P:= {u € C(l)(ﬁ); u(x) > 0in Q},
intP:= {u € Cé(ﬁ);u(x) >0in Q and ou/dv <0 on 89},
and v denotes the outward unit normal vector on 9.

Next, we consider the case where A is asymptotically (p — 1)-homogeneous near zero in
the following sense:
(AHO) There exist a positive function ag € C(£, (0, +00)) and
o(x,8) € C(Q x [0,+00),R) such that

A(x,y) = ao(x)|yPy + %o (x, |y|)y for everyx € Q,y e RN and (5)
aIO(x’ t) . . =
Jim s 0 uniformly inx € Q. (6)

Under (AHO), we can replace the hypothesis (f1) with the following (£2):

(f2) There exist m € L*°(2) and by > A1(m) such that (3) and the Lebesgue measure of
{x € Q; m(x) > 0} is positive, where A;(m) is the first positive eigenvalue of
—div(ao(x)| VulP~2Vu) with a weight function m obtained by

M(m) = inf{f ao(x)|Vul? dx;u € WS’”(Q) and f m|ulf dx = 1}. (7)
Q Q

Theorem 2 Assume (AHO) and (£2). Then equation (P) has a positive solution u € int P.

Throughout this paper, we may assume that f(x,£,£) =0 for every t <0,x € Q and £ €
RN because we consider the existence of a positive solution only. In what follows, the
norm on Wé’p(Q) is given by ||lu|| := || Vul|,, where || u||; denotes the usual norm of L4(£2)
for u € L1(2) (1 < g < 00). Moreover, we denote u. := max{+u, 0}.

1.2 Properties of the map A

Remark 3 The following assertions hold under condition (A):
(i) forallx € Q, A(x,y) is maximal monotone and strictly monotone in y;
(i) A, y)| < 1% ly|P~! for every (x,y) € Q x RY;
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(iii) Ax,y)y > 1%01 ly|P for every (x,y) € Q xRN,
where Cy and C; are the positive constants in (A).

Proposition 4 ([3, Proposition 1]) Let A: Wé’p(Q) — Wé’P(Q)* be a map defined by

(A(u), v) = /QA(x, Vu)Vvdx

for u,v e Wé'p (2). Then A is maximal monotone, strictly monotone and has (S), prop-
erty, that is, any sequence {u,} weakly convergent to u with limsup,,_, . (A(u,), u, —u) <0
strongly converges to u.

2 Constructing approximate solutions
Choose a function ¢ € P\ {0}. In this section, for such ¢ and ¢ > 0, we consider the
following elliptic equation:

—divA(x, Vu) = f(x,u, Vu) + e (x) in Q,
u=0 onadQ.

In 7], the case ¥ =1 in the above equation is considered.

Lemma 5 Suppose (f1) or (£2). Then there exists Ao > 0 such that f(x,t,&)t + Lot? > 0 for
everyx € Q,t>0and & e RN,

Proof From the growth condition of fy and (3), it follows that
Jolw, )t > —bg||m|| oot — b1t*  for every (x,£) € Q2 x [0, 00)

holds, where b is a positive constant independent of (x, £). Therefore, for 19 > by ||m|| +
by, we easily see that f(x, £, )t + Lot? > fo(x, )t + Aot? > O foreveryx € Q,£>0and £ € RN
holds. O

Proposition 6 If u, € Wol'p(Q) is a non-negative solution of (P;¢) for ¢ > 0, then u, €
L*°(2). Moreover, for any ey > 0, there exists a positive constant D > 0 such that ||u;| .o <
Dmax{l, ||uc||} holds for every ¢ € [0, &o].

Proof Set p* = Np/(N — p) if N > p, and in the case of N < p, p* > p is an arbitrarily fixed
constant. Let u, be a non-negative solution of (P; &) with 0 < & < gy (some &y > 0). For
r > 0, choose a smooth increasing function n(¢) such that n(t) = 1 if 0 <t <1, n(t) =
dot if t > dy and n'(t) > dy >0 if 1 <t < d; for some 0 < dy <1 < dy,d;. Define &y(u) :=
M n(u/M) for M > 1.

