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Abstract

In this paper, we prove some continuous and compact embedding theorems for
weighted Sobolev spaces, and consider both a general framework and spaces of
radially symmetric functions. In particular, we obtain some a priori Strauss-type decay
estimates. Based on these embedding results, we prove the existence of ground state
solutions for a class of quasilinear elliptic problems with potentials unbounded,
decaying and vanishing.
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1 Introduction
In this paper, we consider the following quasilinear elliptic problems:

=N+ V(@) ulP?u=K®)|ul 'y, xeRN, w1

lu(x)] > 0 as |x| — oo,

where N >2,1<p <N, -A,u = —div(|VulP~2Vu), V(x) and K(x) are nonnegative mea-
surable functions, and may be unbounded, decaying and vanishing.

Recently, these type elliptic equations have been widely studied. As p = 2, if V(x) and
K(x) satisfied

sup K(x) < 0o, inf V(x)>0 and lim V(x)=+oo, (1.2)

N
eRN xeR lal—>+o0

Rabinowitz [1] proved the existence of a ground state solution for problem (1.1). Further,
when V(x) has a positive lower bound and K(x) is bounded, using critical point theory,
del Pino and Felmer [2, 3] obtained that problem (1.1) might also not have a ground state
solution. If V(x) and K (x) satisfied

sup (1 + |x|)2_a V(x)>0 and sup (1 + |x|)ﬁ1((x) < +00, (1.3)

xeRN xeRN

where0<a<1,8>(1-a)(N- q(% —1)), Ambrosetti, Felli and Malchiodi [4], Ambrosetti,
Malchiodi and Ruiz [5] obtained the ground and bound state solutions for problem (1.1).
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In fact, condition (1.3) implies that V(x) tends to zero at infinity. In particular, when the
potentials V(x) and K(x) are neither bound away from zero nor bounded from above,
Bonheure and Mercuri [7] proved the existence of the ground state solution for problem
(1.1) and obtained the decay estimates by using the Moser iteration scheme. For the radially
symmetric space D"2(RN) = {u(x) = u(|x|), u L¥3 (RN), Vi € L2(RN,RN)}, Strauss [8]
obtained the famous Strauss inequality

N-2
|u(x)| < Clal™ 2 [lull prageny, (1.4)

fora.e.x e RN andu € Difd(RN ). Berestycki and Lions [9] proved the existence of a ground
state solution for some scalar equation. In 2007, as the potentials V(x) and K (x) are radially
symmetric, Su, Wang and Willem [10] obtained the existence of a ground state solution
for problem (1.1) with V(x) and K(x) unbounded and decaying.

For p # 2, to the best of our knowledge, it seems to be little work done. do O and
Medeiros [11] obtained the existence of a ground state solution for some p-Laplacian ellip-
tic problems in RN, Zhang [12] considered a mountain pass characterization of the ground
state solution for p-Laplacian elliptic problems with critical growth. When V(x) and K (x)
are radially symmetric, Su, Wang and Willem [13] considered the following quasilinear

elliptic problem:

=D+ V(&) ulPu = K(|x|)|u|7'u, xeRYN, (15)
lu(x)| — 0 as |x| — oo, '

and proved some embedding results of a weighted Sobolev space for a radially symmetric
function, and obtained the existence of ground and bound state solutions for problem
(1.5).

In this paper, for the general potentials V(x) and K (x) allowing to be unbounded or van-
ish at infinity, we obtain some necessary and sufficient conditions about some continuous
and compact embeddings for the weighted Sobolev space. Based on variational methods
and some compact embedding results, we obtain the existence of ground and bounded
state solutions for problem (1.1). On the other hand, for the radial potentials V(|x|) and
K(|x|), in [13] various conditions have been considered for V' (|x|), K(|x|) ~ |x|* with « € R.
Our first purpose is to consider V(|x|) and K(|x|) whose behavior can be described by a
more general class of functions. Furthermore, we obtain some a priori Strauss-type decay
estimates and some continuous and compact embedding results for the radial symmet-
ric weighted Sobolev space. The results then are used to obtain ground and bound state
solutions for problem (1.5).

It is worth pointing out that we provide here a unified approach what conditions the
potentials V(x) and K (x) should satisfy so that problem (1.1) and problem (1.5) have ground
and bound state solutions, respectively. We extend the results in [13] to a large class of
weighted Sobolev embeddings and obtain some new embedding theorems for the general
potentials and radially symmetric potentials.

