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Abstract

In this paper | consider a class of sublinear Schrodinger-Maxwell equations, and new
results about the existence and multiplicity of solutions are obtained by using the
minimizing theorem and the dual fountain theorem respectively.
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1 Introduction and main result
Consider the following semilinear Schrodinger-Maxwell equations:

—Au+ V(X)u + ou=f(x,u), inR, o

—A¢ =u?, limpy 00 ¢(x) =0, inR3.
Such a system, also known as the nonlinear Schrédinger-Poisson system, arises in an
interesting physical context. Indeed, according to a classical model, the interaction of a
charge particle with an electromagnetic field can be described by coupling the nonlinear
Schrodinger and the Maxwell equations (we refer to [1, 2] for more details on the physical
aspects and on the qualitative properties of the solutions). In particular, if we are looking
for electrostatic-type solutions, we just have to solve (1).

In recent years, system (1), with V(x) =1 or being radially symmetric, has been widely
studied under various conditions on f; see, for example, [3—11]. Since (1) is set on R3,itis
well known that the Sobolev embedding H!(R®) — L¥(R%) (2 < s < 2* = 6) is not compact,
and then it is usually difficult to prove that a minimizing sequence or a sequence that
satisfies the (PS) condition, briefly a Palais-Smale sequence, is strongly convergent if we
seek solutions of (1) by variational methods. If V(x) is radial (for example, V(x) =1), we
can avoid the lack of compactness of Sobolev embedding by looking for solutions of (1) in
the subspace of radial functions of H!(R?), which is usually denoted by H!(R®), since the
embedding H!(R®) — L*(R%) (2 < s < 6) is compact. Specially, Ruiz [11] dealt with (1) under
the assumption that V(x) =1 and f(«) = #” (1 < p <5) and got some general existence,
nonexistence and multiplicity results.

Moreover, in [12] the authors considered system (1) with periodic potential V'(x), and the
existence of infinitely many geometrically distinct solutions was proved by the nonlinear
superposition principle established in [13].
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There are also some papers treating the case with nonradial potential V'(x). More pre-
cisely, Wang and Zhou [14] got the existence and nonexistence results of (1) when f(x) is
asymptotically linear at infinity. Chen and Tang [15] proved that (1) has infinitely many
high energy solutions under the condition that f(x, «) is superlinear at infinity in u by the
fountain theorem. Soon after, Li, Su and Wei [16] improved their results.

Up to now, there have been few works concerning the case that V(x) is nonradial poten-
tial and f(x, u) is sublinear at infinity in u. Very recently, Sun [17] treated the above case
based on the variant fountain theorem established in Zou [18].

Theorem 1.1 [17] Assume that the following conditions hold:

(V]) V € C(R3,R) satisfies inf,cp3 V(x) > a >0, where a > 0 is a constant. For every M > 0,
meas{x € R : v(x) < M} < co.

(H1) F(x,u) = a(x)|u|", where F(x,u) = fouf(x,y) dy, a: R® — R* is a positive function such
thata € L7 (R?) and 1 <r < 2.

Then problem (1) has infinitely many nontrivial solutions {(ux, dr)} satisfying

1 2 2 _1/ 2 l/ 2 _/ -
2/R3(|VW| +V(x)uk)dx 2 R3|V¢k| a’ac+2 R3¢kukdx RsF(x,uk)dx—>0

as k — oo.

In the present paper, based on the dual fountain theorem, we can prove the same result
under a more generic condition, which generalizes the result in [17]. Our first result can
be stated as follows.

Theorem 1.2 Assume that V satisfies
(V1) V € C(R%,R) and inf, g3 V(x) > 0;
and f satisfies the following conditions.
(Wh) There exist constants § > 0,y € (1,2) and a function a; € Lﬁ (R%, [0, +00)) such that

If ()| < a2 ()]s

forall x € R® and |u| < §;
2
(Wh) There exist constants M > 0, ry € (1,2) and a function a, € L2 (R3, [0, +00)) such
that

1 (6, 0)| < (@)l

forall x € R? and |u| > M;
2
(W3) For every m > 8, there exist a constant r3 € (1,2) and a function b,, € L™3 (R,
[0, +00)) such that

If (x, )| < by()

for all x € R® and |u| < m;
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(Wy) There exist constants rq € (1,2), n >0 and ¢ > 0 such that
F(x,u) > nlul™
forall x € Q and |u| < ¢, where meas{Q2} > 0, F(x,u) := fouf(x,y) dy;
(Ws) F(x,—u)=F(x,u) forallx € R® and u € R.