If u. € L"?(Q), then by taking &(u.) as a test function (note that n’ is bounded), we
have

Co
. \v4 (cp/ .
S [ v e

< / A(x, Vue)Vu &, (ue) dx
Q
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= [ (Vi) + )6l
Q
< b1/ (1 + 6l + 2ol lloo) M™ (e /M) dx + by / Voo |7 Ep (s ) dxc
Q Q
< dody (2by + 80||¢||oo)(||us||:ig + uellltD) + bl/ |Vt |77 p (1) dix (8)
Q

due to Remark 3(iii) and M"™*n(¢/M) < dodit"*. Putting B := p/(p — q + 1) < p, we see
that (Ear(ue))/ (& (1) 9™VP = ) ((r + 1)ul) @V < 41+77F provided 0 < u, < M (note
r>0). Similarly, if M < u, < diM, then (Exr(ue))/ (&3, (1) 9V < dody MY/ (dpMT) VP =
docyd\" VP MIE < dodydS PP UE ) and f we > diM, then (Eai(ue))/(E)(ue))aVP =
d(l)/ﬁ M"Py, < d(l)/ﬂ ul*"'? (note d; > 1). Thus, according to Young’s inequality, for every § > 0,
there exists Cs > 0 such that

(éM(”a))ﬁ

o @)y

/ Vit | e () e < 5 / Vit P&} (4, dx + C f
Q Q U

<6 [ 1V Peudy s Cads [ u? ©)
Q Q

where 8:=p/(p—q+1)<pand d; = max{dodldg*q)/p,dé/ﬂ} (>1). As a result, because of
r+p>r+q,r+ f,according to Holder’s inequality and the monotonicity of ¢ with respect
to r on [1,00), taking a 0 < § < Co/b;(p — 1) and setting X (x) := min{u, (x), M}, we obtain

b4(r’)p max{l, IIMSIIZI;;} > (r’)p/ |Vu P&, (u,) dx > (r/)p/ |Vuf?w|p(u2/[)rdx
Q Q

=Y = )’ o (10)

ﬁ* r

-t

provided u, € L™?(Q2) by (8) and (9), where ' = 1 + r/p, C, comes from the continu-
ous embedding of Wé’p (Q) into L7 (2) and d is a positive constant independent of u,,
¢ and r. Consequently, Moser’s iteration process implies our conclusion. In fact, we de-
fine a sequence {ry,};, by ro := p* — p and ry,41 := p*(p + 1) /p — p. Then, we see that u, €
LPFerrmlip(Q) = [+ () holds if u, € LP*($2) by applying Fatou’s lemma to (10) and

letting M — oco. Here, we also see r,,,1 = p'rulp + p* —p > (0% /p)"™*

rog — 00 as m — 00.
Therefore, by the same argument as in Theorem C in [4], we can obtain u, € L*°(2) and

llete ]l o < Dmax{l, ||u.||} for some positive constant D independent of u, and ¢. a
Lemma?7 Suppose (f1) or (£2). If u, € Wé’p(Q) is a solution of (P; ¢) for € > 0, then u, € int P.

Proof Taking —(u.)_ as a test function in (P; ¢), we have
Co p
—— | V(o) |” < | AGx, Vo) (Vi) dx =~ | ¥ (us)-dx <0
p- 1 p Q Q

because of f(x,£,&) = 0 if £ < 0 and by Remark 3(iii). Hence, u. > 0 follows. Because Propo-
sition 6 guarantees that i, € L>°(2), we have u, € C(l,’a (R) (for some 0 < « < 1) by the regu-
larity result in [11]. Note that u, = 0 because of ¢ > 0 and ¥ # 0. In addition, Lemma 5 im-

plies the existence of 1y > 0 such that —div A(x, Vu,) + Ao uf_l > 0 in the distribution sense.
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Therefore, according to Theorem A and Theorem B in [4], u#, > 0 in Q2 and du,./dv < 0 on
02, namely, u, € intP. O

The following result can be shown by the same argument as in [9, Theorem 3.1].

Proposition 8 Suppose (f1) or (f2). Then, for every ¢ > 0, (P; &) has a positive solution u, €
int P.