The paper is organized as follows. In Section 2, we collect some results. In Section 3,
we obtain some embedding results for the general potentials. In Section 4, we focus on
radially symmetric potentials and prove the continuous and compact embeddings. Sec-
tion 5 is devoted to the existence of ground and bound state solutions for problem (1.1)

and problem (1.5), respectively.
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2 Preliminaries
In this section, let C3°(RY) denote the collection of smooth functions with compact sup-
port. Let DY?(RN) be the completion of C{°(RY) under the norm

1
p
”M”Dl,p(]RN) = (f |Vu|p dx) . (21)
RN

We write C§2(RN) = {u € C3°(RN)|u(x) = u(|x|)} and Dy”(RN) is the corresponding sub-
space of a radial function for D' (RY),

Define, forp >1and g > 1,

)24 (RN) {u :RY > R | u is measurable, / V()| ul? dx<oo} (2.2)
RN
and
L?((RN) {u RN > R | u is measurable, /RN K(x)|u|?dx < oo}. (2.3)

Then we have W, (RN) = D' (RN) N L%, (RN), which is a Banach space under the uniformly

convex norm

1
1
(IR~ (/R (|Vu|P+V(x)|u|p)dx) = (Nl + el )P (24)

where [[ull pgny = (fpn V) |ul? dx)P
Now, we state some Hardy inequalities.

Lemma 2.1 [14] IfN >2,1<p < N, we have

N-p\* i
/ |Vul? dx > (_p) / ||u||p dx  for every u € D' (RV).
RN p RN X

Lemma 2.2 [13] IfN>2,1<p<N,p<q+l<ocoandqg+1-= N+C forsomece [-p, 00),
there exists C > 0 such that

P
71
(/N |Vulf dx) > C(/N || 2] 9+ dx) ! foreveryu e Di’p(RN).
R R

Lemma 2.3 [15] IfN =p, Q C Bg(0) or Q C Bg(0), then

N-1\" N
/ |Vu|Nde( N > / ( A forevery ue DY (@),
Q

o (|x|log N

where Bg(0) is the ball in RN centered at 0 with radius R, B%(0) denotes the complement of
Br(0).
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3 Embedding results for general potentials
In this section, we derive a tool giving the embedding results on a piece of the partition.
We consider the possible relation between the behavior of V(x) and K(x).

Lemma 3.1 Let Q C RN be smooth possibly unbounded and
(H) 1<p<N, p=<q+l<p’, p'=——,

V(x) and K(x) : RN > R be measure nonnegative functions. V(x) > 0 a.e. in RV,
(a) Ifthere exists a € [0,1] such that

Np
@ DN -(—ap =

_alg+l) Np
/ (K@)(V(x)™ 7 ) Ne-@DN-0-2) gy < oo,
Q
then the embedding
Wi (Q) — LI(Q)

is continuous;
(b) Ifthere exist a; € [0,1] and m € (p, p*) such that

a(g+1) . (1-o01)(g+1)
p m

o (q+1)

K(x)(V(x)) » emefw1m(q+f>yf(1—a1)p<q+1)(Q)

<1 and

and oy € (0,1) such that

Np -1
(g+1)IN-(1-a)p) —

’

and Ve >0, 3R, > 0 such that

an(q+1)

f [K (x)(V(x))7 ? ]Np—(qn)(l\z?—u—az)p) dx <e,
S\Bg,

then the embedding
Wy (@) = L)
is compact.
Proof (a) Since there exists « € [0,1] such that M{% > 1, we have

Np

Np— @+ DIN—(-a)p) L7
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alg+1) Np
By Holder’s inequality and fQ (K (x)(V(x))qu] N-(@+DWN-(-2)p) dx < +00, we obtain

/ K(x)|u|™ dx

- [ KV E () e e
Q

N-(g+)(N-(1-a)p)

f{/ [f<<x><v<x>>*“(‘?f”]—WN” d’“} ’
Q

(N-p)1-a)(g+1)
N
. (/ V(x)lulpdx) (/ IulN P dx)

Dy o (1-a)g+l)
< Cllully el ™

(3.1)