Then problem (1) has infinitely many nontrivial solutions {(ux, dx)} satisfying

1 1 1
_/ (|Vuk|2+V(x)ui)dx——/ |V¢k|2dx+—/ ¢kuidx—/ F(x,ur)dx — 0~
2 R3 4' R3 2 R3 R3

as k — oo.
By Theorem 1.2, we obtain the following corollary.

Corollary 1.3 Assume that L satisfies (V1) and W satisfies

(We) F(x,u) = a(x)|u|”", where F(x,u) = fouf(x,y)dy, 1<r<2isaconstant and a:R®> — R
is a function such that a € L%(RB) and a(x) > 0 for x € Q, where meas{2} > 0.

Then problem (1) has infinitely many nontrivial solutions {(ui, dx)} satisfying

1 1 1
—/ (|Vuk|2+V(x)u§)dx——f |V¢k|2dx+—f d)kulz(dx—/ F(x,ur)dx — 0~
2 R3 4' R3 2 R3 RS

as k — oo.

Remark 1.4 In Theorem 1.2, infinitely many solutions for problem (1) are obtained under
the symmetry condition (Wj5) by using the dual fountain theorem. As a special case of
Theorem 1.2, Corollary 1.3 generalizes and improves Theorem 1.1. To show this, it suffices
to compare (V]) and (V1), (H;) and (W5). Firstly, it is clear that (V7) is really weaker than
(V{). Secondly, in (H) a is assumed to be positive, while in (W) we assume that a is
indefinite.

Moreover, under all the conditions of Theorem 1.2 except (W5) we obtain an existence

result.

Theorem 1.5 Assume that L satisfies (V1) and W satisfies (W), (Wa), (W3), (Wy). Then
problem (1) possesses a nontrivial solution.

Remark 1.6 In Theorem 1.5 we obtain the existence of solutions for problem (1) under
the assumption that f(x, &) is indefinite and without any coercive assumptions respect to
V such as (V]). There are functions V and f which satisfy Theorem 1.5, but do not satisfy
the corresponding results in [2—16]. For example,

V) =1, flxu)=al)|ul? 2)
and

_1;13 _ f < < L’
(~)"n(lx| —n) forn<|x| <n+ - 3)

a(x) =
else,
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in which n > 3. It is clear that & € C(R3, R) is indefinite. Denoting by 7 the area of the unit
ball in R?, we obtain

o n+%2 = 2 4
f at(x)dx = Z(/ n2r(r — n)* dr + / n'2r? (n +— - r) dr)n
R3 n n+ n

n=3

2T Y
=M
n=3
< 00, (4)

2
which means that @ € L3 (R%). So, (2) satisfies our results, but does not satisfy the results
in [3-17].

2 Preliminary results
In order to establish our results via critical point theory, we firstly describe some properties

of the space H'(R?), on which the variational functional associated with problem (1) is
defined. Define the function space

H'(R) = {u e I*(R?) : Vu e (1*(R%))°)

equipped with the norm

1/2
ol g1 2= (f (IVul* + uz)dx)
R3

and the function space

D?(R):= [uel? :Vue (I*(R%))’)
with the norm

172
lullpr2 = (/ |Viu|? dx) .
R3

Let

E:.= {u e H'(R%) :/ V(x)u? dx < +oo}

R3

equipped with the inner product

(u,v) = / (Vu -Vv+ V(x)uv) dx

R3

and the corresponding norm

lul? = (u, u).

Page 4 of 22
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Note that the following embeddings
E—IL*(R%), 2<s<2*, D"(R®) = L*(R%)

are continuous, where 2* = 6 is the critical exponent for the Sobolev embeddings in di-
mension 3. Therefore, there exist constants C, and C, such that

lullr < Cplluell, loll 2 < Collull pr2 (5)

for all u € E. Here L”(R®) (2 < p < 2*) denotes the Banach spaces of a function on R® with
values in R under the norm

1/p
lleellr = (/R3 |u(x)|pdx) :

Let
L(R%) := {u:R3—>R:/ a(x)lul’dx<+oo},
R3

where a(x) > 0 for a.e. x € R®. Then L’ (R®) is a Banach space with the norm

1/r
||u||L;=(f a(x)lul’dx) .
RB

Lemma 2.1 Suppose that assumption (V1) holds. Then the embedding of E in L’ (R®) is
compact, where r € (1,2), a € L™ (R®) is positive for a.e. x € R®.

