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Abstract

In this paper, we study the solutions of a nonlocal elliptic system of (p, g)-Kirchhoff
type on a bounded domain based on the three critical points theorem introduced by
Ricceri. Firstly, we establish the existence of three weak solutions under appropriate
hypotheses; then, we prove the existence of at least three weak solutions for the
nonlocal elliptic system of (p, g)-Kirchhoff type.

Keywords: (p, g)-Kirchhoff type system; multiple solutions; three critical points
theory

1 Introduction and main results
We consider the boundary problem involving (p, g)-Kirchhoff

—[Mi(fo IVulP) P Apu = AE, (%, u,v) + nGu(x, 1, 0),  in L,
—[Ma([o IVUID]TT AU = AF, (%, 1, V) + uG, (%, u,v),  inQ, 1.1

u=v=0, ond,

where Q C RY (N > 1) is a bounded smooth domain, A, i € [0,+00), p>N, g> N, A, is
the p-Laplacian operator A,u = div(|VulP2Vu). F,G: Q x R x R R are functions such
that F(-,s,t), G(-,s,t) are measurable in Q for all (s,£) € R x R and F(x,-,-), G(x,-,-) are
continuously differentiable in R x R for a.e. x € Q. F; is the partial derivative of F with
respect to i, i = u,v, s0 is G;. M; : R* — R, i =1,2, are continuous functions which satisfy
the following bounded conditions.

(M) There exist two positive constants mg, 1 such that
mo < M;(t) <my, Vt>0,i=1,2. (1.2)

Here and in the sequel, X denotes the Cartesian product of two Sobolev spaces Wé’p ()
and Wé‘q(Q), ie,X = WS”’(Q) X Wé‘q(Q). The reflexive real Banach space X is endowed

with the norm

1/p 1/q
[ v) || = llully + 1Vl ||u||,,=</ |W|P> , ||v||q=(f |Vv|‘f) .
Q Q
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Since p >N and g > N, Wé'p(Q) and W/é’q(Q) are compactly embedded in C°(R). Let

) (1.3)

C= max{ sup

maXyeo{lu@} max,.o{lv()|7} }
ueWy” (Q)\(0}

’4 q
llacl vl

veWy(2)\(0)

then one has C < +00. Furthermore, it is known from [1] that

_ 1/N 1-1/,
max, cq{[u@)l} _ N (F (1 . g)) ( p-1 ) * Q-
wewirano 14l v 2 p-N

where I' is the gamma function and | 2| is the Lebesgue measure of Q. As usual, by a weak
solution of system (1.1), we mean any (1, v) € X such that

|:M1< / wuw)]p_l | |Vu|P‘2VuV¢+[M2( / |vu|q)]’_l [ worrvovy

) / (Eud + Fpp)dx— 1 / (Gutp + Goir) dx = 0 (1.4)
Q Q

for all (¢, v) € X.
System (1.1) is related to the stationary version of a model established by Kirchhoft [2].
More precisely, Kirchhoff proposed the following model:

2u (P, E [ 2\ o%u
Y d -0, 15
Lo ( n 2L/0 x) 15)

dx?
which extends D’Alembert’s wave equation with free vibrations of elastic strings, where p

ou
0x

denotes the mass density, Py denotes the initial tension, # denotes the area of the cross-
section, E denotes the Young modulus of the material, and L denotes the length of the
string. Kirchhoff’s model considers the changes in length of the string produced during
the vibrations.

Later, (1.1) was developed into the following form:

U —M(/ |Vu|2) Au=f(x,u) inQ, (1.6)
Q
where M : R* — R is a given function. After that, many authors studied the following
problem:
—M(/ |Vu|2>Au =f(x,u) ingQ, u=0 onde, 1.7)
Q

which is the stationary counterpart of (1.6). By applying variational methods and other
techniques, many results of (1.7) were obtained, the reader is referred to [3—13] and the
references therein. In particular, Alves et al. [3, Theorem 4] supposed that M satisfies
bounded condition (M) and f(x, £) satisfies the condition

0 < UF(x,t) <f(x,0)t, V|t|>R,xeQforsomev>2andR>0, (AR)

where F(x,t) = fot f(x,5)ds; one positive solution for (1.7) was given.
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In [14], using Ekeland’s variational principle, Corréa and Nascimento proved the exis-
tence of a weak solution for the boundary problem associated with the nonlocal elliptic
system of p-Kirchhoff type

—[M(fo IVulP) P Apu = f(u,0) + p1(x),  inQ,

_[MZ(fQ |VU|p)]p71ApU :g(x u, U) + pZ(x): in €, (18)
a v
3y =3, =0, ondQ,

where 7 is the unit exterior vector on 92, and M;, p; (i =1,2), f, g satisfy suitable assump-
tions.