(g+)(N-(1-a)p) | Np—(g+1)(IN-(
where N + ~

7 1) _ 1. Since p* is the critical Sobolev exponent, by the

Sobolev embedding theorem, we have
g+l (g+1)
| Kt as < cple

Hence, we obtain that the embedding W‘l,’p (Q) — L;’:l(Q) is continuous.
(b) For any fixed ¢ > 0, let B, (0) be the ball in € with R,. Since there exist «; € (0,1) and
m € (p, p*) such that

(061 (I-a1) >1
—(g+1)+ (g+1) >1 and
P m

a1 (q+1) pm

K(x)(V(x))f P g [pmermlgr ) -T-apa D (),

arguing as in the proof of (3.1), by the compact embedding of Dé’p (Bg,) into L"™(Bg, ), we
have

18, (Br,

/ K(x)|u|q+ldx§C||u||a(q+1} ” ”ler)jg(q+1)<c|| ||(q+1) ‘
Bre Re) 7 (Br,)

Hence, we have

W, (Bg,) — L% (Bg,) is compact. (3.2)

ay(g+1) Np
On the domain ©\Bg,, since fQ\ Br [K(x)(V(x)” 5 | Np=@+DIN-0-09) dx < &, we have

g+l < oz (q+1) (1-a2)(g+1)
Lw ol dx < Clul 300 20

Assume u, — 0 (weakly) in WV (R2), then we have

/ K(x)|u,| ™ dx < cs. (3.3)
Q\Bp,
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Combining (3.2) and (3.3), we have

/ K(x)|u, |7 dx — 0 (strongly) as n — oo.
Q

Hence, we obtain that W\l,’p (Q) — L}’;l(Q) is compact. O

Now, we state our main theorem in this section.
Consider a finite partition M = )" {Q;} of RN and ©; is unbounded.

Theorem 3.2 If condition (H) is satisfied for any i € N and Q;, assume that
(a) there exist a; € [0,1] such that

a;(gq+1)

N
Np >1 and /[K(x)(\/(x))f » ]NP*(‘I*“(’\I; =ep) dx < +00,
Q;

(g+ 1IN -(1-a)p) ~

then the embedding Wlp (RN) — Lq+1(RN ) is continuous;
(b) there exist ay; € [0,1] and m; € (p, p*) such that

and

ayi(g+1) . (I-o)(g+1) <1
V4 m;

7%(‘”1) pmj—ay 'm'(q:%[i(l—m Ip(q+1)
K(x) (V%) € Lrmizenimi D (82;)

and oy ; € (0,1) such that

Np

>1
(g+1DWN -1 -ag)p) ~

and

Np
Ve >0,3R;, >0, / [1((?6)(‘/(?6)) q+1)] Np=lg N-0-02,0P) fe « g,
Q)\Br; ,

then the embedding Wy" (RN) < LT (RN) is compact.

Proof (a) Arguing as in the proof of (a) in Lemma 3.1, we obtain

K (o) ] e = / Kol dx
L. 2.,
o q+1 (1~ oz, (g+1)
<c2|| I3 o 1

1 (g+1)
<C u ‘“ < Cllu|“
E llaell, P [zl WP Ny

Hence, we obtain that W” (RN) < L% (RN) is continuous.
(b) Ve > 0, 3R; . > 0 such that

ay i(q+1)

Nj
/ [Kx)(V(x) 7 ]WIM dx<e,
Qi\Br

Page 6 of 15
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then we have

oy j(g+1) Np
‘N —i

> / [K@) (V) 7 @00 dy < g (3.4)
i Qi\BRif

Arguing as in the proof of (b) in Lemma 3.1, when u,, — 0 (weakly) in W‘l,'p (RN), we have

> f K () |ul ™ dix < el | (3.5)
i Qi\BRiF

Wy ®N)'
By (3.5) and the local compactness in By, ,, we obtain that

f K(x)|u|"" dx — 0 asn— oco.
RN

Hence, we have W‘l/'p (RN) — L?I(RN ) is compact. O

Remark 3.3 (1) Let K(x) € L°(RN) and ¢ + 1 < p*, and g + 1 < p*, we obtain the standard
local Sobolev embedding.

(2) Let p = 2, we obtain that if K(x)[V(x)]" € L*(RN) with r = ‘%1(% -1) - %, the em-
bedding W‘1;2(RN ) — L;I<+1(RN ) is compact. This has already been obtained in [6].