Proof For any bounded set K C E, there exists a positive constant M, such that ||u| < M,
for all u € K. We claim that K is precompact in L’ (R?). In fact, since a € L7 (R3), for any
& > 0, there exists T, > 0 such that

y 2-n/2
(/ a(x)zr dx) <e&.
[>T

For any u,v € K, applying the Holder inequality for r such that 7 + % =1 and the first
inequality in (5), we have

, Q-2 /2
/ ax)|u—-v| dx < (/ a(x)2—r dx) </ Iu—VIde)
[x[>Te |x|>Te || >Te
) (2-r)/2
<l —vi, (/ alx) dx)
x| >Te

= Glu-vll'e

<2C;Mje. (6)

Besides, since E(Br,(0)) C H'(Br.(0)) is compactly embedded in L!(Br,(0)), where
Br,(0) = {x € R®: |x| < T.}, there are u;, uy, ..., u,, € K such that for any u € K,

/ a(w)|u—u;|"dx <e. (7)
x| <Te
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Now it follows from (6) and (7) that K is precompact in L/ (R?). Obviously, we have E
is compact embedded in L/ (R?), where r € (1,2), a € L7 (R3) is positive for a.e. x € R,
O

Lemma 2.2 Assume that assumptions (V1), (W1), (W>) and (W3) hold and u, — u in E.
Then

S un) — f (%, 1)

in L*(R%).

Proof Assume that u, — u in E. Then, by Lemma 2.1,
Uy — U

in L7 (R%), where r € (1,2),a € L7 (R®) is positive for a.e. x € R®. Passing to a subsequence

if necessary, it can be assumed that

[e°]
Z lwy, — ullgy, < +o0.

n=1

It is clear that

k
hi(x) := > |un(x) - u(x)| € L (R°) (8)
n=1
and
4
g = hullyy <Y it - ullg )
n=1[

forall g >/ € N*. Since {u,} is a Cauchy sequence in L (R?), so by (9) we know that {/} is
also a Cauchy sequence in L/ (R?). Therefore, by the completeness of L/ (R?), there exists
h € L7(R®) such that i — h in L (R?). Now we show that

hic(x) < h(x) (10)

for all k € N* and almost every x € R. If not, there exist ko € N* and S C R?, with
meas{S} > 0, such that

hiy (%) > h(x)
for all x € S. Then there exist a constant ¢ > 0 and Sy C S, with meas{Sy} > 0, such that

hiy (%) = h(x) + ¢
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for all x € Sp. By the definition of /i, we have
hi(x) = hyy (%) = h(x) + ¢

for all k > ko and x € Sy. Therefore, one has

/a(x)|hk—h|’dx2/ a(x)|hx —h|" dx
R3

So

> / a(x) dx.
So

Letting k — 00, we get

0> c’/ a(x)dx,

So

which contradicts the fact that a(x) > 0 for a.e. x € R®. Now we have proved (10). It follows
from (W5) that there exists M > 0 such that

If (e, 1) | < @) )7 (11)
for all x € R® and |u| > M. By (W}), there exists § > 0 such that
If (o, )| < a1 () e (12)

2
for all x € R? and |u| < 8, which together with (W3) shows there exists by, € LZ"3 (R?) such
that

bar(x)

Sl (13)

[f (e, )| < an () ul "™ +
for all x € R® and |u| < M. Combining (11) and (13), we have

b
[ 0)] < @)™ + ano) > + (14)

for all x € R® and u € R. Hence, by (10) one has

[f (1) = f e 1) | < aa () (1|70 1))+ o () (|27 + 2 7)

by (%)
8}’3—1

(It 37+ a7

< a1 (%) (Jtt — "7+ 2{ )| 7) + a2 (0 ([t — > + 20> 7)

by (%) _ _
oy (1 —ul™ 4 20ul7)
< a () (1A + 20071 + ag () (|17 + 20u) )
bM(x)

o (7 2
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for all » € N and x € R It follows that

If (G, 1) — f (e, 1) |2 dx < 6a%(x)(|h|2('1’1) + 4|u|2('1’1)) dx

+6a5(x) (|27 + 4{u?>7V) dx

. 6b3,(x)
82(r371)

=1 0(%)

for all n € N. By the Holder inequality, we have

21 el )
2 2r-1) = 1 n !
a; (x)|h| dx < a1 (%) dx ai(x)| k)" dx
R3 R3 R3

2

Iz 2(r1-1

=l 5 Qa2
L2 ay

< OoQ.

Similarly, we can prove

/ a%(x)|u|2(”_1) dx < o0, / a%(x)|h|2(’2’1) dx < o0,
R3 R3

/ a%(x)|u|2(’2’l) dx < o0,
R3

also

f bjz\,[(x)|h|2('3’l) dx < 00, / bjzw(x)|u|2(’3’1) dx < 0.
R3 R3

It follows from (15), (16), (17) and (18) that

o Ll'(R),

which together with Lebesgue’s convergence theorem shows

/ lf(x;un) —f(x,u)|2dx—> 0
R3

as 1 — 00. Now we have proved the lemma.