In [15], when w1 = 0 in (1.1), Bitao Cheng et al. studied the existence of two solutions and
three solutions of the following nonlocal elliptic system:

_[Ml(fg |VM|P)]I7_1APM = }\Fu(x; M, U); in Q)
~[IMa(fo IVUIDIT Agu = AF, (%, ,v),  in 2, (1.9)

u=v=0, ondf.

In this paper, our objective is to prove the existence of three solutions of problem (1.1)
by applying the three critical points theorem established by Ricceri [16]. Our result, un-
der appropriate assumptions, ensures the existence of an open interval A C [0, +00) and
a positive real number p such that, for each A € A, problem (1.1) admits at least three
weak solutions whose norms in X are less than p. The purpose of the present paper is to
generalize the main result of [15].

Now, for every xy € Q and choosing Ry, R, with R, > Ry > 0, such that B(xg,R;) € 2,
where B(x,R) = {y € RN : |y — x| < R}, put

CUP(RY ~ RY)P (NP2 NP
— a1(N, p, Ry, Ry) = , 1.10
o1 =01 (N,p,Ri, Ry) Ry — R, (m +N/2)> o
Cl/q(Rjz\[ —R{\[)I/q j.[N/Z 1/q
(N RLR) - 1.11
ay =a(N,q, Ry, Ry) Ry — R, (F(1+N/2)> i

Moreover, let a, ¢ be positive constants and define

N 172
y(x) = R 4 R <R2 — { (xi — xf))z} ), Vx € B(xo,Rz)\B(x(),Rl),
2T i=1

Ale) = {(s,t) ERXR:|sP +t]1 < c},

-1 q-1 -1 q-1
M*:max{mlf ,m;}, M_:min{ng ,WIL}.
V4 q

Our main result is stated as follows.

Theorem 1.1 Assume that Ry, > Ry > 0 such that B(xy,Ry) C 2, and suppose that there
exist four positive constants a, b, y and B withy <p, B < q, (ac)? + (aaz)? > bM*IM_, and
a function a(x) € L*°(2) such that

(j1) F(x,s,t) > 0 for a.e. x € Q\B(xo,R1) and all (s, t) € [0,a] x [0,a];
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(2) lacr)” + (ac2)?)|Q SUP (s peqxapmt i) F® 8 8) <b [y p) Fxa,a) dx;

(i3) F(x,5,t) <a(x)(1+|s|” +|t|?) for a.e. x € Q and all (s,t) € R X R;

(j4) F(x,0,0)=0 fora.e.x € Q.
Then there exist an open interval A C [0, 00) and a positive real number p with the follow-
ing property: for each A € A and for two Carathéodory functions G,,G, : 2 x R X R— R
satisfying

(j5) SuP{|s|§g,u|§g}(|Gu(',sv D +1Gy(,s,t)]) € LX) for all € > 0,
there exists § > 0 such that, for each u € [0, 8], problem (1.1) has at least three weak solutions

w; = (u;,v;) € X (i = 1,2,3) whose norms ||w;|| are less than p.

2 Proof of the main result
First we recall the modified form of Ricceri’s three critical points theorem (Theorem 1 in

[16]) and Proposition 3.1 of [17], which is our primary tool in proving our main result.

Theorem 2.1 ([16], Theorem 1) Suppose that X is a reflexive real Banach space and that
® : X + R is a continuously Gateaux differentiable and sequentially weakly lower semi-
continuous functional whose Gdteaux derivative admits a continuous inverse on X*, and
that ® is bounded on each bounded subset of X; ¥ : X — R is a continuously Gdteaux dif-
ferentiable functional whose Gdteaux derivative is compact; I C R is an interval. Suppose
that

lim (®(x) + AW (x)) = +00

[|x]|— +00

forall € I, and that there exists h € R such that

sup inf (®(x) + A (W (x) + /1)) < inf sup(P(x) + A(V (%) + /). (2.1)
rel ¥€X xeX el

Then there exist an open interval A C I and a positive real number p with the following
property: for every ). € A and every C* functional ] : X — R with compact derivative, there
exists 8 > 0 such that, for each € [0, 8], the equation

D' (x) + AV (x) + ' (x) = 0
has at least three solutions in X whose norms are less than p.