4 Embedding theorem for a radially symmetric function space
Assume that V(|x|) and K(|x|) are radial weights. In [13], Su, Wang and Willem considered
for potentials V,K ~ r* with « € R and obtained some embedding theorems. In this sec-
tion, we extend some results in [13] to a more general class of functions for » — +00, 0*.
In particular, we also obtain some embedding theorems for the Sobolev space W‘l,]y (RM).
Theorem 4.5 and Theorem 4.6 are new embedding results.

Following [16, 17], we shall refer to this class as the Hardy-Dieudonne comparison class.
Define

Ci(+00) = {1;2% (o # 0); [loglog - - - logx]* (e # 0,k € N); e (c # 0 > 0)}.
—_—
k times products
Then we take the set of all the finite products
Ci(+00) = { [ [ fi i € Ci(+00),n e N L.
k=1

Since C;(+00) is not closed with respect to the operation f > expf, we consider
C{ (+00) = {expcf(x) :f € Cj(+00),f(+00) = +00, ¢ 7’0}.

Then we have Cy(+00) = C; UC} and Cj(+00) = {[T_, fk :fx € Ca(+00),n € N}. The process
can be iterated, we have the following.

Definition 4.1 The set C(+00) =,y C,, is called Hardy-Dieudonne class of functions at
+00. C(x}) = {f (%) = g((x—x0) ™), g € C(+00)} is called Hardy-Dieudonne class of functions
at x.
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Now, let V(|x|), K(]x|) be continuous nonnegative functions in (0, 00), and

(V) liminf,_, o VV >0 and hmmf,_>0+ Vi) > 0;
(K) limsup,_, o, Klig()r) < oo and limsup,_, 4+ 11<(0(()) <00,

where Vj, Ky € C(0*) and Vi, Ky € C(+00).
By conditions (V) and (K), we obtain that there exist positive constants rg, ¥, do, doo,
bg, bso such that

aoVo(r) < V(r), Vr<ro, and aoVso(r)<V(r), Vr>rs, (4.1)

boKo(r) < K(r), Vr<rg, and b Kx(r)<K(r), Vr>rs. (4.2)

Now, we define the following two radially symmetric Sobolev spaces:
L;’(+,1(RN) = {u : / K (|x]) ] dx < 00, u is radial}
: N

and W%(RN) ={u:uc Di’p(RN),fRN V(|x])|u|? dx < oo, uis radial} under the uniformly

convex norm

1
p
”M”W‘l/’f;(RN) = (,[RN |Vul? dx + A;N V(|x|)|u|1’dx> .

Lemma 4.2 Assume that ue W (RN) and V (x) satisfies condition (V),1<p <N.If
(@) 1) p(N-1)(Vo(r) +(p- l)rV’( >0 for 0 < r <ry, then there exists C > 0 such that

1p_1

lu(r)| < C[r"™N (Vo) 7 |7 ||””W‘1,"’,(RN) a.e. in (0,rg). (4.3)

(2) pPIN-1)(Vo () + (p =1)rV. (r) = 0 for r > r, then there exists C > 0 such that

ST

llaell

lur)| < PN (Vaol?) 7 ] a.e. in (reo, +00). (4.4)

Vo ®N)

(b) (1) p(N —=1)(Vo(r) + (p = DrVy(r) < 0 for 0 < r < rg and Vii(r), Vi(r), r € L%(0, o),
then (4.3) holds.

(2) p(N =1)(Vo(r) + (p = DrV{(r) < 0 for r > reg and Vo‘ol(r), Veoo(r), r € L®(rep, 00),
then (4.4) holds.

Proof (a)(1) By density, it is enough to prove it for u € D(RY) with support in B,,. We have

|u(r)|p(Vo(r)) 7 e

§p/ |u(s)|p_1|u’(s)|(Vo(s))l%lsN_ldS
_(N—l)f 0|u(s)‘p(V0(5))1%lsN‘2ds

_ 1”7‘1 / ® (Vo)) |l (Vy(9)s" ds.
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By Holder’s inequality and (4.1), there exists C > 0 such that

pf ’ |u(s) |p71|u’(s) | (Vo(s))pT_lsI\[’1 ds

r

p-1

< (/m’u’(s)’psN_l ds)p (/VO(VO(S))!u(s)’pSN_1 ds)p
N Vulf d. ’ Vi P d. v
<o ( /B o™ x> ( fB O x)

p-1

<wya,’ fRN(WuV’ + V(%)) ul? dx

—

=< Cllullp 1 (4.5)

VhRN)

where wy is the volume of the unit sphere in R,

On the other hand, p(N - 1)(Vy(r)) + (p — 1)rV{(r) > 0 for 0 < r < ry. By a simple compu-
tation, we obtain

(N - 1)/r0}u(s)|p(vo(s))1%lsN—l ds

_p-1 K (VO(S))V% |u(s)|p(Vé(s))sl\”1 ds > 0. (4.6)

r

Combining (4.5) and (4.6), we have

()] < [N (Vo) 7 PP llul, ae.in (0, 7).