In the proof of Theorem 1.2, the following lemma is needed.

(11277 4 4]u?3 ) dx

(15)

(16)

17)

(19)

Lemma 2.3 Assume that G C R® is an open set. Then, for any closed set H C G, there
exists a function ¢ € C°(R®) such that ¢(x) = 0 forall x € R*\ G, p(x) = 1 for all x € H and

0<¢x)<lforallxe G\ H.

Proof Letting

1

el>1, x| <1,

o, x| > 1,

a(x) =

Page 8 of 22
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then & € C3°(R?) and supp @ = B;(0). For any given ¢ > 0, defining & and o, as follows,

a(x) o) , o (x) = ioz(’—c),

- Jra @ (x) dx &3 \e
one has a; € C°(R%), suppa, = {x: |x| < ¢} and ng ae(x) dx = 1. Denoting

do= inf d(x,y)

x€H,yedG

and
Gy := {x € G,d(x,0G) > 9},
it is clear that dy > 0 and H C G, . Lastly, we define

1, x€Gq,
S

V(x) =
0, x€R\Ggy

and
plx) = / V(x—y)ea (v)dy,
RS 4

then ¢(x) = 1 for all x € H and ¢(x) = 0 for all x € G4, . Moreover, by the definition of «,,
4
we have ¢ € C°(R?) and 0 < ¢(x) < 1. O

Since E is a Hilbert space, then there exists a basis {v,,} C X such that X = 69;'31 X;, where

X; = span{v;}. Letting Y} = @]ILIX,», Zy = @jzk Xj, now we show the following lemma,

which will be used in the proof of Theorem 1.2.

Lemma 2.4 Supposer € (1,2) and a € L7 (R3), then we have
pp

Bi(a,r):=  sup |ully, >0
ueZy,||lul=1

as k — oo.

Proof It is clear that 0 < S1(a, ) < Br(a,r), so there exists S(a,r) > 0 such that

ﬂk(ﬂr V) g /3(“’ 7') (20)

as k — oo. By the definition of Bi(a,r), there exists uy € Zx with |lux|| =1 such that

(21)

Since {uy}ren is bounded, then there exists # € E such that

Uy —u
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as k — oo. Now, since {v;} is a basis of E, it follows that for all j € N,

0 = (u,v) Vk>j

— (u,v))
as k — oo, which shows that # = 0. By Lemma 2.1 we have
ur— 0

in L’ (R®) forall r € (1,2) and a € = (R3), which together with (20) and (21) implies that
B(a,r) =0 forall r € (1,2) and a € L7 (R?). O

We obtain the existence of a solution for problem (1) by using the following standard

minimizing argument.

Lemma 2.5 [19] Let E be a real Banach space and ® € C*(E, R) satisfying the (PS) condi-
tion. If ® is bounded from below,

c:=inf®
E
is a critical value of ®.

In order to prove the multiplicity of solutions, we will use the dual fountain theorem.

Firstly, we introduce the definition of the (PS)} condition.

Definition 2.6 Let ® € C'(E,R) and ¢ € R. The function @ satisfies the (PS)? condition if
any sequence {u,} € E, such that

O(uy) — ¢, @y, (uy) — 0 asn— oo,
7
contains a subsequence converging to a critical point of ®.
Now we show the following dual fountain theorem.
Lemma 2.7 [20] If ©(-u) = ®(u) and for every k > ko, there exists pix > vk > 0 such that
(i) ax :=infuez juj=p, @) >0,
(11) bk = maxueyk,HuH:y,( CD(M) < 0,
(iil) dy :=infyez,,juy=p, P(u) = 0 as k — oo.

Moreover, if ® € CY(X, R) satisfies the (PS)} condition for all c € [d,,0), then ® has a
sequence of critical points {ux} such that ®(ux) — 0~ as k — oo.

3 Proof of theorems
Define the functional I : E x D"*(R®) — R by

I(u,¢) = %||M||2—£/RBIV¢>|2dx+%/qubuzdx—/RSF(x,u)dx. (22)
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It is easy to know that I exhibits a strong indefiniteness, namely it is unbounded both
from below and from above on an infinitely dimensional subspace. This indefiniteness can
be removed using the reduction method described in [1], by which we are led to study a
variable functional that does not present such a strong indefinite nature.