Proposition 2.1 ([17], Proposition 3.1) Assume that X is a nonempty set and ®, V are two

real functions on X. Suppose that there are r > 0 and x,x, € X such that

-y
D(xp) = -W(x) = 0, ®(x) > 1, sup  -Wx)<r (xl).
xed-1([-00,r]) D (x1)

Then, for each h satisfying

4
sup  -VYx)<h<r (<1)
xed1([—00,r]) d(x1)

’
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one has

sup inf (@(x) + A (W (x) + /1)) < inf sup(P(x) + A(V (%) + /).
A>0 xeX xeX A>0

Before proving Theorem 1.1, we define a functional and give a lemma.
The functional H : X — R is defined by

H(u,v) = ®(u,v) + M (u,v) + pur(u, v)
:l" p> l"( q)
P 1(‘/Q|Vu| +qM2 /Q|VU|
—)\/S;F(x,u,v)dx—ufﬂG(x,u,v)dx (2.2)

for all (4, v) € X, where
~ ¢ 1 ~ t 1
M = / [Mi(9)] ds, M, = / [Ms(s)]" ds. (2.3)
0 0

By conditions (M) and (j3), it is clear that H € C}(X,R) and a critical point of H corre-
sponds to a weak solution of system (1.1).

Lemma 2.2 Assume that there exist two positive constants a, b with (ac,)? + (aaz)? >
bM* |M_ such that

(j1) F(x,s,t) >0, for a.e. x € Q\B(x0,Ry) and all (s,t) € [0,a] x [0,al;
(i2) [(aar)? + (aca)?]S2] SUP g neqxawar iy F (8, 2) < be(xo,Rl) F(x,a,a)dx.
Then there exist r > 0 and uy € Wé’p(Q), vy € Wé‘q(Q) such that

D(ug,vo) > r

and
bM* [ F(x, ug, vy) dx
|22 sup F(x,s,t) < fQ (s, 1o, vo)
(s, Q X A(M* M) C (20, o)
Proof We put
O’ X € Q\B(xO’RZ))
R 1)
wol) = | %% (R — {10 (W = %h)} ), & € Blxo, Ry)\B(xo, Ry),
a, x € B(xo, Ry),

and ug(x) = vo(x) = wo(x). Then we can verify easily (4o, vy) € X and, in particular, we have

» RN N nN/2 a b
luolly = (R~ Ry )F(1+N/2)(R2—R1> ’ 24

and

N/2 q
9 - (RN — RN il 4 . 2.5
ol = (R2 I)F(1+N/2) Ry—R (25)
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Hence, we obtain from (1.10), (1.11), (2.4) and (2.5) that

(aoy)? (ac)?
c lvolld = lIwollf = C

luolly = lwoll, = (2.6)

Under condition (M), by a simple computation, we have

M_(llull2 + 10112) < D, v) < M* (lullf + Ilv]12). (27)

Setting r = % and applying the assumption of Lemma 2.2

(aor)’ + (acn)? > bM*IM_,

from (2.6) and (2.7), we obtain

M_ M_ bM*
® (20, vo) 2M7(||M0||§ + ||V0||Z) = ?[(ﬂal)p + (ﬂaz)q] > T M =Tr.

Since, 0 < ug < a, 0 < vy <a for each x € Q, from condition (j1) of Lemma 2.2, we have

/ F(x, uo,vo)dx+/ F(x,up,v0)dx > 0.
Q\B(x0,R2) B(x0,R2)\B(x0,R1)

Hence, based on condition (j2), we get

b
|22 sup F(x,s,t) < 7(1/ F(x,a,a)dx
(55,)€QxABM* /M) (ac)? + (ac2)? Jpeg.ry)

_ bM* fB(xO‘Rl)F(x,a,a)dx
T C M((aoy)? + (a)?)/C
< bM* /Q\B(xole)F(x’ Uop, UO)dx + fB(xo,Rl) F(x; Uuop, UO)dx
- C M (lluolly + llvolld)
- bM* [ F(x,uo,vo) dx

- C ‘Ij(u01 UO)

Now, we can prove our main result.
Proof of Theorem 1.1 For each (u,v) € X, let

_ M) | Mo(viig)
p qa

\IJ(u,v)z—LF(x,u,u)dx, ](u,v)z—/QG(x,u,v)dx.