]RN)

(2) By density, it is enough to prove it for « € D(RN) with support in B}, _, we have
pr-l
P (Vo) 7 0 = [ ] (Vi) 7 s

—(N- 1)/@{ ©) (Vs (s))"T_lstlds

1

S / OQ(s ﬁ u(s) |p(V(;(s))s]\[_2 ds.
By a similar computation as for (4.5) and(4.6), we have

lu(r) " ( oo(r)) fN1<C||u||p oy’

and this yields (4.4).
(b)) If p(N = 1)(Vo(r)) + (p = D)rV(r) > 0 for 0 < r < ry.
By Holder’s inequality and Lemma 2.1, we have

(N—l)fro\u(s)|p(Vo(s))l%lsN‘2ds

221 {u(s)|
Is]

-sNlds

“(N-1) / ()" V()


http://www.boundaryvalueproblems.com/content/2013/1/189

Zhang Boundary Value Problems 2013, 2013:189
http://www.boundaryvalueproblems.com/content/2013/1/189

<(N- 1)< / P 1) (Vo(s))s™ ds) 7 < / K '”Si"g N1 ds)i

2 (
< wpl(N - 1)(/ v0(|x|)|u|de> ! (/ IVulpdx>
Br(0)\Br(0) RN

_pl
g(N—l)w;}aoP/ (IVul? + V(|xl))lul? dx
RN

ts

»

|

-P

< Czllull 1 Ny’ (4.7)
Similarly, we have
p-’ / 9P (Vo(s)) 7 (Vy(s))s¥ ds
="% / |u(s)|p_1(V0(s))[%l : v(;l(s)v(;(s).s@w-lds
<G ” Vo'(s) “LOO(OrO)” ” AL (4.8)

Combining (4.5), (4.7) and (4.8), we obtain that (4.3) holds.
(2) If p(N - 1)(Vo(r) + (p = 1)rV{(r) < 0 for r > reo and V2 (r) Voo (r)r € L®(re0, 00), we
can argue as in the above proof. O

Let p = N, we consider the Sobolev space W\l,]f RM).

Lemma 4.3 Assume that u € W‘I,I;] (RN) and V (x) satisfies condition (V). If
(@) NVo(r) +rVi(r) <0 for 0 <r < rg and Vi(r)Vy (r)r € L>(0,ro), then there exists
C > 0 such that

N-1

1
N-1 1\~
’u(r)| < C<r1-N(V0(r)) N log;D ||M||W‘1/,Ar](RN) a.e. in (0,rg).

(b) NVuo(r) + rV. (r) <0 for r > rog and V. (r) VI (r)r € L®(reo, +00), then there exists
C > 0 such that

N-1

|lu(r)| < C(rl‘N(Voo(r)) N log

1\~ ‘
;) lloell v vy a.e. in (oo, 00).

Proof (a) Arguing as in the proof of (2) of (a) in Lemma 4.2, by Holder’s inequality and
Lemma 2.3, we have

(N—l)/ w0 (vols)) T ¥ ds
1| [ Nl fu(s)]
[ o (o)

=(N-1)
s|log <|

log

<(N-1)

log % | (/ "lu®) (Vo()s¥ ds> N

(0 O )zlv
(/ Gog &

Page 10 of 15
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N-1 NN
1 N (N—l)
< (N -1)|log —Ia)Nl (/ lulN (Vo (Ix1)) ds) . (/ [VuN dx)
r By (0\Br(0) RN
= Cllog~ Il 5 v (4.9)
On the other hand, we have
N-1) [ _1
W-1) / ()| (Vo)) N (Vgs))sN " ds
N
) 1
< C| Vs ) V§(©)s]| oo Or0) log; leell oy vy (4.10)

Combining (4.9) and (4.10), we obtain

1-N N LY :
’u(r)’ < C(r (Vo(r)) N log; ”””W‘l;ff(RN) a.e. in (0, 7).