Now we recall this method. For any « € E, consider the linear functional T, : D*?(R®) —
R defined as

TM(V)=/ wvdx.
R3

By the Holder inequality and using the second inequality in (5), we have

/ wvdx < [|u?]| o vl
R3

=< llulip2s [[vl6

2
< Cros Cllull~ IVl pr2-

So, T, is continuous on D"%(R3). Set
w(u,v) = / Vu-Vvdx
R3

for all u,v € D2(R3). Obviously, u(u, v) is bilinear, bounded and coercive. Hence, the Lax-
Milgram theorem implies that for every u € E, there exists a unique ¢, € D"*(R®) such
that

Tu(V) = M(‘pw V)

for any v € D?(R3), that is,

/ uzvdxz/ Vo, - Vvdx
R3 R3

for any v € D"?(R3). Using integration by parts, we get

/ Vo, Vvdx = —/ vAQ, dx
R3 R3

for any v € D*2(R?), therefore
~Apy=u’ (23)

in a weak sense. We can write an integral expression for ¢, in the form

Pu i—/ Eﬂﬂ1W

T dx B %=yl

for any u € C°(R®) (see [21], Theorem 1); by density it can be extended for any u € E (see
Lemma 2.1 of [22]). Clearly, ¢, > 0 and ¢_, = ¢, for all u € E.

Page 11 of 22


http://www.boundaryvalueproblems.com/content/2013/1/177

Lv Boundary Value Problems 2013, 2013:177 Page 12 of 22
http://www.boundaryvalueproblems.com/content/2013/1/177

It follows from (23) that

f¢m%M=/¢Aﬁwnn=/ﬁvam, (24)
R3 RS RB

and by the Holder inequality, we have

wmw=/mﬁm
R3

1/6 o 5/6
=(fsie) (L)
R3 R3

2
= Gullgullpra Nl rss,

and it follows that

I9ullp = Calllsas. 25)
Hence,

[ ¢ dx = C2ulfs = C2Ch gl = Clut (26)

R

So, we can consider the functional ® : E — R defined by ®(u) = I(&, ¢,,). By (24), the
reduced functional takes the form

Cb(u):1||u||2+l/ ¢Mu2dx—/ F(x,u)dx. (27)
2 4 R3 R3

By (12), we have

ay(x)

|F(x, u)| <—
r

Jos]™ (28)

2
for all x € R® and |u| < 8, where r, € (1,2) and a; € L¥1 (R®). Let u € E, then u € C°(R%),
the space of continuous function # on R?, such that u(x) — 0 as |x| — co. Therefore there
exists 77 > 0 such that

lux)| <8 (29)

for all |x| > T;. Hence, one has

/H ) |F(x,u)|dx§/ A d

xl>Tp T

1 N (2-r1)/2 r/2
2
<— (/ ap(x) dx) </ |u(x)| dx)
N \Jxi=n Ix|>T1

1 N (2-r1)/2
<— (/ ay(x) ¥ dx) lluell}
" \Jxl=11

1
< =G'lullall 2
r L2

<00,
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which together with (26) shows that ® is well defined. Furthermore, it is well known that
® is a C' functional with derivative given by

(dﬂ(u),v):/ [(Vu-Vv) + V(®)uv + gpuuv —f (x, u)v] dx.
RB

It can be proved that (u, ) € E x D*(R®) is a solution of problem (1) if and only if u € E
is a critical point of the functional ® and ¢ = ¢,; see, for instance, [1].

Lemma 3.1 Under conditions (V1), (W1), (Ws), (W3), ® satisfies the (PS)}: condition.
Proof Assume that {un;} C E is a sequence such that

O(uy) — ¢, @l}n/(u,,j) — 0 asn— o0.
Then there exists o > 0 such that

ol <o, ok, )] <o

forall n; e N.
Firstly, we show that {u,,} is bounded. By (14), we have

Fe )| < 611(9C)|M|,1 s 612(96)|u|,2 s bar(x)
? — r3—1
r ry }"38 3

|ul™ (30)

forall u € R and x € R®, which together with [zs ¢y, 1, dx > 0 implies

1
2 _ 2
||u,,},|| = 2d>(u,,j) -3 /R3 ¢>un’ Uy, dx + 2/1;3 F(x, u,,j)dx

2 2
<20+ — al(x)lu,,jlr1 dx + —f czz(x)|u,,1.|’2 dx
r Jr3 2 JR3

2
rsargfl

2 2 (2-r1)/2 r/2
<20 + —(/ ai(x) 1 dx) (/ |un/|2dx>
rn R3 R3
2 2 (2-r2)/2 /2
+ —</ ay(x) 272 dx) </ Iu,,jlzdx)
2 \JR3 R3
2 2 (2-r3)/2 r3/2
ra 2
+ —r38’3*1 (/123 bai(x)?73 dx) (./1';3 |41 dx)