Proof Fix any ¢ > 0 and let {ej,...,ey,...} be a Schauder basis of Wé’p(Q) (refer to
[12] for the existence). For each m € N, we define the m-dimensional subspace V,, of
Wé’p(Q) by V,, := lin.sp.{es,...,e,}. Moreover, set a linear isomorphism 7,,: R” — V,,
by Tp(&1s...,Em) = Y iny Eiei € Vi, and let TF, : Vi — (R™)* be a dual map of T),,. By iden-
tifying R™ and (R"”)*, we may consider that T, maps from V}} to R™. Define maps A4,,
and B, from V,, to V! as follows:

(A,,,(u), v) = [

A(x,Vu)Vvdx and (Bm(u),v>:=/f(x,u,Vu)vdx+s/ Yvdx
Q Q Q

for u, v € V,,,. We claim that for every m € N, there exists u,, € V,, such that A,,(¢,,) —
B,,(u,) = 0 in V). Indeed, by the growth condition of f, Remark 3(iii) and Holder’s in-
equality, we easily have

(A () = Byu(u), u)

Co -
> E”u”p_bl(”u”l + lulld + 1Vl g ullg) = el lloo el (11)

for every u € V,,,, where 8 = p/(p — g + 1) < p. This implies that A,, — B, is coercive on V,,
by g < p. Set ahomotopy H,(¢,y) := ty+ (1 — ) T5 (A (T (¥)) = B (T (9))) for t € [0,1] and
y € R™. By recalling that A,,, — B,, is coercive on V,,,, we see that there exists an R > 0 such
that (H,,(t,y),y) > 0 for every ¢ € [0,1] and |y| > R because | - || and the norm of R™ are
equivalent on V,,. Therefore, we have

1 = deg (L, Br(0),0) = deg(H,u(1, ), Br(0),0)

= deg(H,x(0,+), Br(0),0) = deg(T};, o (A — Bin) 0 Ty, Br(0),0),

where I,,, is the identity map on R”, Br(0) := {y € R”; |y| < R} and deg(g, B, 0) denotes the
degree on R™ for a continuous map g : B — R™ (¢f. [13]). Hence, this yields the existence
of y,, € R™ such that (T}, o (A,, — B) © T,u)(¥) = 0, and so the desired u,, is obtained by
setting u,, = T),(ym) € V,, since T}, is injective.

Because (11) with u# = u,,, € Wol'p(Q) leads to the boundedness of ||u,,|| by g < p, we may
assume, by choosing a subsequence, that u,, converges to some u, weakly in Wé’p (€2) and
strongly in LP(S2). Let P,, be a natural projection onto V,,, that is, P,,u = Z:Zl &e; foru =
Y &iei. Since uyy, Pyt € Vi and A,y () — By () = 0 in V%, by noting that A, = A on
V., for a map A defined in Proposition 4, we obtain

(Am), i — uo) + (A(n), uo — Prutio)

= (Am(um)r Um _Pmu0> = <Bm(um)7 Um _PmMO>
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- / (£ s Vi) + 9 (1t — )
Q
+/(f(x,um,Vum) + &) (o — Prutto) dx — 0
Q

as m — 00, where we use the boundedness of ||u,, ||, the growth condition of f and u,, —
ug in LP(R2). In addition, since ||A(um)||Wé,p(Q)* is bounded, by the boundedness of ||/,
we see that (A(u,), ug — Puug) — 0 as m — 0o, whence (A(u,,), Uy, — tg) — 0 as m —
0o holds. As a result, it follows from the (S), property of A that u,, — ug in Wé’p () as
m— 00.

Finally, we shall prove that u, is a solution of (P;¢). Fix any / € N and ¢ € V. For each
m > [, by letting m — oo in (A (Um), @) = (Bm(Uw), ¢), we have

/A(x,Vuo)Vgpdx:/f(x,uo,Vuo)fpdx+8/ Yo dx. 12)
Q Q Q

Since [ is arbitrary, (12) holds for every ¢ € | J;.; Vi. Moreover, the density of | J,., V; in
Wé’p (€2) guarantees that (12) holds for every ¢ € Wé’p (£2). This means that ug is a solution
of (P; ¢). Consequently, our conclusion u € int P follows from Lemma 7. O

3 Proof of theorems
Lemma9 Let ¢,u € intP. Then

@r
fQA(x, Vu)V(F> dx < AplIVelly

holds, where A, is the positive constant defined by (2).

Proof Because of ¢, u € intP, there exist §; > §, > 0 such that 6 ,u > ¢ > Su in Q. Thus,
81 > ¢lu > 68, and 1/8; > u/p > 1/8; in Q. Hence, u/@, p/u € L°°(2) hold. Therefore, we
have

-1
A(x,Vu)V<ﬂ> =p g)p Ax, Vu)Vg —(p—l)( )pA(x,Vu)Vu
up-1 u

C p-1 P
< 1(f> |Vu|p-1|w|—co( )|Vu|1’

C 1/p p-1 1/p ~
(—p °> fww} <—p) acy vyl
u p-1

SRS

R[S

p p—
o\
—Co<—> [VulP <A,|Vel? (13)
u
in Q by (ii) and (iii) in Remark 3 and Young’s inequality. O

Lemma 10 Assume that ay € C(,[0,00)) and let ¢, u € int P. Then

—_ P Y2
/ao(x)|w|1’*2v(pv o —u dx—/ao(x)wuv’*zwv U x>0
Q @pt Q up-1

holds.