(b) Similarly, we can argue as in the proof of (a) in Lemma 4.3. a

Remark 4.4

(1) The previous estimates should be compared with Lemma 1 in [13],

| x)’<C|x| ||u||D1pRN) fora.e.x e RN,

for every u € Difd(RN );

(2) Our results extend Lemma 4 and Lemma 5 in [13], and we obtain the general
Strauss-type decay estimates;

(3) Under the conditions of Lemma 4.2 and Lemma 4.3, we obtain that there exist two
comparison functions g, g> € C(0, +00) such that

lu(r)| < CgllluIIW%/,p(RN) a.e.in (0,79) and

(4.11)
|u(r)| < ngllull ? ®N) a.e. in (reo, 00).

Now, we state our main embedding theorems in this section.

Theorem 4.5 If V(x) and K (x) satisfy (V) and (K), RN\ {supp(V (x))} is relatively compact,
K € L2 (RN\{0}).
(@) Ifl<p<Nandp <gq+1<oo,
Np+(N-p)(g+1) Np+(N-p)(g+1)
(1) K(r)r P € L*(0,ry) and K(r)r Z € L*®(roo0, 00), 0r
(2) Ko(nVy 1(1”)(g1(r))(q*1)"” € L*°(0, 7o) and Koo (r) VR (r)(g2(r) T 7 € L®(ro0, 00),
then the embedding W, (RN ) > Lqul RN) is continuous.
b) Ifp=N, 61 +1>N, Ko(r)( 1|)N(g1(r)) 4N € [°°(0, r0) and
Koo (r)( “0 )N(gz r))a+D- €L°°(roo,oo) then the embedding

W‘l,lf (RN ) L?<+1(RN ) is continuous.
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+(N-p)(g+1)
Proof (a)(1) If K(r)r - P € L*(0,r9), we obtain

Np+(N-p)(g+1) | / | |Np (N-1)(g+1) | |q+1d
X u X.
L>(0,rg) RN

ro
/ K(s)|u|T sV ds <wy ||K (r)r Z
0

By Lemma 2.2, we obtain
(q+1)

Np+(N 1)(g+1) " P
x| lu| dx < C |VulP dx
RN RN

Hence, we have

1.N-1 q+1

/0 K(s)|u| N ds < Cllu| - (4.12)

Np+(N-p)(g+1) . . . .
IfK(@r)r 7 € L*®(ro0, 00), arguing as previously, similarly we obtain
0o (g+1)

1.N-1 ? q+1

/ K@) |u|Ts""ds< C / |VulP dx < C|lull W (4.13)

Foo RN ®N)’

(2) If Ko (r) Vo‘l(r)(gl(r))(q”)’p € L*°(0, rp), by (4.11) and conditions (V) and (K), we obtain

ro
fo K ()| N ds < o | Ko () Vi () (1(m) T ([

ro ro
1 q+1 ! (g+1)~ -1
(/0 Ko(s)us" ds)nunWRN) N Il gL /0 Ko(s)u’s"~ ds
q+1
< C||u||Wr Ny (4.14)

If Koo (r) V2 (r)(g2(r) 42 € L®(ro, 00), we obtain similarly

/ K(s)|u|71sN " ds < C||u||q+11p ey’ (4.15)

(b) If p = N, KO(V)(r‘hllll)N_(q”)(gl(r))(q”)‘N € L>(0,ry). By Hélder’s inequality and

Lemma 2.3, we have

ro
/ K(s)|u|T ds

0
“ (r)(r [ s,
0 . -
100 Jo (lx[log LV ‘N(RN>
~ o ulN
< Cllul 07N, ( | ds)
Wy, ®H\Jo (x| log )N

N
(g+1)-N N
< Clllgin e, (fRN |Vl dx)

< Cllull'fxﬁN vy’ (4.16)

1 N q+1-N
< C‘ log p D (1)
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If [<0(r)(r| 1[11 oy W(ga(r) @ D-N e L®(ry,, 00), we obtain similarly

/ K(s)ul " ds < Cllullq*m (4.17)

L (RN)

From Lemma 6 in [13], we have the following.
Under the conditions of Theorem 4.5, for 0 < ¥ < R < 00 and R > 1, the embedding

W, (Bg\B,) — L% (Bg\B,) is compact. (4.18)