2 2
<20+ —Cyllaill 2 llun ™ + —Cillaall 2 lluyll"™
rl L2—r1 r2 L2—r2

+

| b s
R3

_ - 3
+ e O bl 2l 1. (31)

Noting that r; <2 foralli=1,2,3, so [l || s bounded.
By the fact that {un;} is bounded in E, there exists u € E and a constant d > 0 such that

sup [luy || <d, lull <d (32)

njeN
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and
Up — U
in E as n; — oo. It is obvious that
(@' () — @' (), 1) = O
and

q),,u(u,,}. -u)—0

as n; — 00. On the other hand, by (1), (32) and Lemma 2.2, one has

IA

| fR (o 1) = f e, 1)) f e, 1a) = f 6, 10) | 2 N2t N 12

IA

C2 Hf(x’ un/) _f(xr I/l) ”LZ ” Ltnj ”
Czd”f(x, u,,j) —flx,u) ||L2

—0

IA

as n; — 00, which implies
(CDI(MVI]') - CD/(L{), unj> -0
as n; — 00. Summing up (33) and (36), we have
(CD/(u,,i) — @' (u), Up; — u) —0
as n; — 00. By the Holder inequality and (25), one gets
[ B, = 0 = 161, 10,2,
R
= N1 uy Mo et Nl 3 N1t — 22l 2
< Cullhuy llpn2 ot 2 10, — el 2
< C 2t s Nt 3 1, — ]2
< C*2C122/5C3C2”Mnj||3||unj - M”

<2C,*Ch5C3Cod?

< Q.

Then by Lebesgue’s convergence theorem, we have

/3 ¢u,,,]. un/(un/ - Ll) dx— 0
R

(33)

(34)

(35)

(37)

Page 14 of 22
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as n; — 00, which together with (34) implies

/R Byt~ ety ~ ) = 0 (38)

as n; — 00. By Lemma 2.2 and (32), we get

’/R?’ (f(x; uni) _f(xr M)) (Mn,' - M) dx = ”f(x’ Mn]') _f(x’ M(X)) ||L2 ”Mn]- - M“Lz

&) Hf(x; ) = f (%, 1) ||L2 2t = uel
2Cd||f (6, ) — f(x,0) | 15

—0

IA

IA

as n; — 00. Moreover, an easy computation shows that

(@ () — @' (1), th; — 4] = Nl — ual|* + / (Pu, Uy — Putt) 1t — )
R3
. /R () = ) 1ty = )

Consequently, ||u,, — u|| — 0 as n; > co. ® satisfies the (PS)} condition. O

Remark 3.2 Under conditions (V7), (W1), (W53), (W3), @ satisfies the (PS) condition. As-
sume that {u,} C E is a sequence such that I(x,) is bounded and

I'(u,) — 0
as 1 — 00. Then there exists ¢ > 0 such that
W) <o, |[I'wn)|;<o
for all n € N. The rest of the proof is the same as that of Lemma 3.1.

Proof of Theorem 1.2 For any k € N, we take k disjoint open sets {€2;|i =1,..., k} such that

k
U Q CQ.
i=1

For any ¢ > 0 and 2;, there exist a closed set H; and an open set G; such that H; C ; C G;
and

meas{G; \ Q;} <e¢, meas{<2; \ H;} < e.
For every G; (i=1,...,k), by Lemma 2.3 there exists ¢; € C°(G;, R) such that ¢;|y, =1 and

0 < ¢; <1.Lettingv; = ﬁ, can be extended to be a basis {v,,} C X. Therefore X = @jzl X;,
where X; = span{v;}. Now we define Y} := @]];1)(1», Zi = Do X
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By Lemma 3.1, ® € C'(E, R) satisfies the (PS)? condition and ®(«) = ®(-u). Hence, to
prove Theorem 1.2, we should just show that ® has the geometric property (i), (ii) and (iii)
in Lemma 2.7.