Page 7 of 11
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Proof First, we note that u/@, p/u € L>(2) hold by the same reason as in Lemma 9. Ap-
plying Young’s inequality to the second term of the right-hand side in (14) (refer to (13)
with Cy = C; = p — 1), we obtain

P _ b
ao(x>|w|p-2vw<‘” )

prt
u\?! u\?
zuo(x)(lvcvl”—p<¥) IVoP! |V +(1a—1)(;) |V<pl"> (14)
> ao®)(IVel” - |Vul?) (15)

in Q. Similarly, we also have

p_yp
ao(x)|Vu|p2VuV<(pup_fl ) <ao@®)(|Vel’ - |Vul’) inQ. (16)

The conclusion follows from (15) and (16). O

Under (f1) or (f2), we denote a solution u, € intP of (P;¢) for each ¢ > 0 obtained by
Proposition 8.

Lemma 11 Assume (f1) or (£2). Let I := (0,1]. Then {u;}.<; is bounded in Wé’p(ﬂ).

Proof Taking u, as a test function in (P; ¢), we have

C
—0||Vug||p5/A(x,Vug)Vugdxz/f(x,us,Vug)ugdx+8/ Yu, dx
p-1 P= Jq Q Q

< bi(lluelly + e+ 1 Va5 ot llg) + 1 lloollzte 1y
< by (loe | + Nl |17)
by Remark 3(iii), the growth condition of f, Holder’s inequality and the continuity of the

embedding of Wé’p(Q) into L?(2), where 8 = p/(p— g +1) (< p) and b] is a positive constant
independent of u,. Because of g < p, this yields the boundedness of ||u|| (= [|Vull,). O

Lemma 12 Assume (f1) or (2). Then |Vu|/u, € LP(Q) and |||Vug|/u8||§ < X0|2|/Cy hold
for every € > 0, where |S2| denotes the Lebesgue measure of 2, and where Cy and Ly are
positive constants as in (A) and Lemma 5, respectively.

Proof Fixany ¢ > 0 and choose any p > 0. By taking («, + p)'* as a test function, we obtain

-1
a —p)/ A(x,Vus)Vu‘9 /f(x,ug,Vus)+81//d 2—)»0/ u?
Q Q

(ue + p)¥ (up + p)P-1 (4 + p)P1

> —holS2l, 17)

by Lemma 5 and ey > 0. On the other hand, by Remark 3(iii) and 1 — p < 0, we have

A(x, Vu,)Vu, Vug|P
(1- )/ b, Vi) Ve ) g-cof&dx. (18)
(us + p)P o (U + p)P

Page 8 of 11
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Therefore, (17) and (18) imply the inequality fQ Ve |P/(ue + p)P dx < 1o|R2|/Cy for every
p > 0. As a result, by letting p — 0+, our conclusion is shown. O

Lemma 13 Assume (f2) and (AHO). Let ¢ € intP. If u. — 0 in C3(Q) as ¢ — 0+, then

P — g
/Q’do(x,wug)wsv(%) dx| =

holds, where dy is a continuous function as in (AHO).

lim
e—0+

Proof Note that u. /¢, ¢/u. € L°°(2) hold (as in the proof of Lemma 9). Because we easily
see that | [, do(x, |Vu|)|Vul* dx| < C||Vully for every u € Wg’p(Q) with some C > 0 inde-
pendent of u (see (6)), it is sufficient to show IfQ do(x, IVuSI)VuSV(gop/uf;_l)dxl — 0 as
& — 0+. Here, we fix any § > 0. By the property of @ (see (6)) and because we are assum-
ing that u, — 0 in C}(Q) as ¢ — 0+, we have [do(x, |Vu,|)| < 8|Vu.[P~? for every x € Q
provided sufficiently small ¢ > 0. Therefore, for such sufficiently small ¢ > 0, we obtain