Now, we prove that the embedding Wlp "(RN) Lq+1(RN ) for 1 < p < N is continuous. It

suffices to show

S(V.K)= inf Jan (IVul? + V(le)lulp)dx

We W EN) ([ K () |]4 da) 1

Assume to the contrary that S(V,K) = 0, then there exists {u,} C W (RN ) such
that

/1<(|x|)|un|q”dx:1 and /(IVun|p+V(|x|)|u,,|p)dx—>O as 1 —> 00.
RN RN

But from (4.12) and (4.13), or (4.14) and (4.15), or (4.16) and (4.17), and (4.18), let r, be

large enough, we obtain

1 =/ K(|]) 24,7 dxe
RN

ro [ee] Too
=/ K(|x|)|u,,|‘1+1dx+/ 1<(|x|)|un|q+1dx+f K(|x]) 24,7 dxe
0 Yoo 7

0

< Cllua|?

—0 asun— o0
WINRN) 4

which yields a contradiction. 0

Theorem 4.6 If V(x) and K(x) are nonnegative measurable functions satisfying (V) and
(K). K(x) € L2 (RN\{0}) and RN\ {supp V(x)} is relatively compact.
(@) Ifl<p<N,p<g+1<oo.

Np+(N-p)(g+1) +(N-p)(g+1)

1) K(r)yr— 72  =o(l)asr— 0" and K(r)r P =o0(l) asr — oo,

or

(2) Ky(r) Vo‘l(r) g (M]7* P = 0(1) as r — 0F and Kuo(r) Vo’ol(r) lg2(N]9*? = 0(1) as
r— 00,

then the embedding W\l,pr(RN ) Lq+1(RN ) is compact.

b) Ifp=N,q+1>N, KO(r)(ru )N @) (g (r)) N = 0(1) as r — 0* and
[<00(r)(r“0g T =@+ . (g ( r))q““’ =0(1) as r — oo, then the embedding
W‘I,I:[ (RN) — L?<+1(RN ) is compact.
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Proof (a) Arguing as in the proof of (a) and (b) of Theorem 4.5, we obtain that there exists

e>0,

ro
1 q+1
| Kbt < e,

S

d [®K T+ < LT
and [ K luft™ dx < sl

Assume that i, — 0 (weakly) in W%(RN ) (1 < p < N), we obtain

g+l q+1
/RNK(IxI)IMnI dx < Celluall =Cs,

i =
then we have | u,|| L1EN) ™ 0 (strongly). Hence the embedding is compact. O

5 Ground and bound state solutions
Now, consider problem (1.1) with general potentials

—Apu+ V(@) ulP?u=Kx)|ul" 'y, xeRY,

lu(x)] - 0 as |x| — oo.

Theorem 5.1 Under the assumptions of Theorem 3.2, i.e., W‘l,'p (RN) is compact embedded
into LT (RN), then problem (1.1) has a ground state solution.

Proof Now, we define the functional /() on the Sobolev space W‘l/’p (RN),

1 1
I(u):—/ (|Vu|”+V(x)|u|p)dx——/ K(x)|u|7 dx
b JRN qg+1 Jry

p g+l

1
=—|lu - —|lu .
S g e = g 1l

It is obvious that the critical point of the functional I(x) is exactly the weak solution of
problem (1.1). The existence of a ground state solution follows from the compact embed-
ding W,” (RN) < LL(RN) immediately.

Further, consider problem (1.5) with radially symmetric potentials

—Apu+ V() ulPu = K(|x))|u]9 'y, xRV,

lu(x)| = 0 as |x| — oo,
where 1 < p < N. Similarly to Theorem 5.1, we obtain the following theorem. O

Theorem 5.2 Under the assumptions of Theorem 4.6, i.e., W%(RN ) is a compact embed-
ding into L;’g,l (RYN), then problem (1.5) has a ground state solution.

For a more general equation than (1.5),

=Apu+ V(2D ulPu = K(|x])f (u), x€RN, 1)
lu(x)] —> 0 as |x| — oo. .
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Iff e C(R,R) and f(0) = 0, |f ()| < C(|ulP™! + |u|?) and there exists u > p such that

0<;1,F(u):u/uf(s)ds§uf(u), Yu eR,
0

then we have the following theorem.

Theorem 5.3 Under the above conditions and assumptions of Theorem 4.6, problem (5.1)
has a positive solution. If, in addition, f is odd in u, then problem (5.1) has infinitely many
solutions in W‘l,’f;(RN ).
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