(i) By Lemma 2.4

Bi(a,r)= sup |uly, —0
ueZp, |ull=1

as k — oo for r € (1,2) and a € L7 (R?). In view of (30) and the fact that S duri? dx > 0,
we have

1 1
D(u) = = [luf?+ —/ ¢uu2dx—f F(x,u)dx
2 4: R3 R3

1
> Zul®*- | F(x,u)dx
2 R3
1 2 2
> = [ ards- 2 [ ai s
2 r Jg3 ry JR3
T gl /3 by (%) u|™ dx
3 R
2||M||er1 2||M||22rz 2”””2373
> = lul* - < 2 - =
-2 r ry 7‘38r3_1
1 2Bk(ay, r)" 2Bk(aa, r2)" 2Bk (bprs 3)"?
> —Jlul®* - flul™ - lull™ = —————llul™.  (39)
2 n r r3é’s

T

Let r:= min{ry, 2,73}, Bi := max{Bi(ar, ), B(az, r2), Bi(bu,r3)}, C':= max{;, =, s T

then Br — 0 as k — oo. Hence, we have
1 2 !t r
& (u) > 3 lull* = 3C B llul| (40)

when |Ju| <1and i < 1. Now we can choose p; = (128;C")V/?, then py — 0 as k — oo.
When k is large enough, we have px <1, Bx <1, which together with (40) shows

inf  ®(u) > 12 0
= mn u — > 0.
T wezilul=pi =3k

(ii) For any u € Y%, there exists A; =1,2,..., k such that

k
u= Z )\,,'Vi.
i=1
Then we have

|wﬁ=ﬂymﬁm

k k
= /\-’4/ ()| d /\-’4/ ()| d
;I i Qi\vl(x)\ x+§l i Gi\ﬂ'!vl(x)| x

i

k

- [

i=1 2

- i)l
‘v,'(x)‘ dx+Z|Ai|’4 ———dx
; = ey lleill™
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i@ + Z |||2> ||| ()

IA

k
Z:M”f dx Z” e meas{Gi\Q;}
k

Y ],

i=1

and also
Jul? = [ [19uP + V] s

R3
k

= Zklz/ |V + Vx)v; ]
i=1 Gi
k

= adlvill?
i=1
k

=) A (42)
i=1

Since all the norms of a finite dimensional space are equivalent, there is a constant C such
that

Cllull < llullzra

for all u € Y. By (30), one has

ai(x as by(x
Fx, Avy) = — lr( )|)\iVi|r1 - r( )|)\z i - M( )|)»z vl
1 2
Therefore, we have
k
Z/ F(x,kivi)dx
i=1 Gi\Qi
a 2]
_Z/ al(x)|vl|’1dx Z/ “—ar (%) |vi|” dx
i=1 Gi\%2; n Gi\Q; )
k
)\’ r3
[ b dy
— Jepg; 13677

k |)\’i|r1 ) r/2
> By (f o dx)
1 1 L7 \Jeney
k re/2
|)\i|r2 2 2
-Y a2 vl dx
o 2 L= \JGn\e;
/2
|)" |r / ) r3
- Ml 2 Vil dx
Z 87‘3 -1 ” ”szrg G\ | l|
/2
| A" leil>  \"
> - Z laall 2 dx
r L ’1 G\Q; [l i lI?

i=1
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Mie o> \"™"?
-Z l lall 2 — dx
G\ i
Nl 12
il o> "
- loall 2 dx
Z r3d7371 1713 \Jgpg, lleill?

k

1 ln
:——|| a| o Z A (meas{G; \ 2;})
i=1

r/2

llgill™

k

1 |2
A EDY ”' 1 (meas( G\ )

ra/2

k |)\.i|r3 r3/2
2 meas{G; \ ;}
Zl o A\ )

k k
1 e 1 il
> L o A e Ly, 3 A
n LT = lle:ll™ ry L7 Lo

llill™

Ll
Ibull 2 D =g, (43)

i 2
rsdn 1 UM 2 L g

Forany u € Y} with | u| = Zl 1 A7 = Yk, we can choose y, small enough such that |Av;(x)| <
¢ forallx € R® and i =1,...,k, which together with (W) implies

F(x, Avi) = n|hvi|™ (44)

forallx € Q;and i =1,...,k. Combining (24), (41), (42), (43) and (44), we have

1 1
Du) = = lul®+ —/ qbuuzdx—/ F(x,u)dx
2 4 R3 R3

= l||M||2+€||u||4—2k:/ F(x,Av;) dx
- »y AiVi
2 4 = Ja

k

1
< 5||u||2—2[ / F(x, v;) da + / F(x,xiw)dx}
i=1 Gi\Q; Q;
k
1 1 Al
< Sl + Sl + Sl 2 30 e
2 % 2o
k k
1 A2 1 e
Pl o Y e e bl 3 e
o Lt et M L
k
0yl [ rds
i=1 i
k
i 1 Al
- P Sl Sl Y e
2 % 2o

k k
1 Al 1 il
+ _” 2” e r E ||| L'|||r2 8}’2/2 + - 8r3_1 ”bM” % 2 : | l| 8r3/2
2 Di 3 L*73 1

173
- il
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k
Jhal"
el - .
( v ;nwinm
k

1 C - 1 |47

2 4 i 2
Sl + Zlull* = nCH ™ + =]l 2 Y e
2 4 o

IA

1
+—|| 2||

k k
Al 1 Al
LGRS S Sl TICRe
2 Zl._l g™ " rsan M s Zl.