D(u,v)

From the assumption of Theorem 1.1, we know that @ is a continuously Gateaux differen-
tiable and sequentially weakly lower semicontinuous functional. Additionally, the Gateaux
derivative of ® has a continuous inverse on X*. Since p > N, ¢ > N, ¥ and J are continu-

ously Gateaux differential functionals whose Gateaux derivatives are compact. Obviously,
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® is bounded on each bounded subset of X. In particular, for each (u,v), (§,7n) € X,

p-1
(@' (u,v), (&, m)) = [Ml (/ |vM|P>] / |VulP2VuVe
Q Q

gq-1
+ [Mz (/ |Vv|q>] / |Vu|T2VuVy,
Q Q

(W' (u,v), (é,n))z—/QFu(x,u,v)édx—/S;Fv(x,u,v)ndx,
(', ), (S,n))z—/QGu(x,u,v)édx—/QGV(x,u,v)ndx.

Hence, the weak solutions of problem (1.1) are exactly the solutions of the following equa-

tion:
D' (1, v) + AV (i, v) + wJ (u,v) = 0.
From (j3), for each A > 0, one has

lim (A, v) + u¥(u,v)) = +00, (2.8)

[l Get,v) [ —+00

and so the first condition of Theorem 2.1 is satisfied. By Lemma 2.2, there exists (0, vg) €

X such that
M by M a
Do, v0) = 1(llolp) . 2(llvollg)
p q
M- »
> M_(lluoll? + IvollZ) = ?[(aal) + (ac)]
M_bM*+  bM*
s - >0 = ®(0,0), (2.9)
C M. C
and
bM* [, F(x,ug, vo) dx
|22 sup F(x,s,t) < fQ (%, uo, vo) (2.10)
(6,5,0)€QxABM* /M) C D(up, vo)
From (1.3), we have
max{|u(@)|"} < Cllully,  max{|v@)|"} < ClvlZ
xeQ xeQ
for each (4, v) € X. We obtain
» q p q
ma_x{ eI } 3 C{ Ity ||v||q} o)
xeQ p q p q

for each (4,v) € X. Letr = % for each (1, v) € X such that

kv, 14 kY q
_ Ml(”"‘”p) + MZ(”V”q) <r
p q

®(u,v)

Page 7 of 9


http://www.boundaryvalueproblems.com/content/2013/1/175

Chen et al. Boundary Value Problems 2013, 2013:175 Page 8 of 9
http://www.boundaryvalueproblems.com/content/2013/1/175

From (2.11), we get

Cr C bM* bM*
v T C(ull? + o)) < = = &2 _ e 2.12
@]+ e[ = Al + 101) = 3= 37— = 31 (2.12)
Then, from (2.10) and (2.12), we find
sup (—llf(u, U)) = sup / F(x,u,v)dx
(w,v)ed1(-00,r) {(wv)|ed(uv)<r} JQ
< sup / F(x,u,v)dx
{(wV)[|lux)? +|v(x)|T<bM* M-} J Q2
=< / sup F(x,s,t)dx
Q (s,t)eA(bM*IM_)
< || sup F(x,s,t)
(x,5,6)€QXA(BM*|M_)
_bm Jo F(x, 10, v0) dx
- C @ (29, Vo)
- (1o, vo)
=r—.
(D(Mo, UO)
Hence, we have
—W(up,
sup (—\I’(u, v)) < rM. (2.13)
()| P(wy=r) (0, vo)

Fix / such that

—W(uy,
sup (—\I/(u, v)) <h< rM,
1)\ <r) (20, vo)

by (2.9), (2.13) and Proposition 2.1, with (u3, 1) = (0,0) and (u*,v*) = (19, vo), we obtain

sup inf(CD(x) + )»(h + \I/(x))) < inf sup(CD(x) + k(h + lIl(x))), (2.14)
A>0 xeX xeX A>0

and so assumption (2.1) of Theorem 2.1 is satisfied.
Now, with I = [0,00), from (2.8) and (2.14), all the assumptions of Theorem 2.1 hold.
Hence, our conclusion follows from Theorem 2.1. O
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