~ ¢’
/an(x, |Vu5|)Vu5V(F) dx

/Iao x,IVueI)IIVusllvwlw‘" dx+(p—1) Iﬁo(x,IVu;BIIVuslzw”d
Q €

8

|V | \P7! |V \P
§5||¢||§1(Q){P/( ) dx+(p—1)/( ) dx
0 Q Us Q Us

< 8101y g 121 (P €)' + (p = 1)(20/ o)

because of |Vu,|/u. € L’(2) by Lemma 12. Since § > 0 is arbitrary, our conclusion is

shown. 0

3.1 Proof of main results

Proof of Theorems

Let ¢ € (0,1]. Due to Proposition 6 and Lemma 11, we have ||u,||o <M for some M >0
independent of ¢ € (0,1]. Hence, there exist M’ > 0 and 0 < « < 1 such that i, € C(l)’“ (Q)and
|z || @) < M for every ¢ € (0,1] by the regularity result in [11]. Because the embedding
of C(l)’“ (Q) into C (RQ) is compact and by u, € int P, there exists a sequence {&,} and u, € P
such that ¢, — 0+ and u, := u,, — up in C(l)(ﬁ) as n — o0. If ug # 0 occurs, then uy €
int P by the same reason as in Lemma 7, and hence our conclusion is proved. Now, we
shall prove uy # 0 by contradiction for each theorem. So, we suppose that u#, = 0, whence

u, — 01in C}(2) as n — oo.

Proof of Theorem 1 Let ¢ € intP be an eigenfunction corresponding to the first positive
eigenvalue u,(m) (cf [14,15], it is well known that we can obtain ¢ as the minimizer of (4)),
namely, ¢ is a positive solution of —A,u = ju1(m)m(x)|u/Pu in Q and # = 0 on I<2. Since
p-Laplacian is (p — 1)-homogeneous, we may assume that ¢ satisfies [, m(x)¢” dx = 1, and
hence ||V<p||p = uy1(m) fQ m(x)@? dx = ju1(m) holds by taking ¢ as a test function. Choose
p > 0 satisfying by — A, 1 (m) > p||¢>||p (note that by — App1(m) > 0 as in (f1)). Due to (f1),
there exists a § > 0 such that fy(x, £) > (bom(x) — p)t#~! for every 0 < ¢ < § and x € Q. Since
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we are assuming u, — 0 in C3(Q) as n — 00, || U]l < 8 occurs for sufficiently large 7.

Then, for such sufficiently large #, according to Lemma 9, (1) and ¥ > 0, we obtain

/f(x,un,VuV,)+81/f¢pdx

Appis(m) = Ay Vg |2 > f A(x,wnw( )

. /Q f%}j'q)wx > by /Q m(e)g? dx — pllgll = bo - pligll > Appis (m).

This is a contradiction. O

Proof of Theorem 2 Since 00 > sup,., do(x) > infyeq ag(x) > 0 holds, by the standard ar-
gument as in the p-Laplacian, we see that A;(m2) > 0 and it is the first positive eigenvalue
of —div(ao(x)|VulP2Vu) = Am(x)|ul’u in Q and u = 0 on 3. Therefore, by the well-
known argument, there exists a positive eigenfunction ¢; € intP corresponding to A; (1)
(we can obtain ¢; as the minimizer of (7)). Hence, by taking ¢; as a test function, we
have 0 < [, ao(®)| V[P dx = Ay (m) [, m(x)¢} dx. Thus, [, m(x)¢} dx > 0 follows. Because
uy, € int P is a solution of (P; ¢,,) and ¢; € int P is an eigenfunction corresponding to A;(m),

according to Lemma 11 and Lemma 13 (note A(x, %) = ao|y|? 2y + do(x, |y])y as in (AHO)),

p
uﬁ)dx / (x)qu,,V”zVu,,V(w1 iﬁ)dx
Q ul,

<)L1(m)‘/ —ub)dx - /fox,u,,) P dx

+‘/Eo(x,|Vun|)VunV((plup )dx+/f(x,un,Vun)undx+8n/ Yu, dx
Q

n

we obtain

0<f o) Ve [P~ 2vw(

- _ A(ﬁ’fﬁjn) _bom(x))w dx — (bo — 11(m)) /m(x)go1 dx +0(1) (19)

as n — 0o since we are assuming u, — 0 in C}($2), where we use the facts that 1 > 0 and

¢1 > 0 in Q. Furthermore, by Fatou’s lemma and (3), we have

liminf/ (J%(L_If”) - bom(x)>g0{j dx > 0.
e\

n—00
n

As a result, by taking a limit superior with respect to # in (19), we have 0 < —(by —

(m)) [ m(x)¢! dx < 0. This is a contradiction. O
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