~ Ylgils

|A; I’4
+7
Z Ilfpzll’4
k k 2 k ra/2 k
1 C ~ 1 [A;]
= EZA?+ Z(Zﬁ) -nC™ (Zﬁ) + —||611||L27 ZW&’I/Z
i=1 i=1 i=1 i=1 ‘

k

k
1 ol 1 e
+ § :”' l'”,zs’ﬂ%r slibull 2 ) :—”' f'”,38’3/2
3 Lo A e

Aal™
+n
Z il

1 2, C £ aln 2
= —yi+—y —n<Cyk)4+—||a1|| L gn
PXCRC Zuw I

k k

,V2 |73
+—1 laz)) § A gy 51,3 ol o 3
il rs 17 S g

”Z ™

lle:l |’4
C -
v+ ZV/? -n(Cy)™

for all u € Yy with |lu|| = yx, when ¢ and yx are both small enough. Since r4 < 2, we can
choose y < pi small enough such that

br:= max ®(u)<O0.
u€Yp, llull=yx

(iii) By (40), for any u € Z; with ||u|| = px, we have
D(u) > -3C Brllull”
Therefore

0> inf  ®u)>-3C
= ueZplul<px ()= Pibi-

Since Bi, px — 0 as k — 00, we have

di:= inf  ®u)—0

ueZp llull<pi

as k — oo.
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Hence, by Lemma 2.7, we obtain that problem (1) has infinitely many solutions {(ux, ¢«)}
satisfying

! evid)as- L [ wotased [ gudas- | i
2/R3(|VW| +V(x)uk)dx 2 R3|V¢k| a’ac+2 R3¢kukdx RsF(x,uk)dx—>0

as k — oo. O

Proof of Theorem 1.5 Similar to (31), there exist constants k; > 0, i = 1,2, 3, such that
1 3
®() > el = 3 killul™ (45)
i=1

for all u € E. Since 1 < r; < 2, it follows from (4:5) that the functional ® is bounded from
below. By Lemma 2.5 and Remark 3.2, ® possesses a critical point « satisfying

®(u) = igfdJ, @' (u) = 0.

It remains to show that u is nontrivial. For every ¢ > 0, there exist an open set G and a
closed set H such that H C 2 C G and

meas{G \ 2} <e¢, meas{Q2\ H} <.

By Lemma 2.3, there exists a function ¢ € C3°(R?) such that 0 < ¢(x) <1 and ¢|x(x) =1,
¢lr ) =0, then ¢ € E. Choosing 0 < A < min{8, ¢}, then [Ap(x)| < § for all x € R3, which
together with (28) shows

a(x)
r

F(x,2p(x)) = —— |[2p(x)|"

for all x € R3. Therefore, one has

rn

A
f F(x, Ap) dx > —/ —ay (%)@ dx
G\H G\H

AL 5 2-ri2 /2
2——(/ ay(x) T dx) </ gozdx>

r G\H G\H

AT r /2
> Xl (/ 1dx>

n L1 \Je\H

AN 2
> —"—|lai]l > (meas{G\H})"
r LT

2
2-r7

n

A
> a2 (28)72 (46)
r L

2-n
In view of A < ¢, we have [Ap(x)| < ¢ for all x € R3, which together with (W) implies

F(x, Ap) = n|re|™ (47)
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for all x € Q. It follows from (24), (46), (47) that
2 2 1 2
D(hyp) = Ellwll s bry(hp) dx— | F(x, hp)dx
R3 R3

)\2
=5 lell® + CA*[loll* —f F(x, Ap) dx
R3

IA

)\’2
Sl + Cittgl - [ Fwig)ds
G

)\2
= 7||¢||2+C)»4||§0||4— [f F(x,lw)dx+/
H

F(x, Ap) dx]
G\H

n

A2 A
< 7|I¢||2 + CAtloll* —k"*/ el dx+ —|larll 2 (2¢)""?
H 151 L2-

!
< 22lel® + CA*ll@)|* - A" meas{H}

<0

when ¢ and X are both small enough. Since ®(0) = 0, then u # 0. Hence, (1, ¢,) is a non-
trivial solution of problem (1). |
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