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Abstract

In 2000, Cingolani and Lazzo (J. Differ. Equ. 160:118-138, 2000) studied nonlinear
Schrodinger equations with competing potential functions and considered only the
subcritical growth. They related the number of solutions with the topology of the
global minima set of a suitable ground energy function. In the present paper, we
establish these results in the critical case. In particular, we remove the condition

Co < Coo, Which is a key condition in their paper. In the proofs we apply variational
methods and Ljusternik-Schnirelmann theory.
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1 Introduction and main result

We investigate the following nonlinear Schrédinger equation:

2

ihaa—‘/; = -zh—mAw + W)y - glx, ¥), (1.1)
which arises in quantum mechanics and provides a description of the dynamics of the
particle in a non-relativistic setting. 7 is the Planck’s constant, 1 > 0 denotes the mass of
the particle, W : RN — R is the electric potential, g is the nonlinear coupling, and v is the
wave function representing the state of the particle. A standing wave solution of equation
(1.1) is a solution of the form ¥ (x,¢) = u(x)e’i%. It is clear that ¥ (x, ) solves (1.1) if and
only if u(x) solves the following stationary equation:

2
—Zh—mAu +(W(x) - E)u = glx, u). (1.2)

For simplicity and without loss of generality, we set ¢ = i, V(x) = 2m(W(x) — E) and g =
2mg, then equation (1.2) is equivalent to

—&? Au+ V(x)u = g(x, u). (1.3)

A considerable amount of work has been devoted to investigating solutions of (1.3). The
existence, multiplicity and qualitative property of such solutions have been extensively
studied. For single interior spikes solutions in the whole space RV, please see [1-9] etc. For
multiple interior spikes, please see [10, 11] etc. For single boundary spike solutions with
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Neumann boundary condition, please see [6, 12—-15] etc. For multiple boundary spikes,
please see [16-18] etc. In particular, Wang and Zeng [9] studied the existence and concen-
tration behavior of solutions for NLS with competing potential functions. Cingolani and
Lazzo in [19] obtained the multiple solutions for the similar equation. In those papers only
the subcritical growth was considered. In the present paper, we complete these studies by
considering a class of nonlinearities with the critical growth. In particular, we remove the
condition ¢g < ¢, which is a key condition in [19].

In the sequel, we restrict ourselves to the critical case in which g(x, ) = || 2w+ f(x,u).

More specifically, we study the following problem:

—2Au+ V)u=ul* 2u+f(x,u) inRN,
u>0 inRY, (1.4)

limyy - 00 u(x) =0,

where 2% := 2N/(N - 2) if N > 3,and 2* := 00 if N = 1,2. f € C(RN x R, R) satisfies

(f1) f(x,£) =0 for each t < 0;
(F2) Tim e 252 = 0;
(f3) there exists g € (2,2*) such that

S 1)

pr < 00;

lim sup

t—00

(f4) there exists 2 < 6 < 2* such that
0<6F(x,t) <f(x,t)t, Vt>O0,

where F() := fotf(r) dr;
(f5) the function J@ is strictly increasing in £ > 0 for any x € 2.

Our main results are the following theorem.

Theorem 1.1 Let N > 4. Suppose that f satisfies (f,)-(fs), V is a continuous function in RN
and satisfies inf,.pn V(%) > 0. Then when ¢ is sufficiently small, the problem (1.4) has at
least cat(X2, Xs) distinct nontrivial solutions.

Here cat(X, X;) denotes the Ljusternik-Schnirelmann category of X in X;. By definition
(e.g., [20]), the category of A with respect to M, denoted by cat(4, M), is the least integer
k such that A C A U---UAg, with A; (i =1,...,k) closed and contractible in M. We set
cat(¥, M) = 0 and cat(A4, M) = +oo if there are no integers with the above property. We will
use the notation cat(M) for cat(M, M).

To prove Theorem 1.1, we mainly use the idea of [15, 19, 21]. More precisely, we can show
that the (PS).-condition holds in the subset A (see (4.6)). Hence the standard Ljusternik-
Schnirelmann category theory can be applied in -; to yield the existence of at least cat(V; )

critical points of I,. And then we construct two continuous mappings

¢ X —> N (1.5)
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and

B: N, — s, (1.6)
where

%5 = {x e RN :dist(x, ©) <5}, V§>0. (1.7)

Then a topological argument asserts that
cat(N.) > 2cat(Z, Bs).
We will also prove that if u is a critical point of I, satisfying I, () < &N (co + h(¢)), then u
cannot change sign. Hence we obtain at least cat(X, ¥s) nontrivial critical points of I,.
The paper is organized as follows. In Section 2, we collect some notations and prelimi-

naries. A compactness result is given in Section 3, which is a key step in our proof. Finally,
in Section 4, we prove Theorem 1.1.

2 Notations and preliminaries
H'(RN) is the usual Sobolev space of real-valued functions defined by

H'(RY) :={u:Vue L*(RY) and u € L*(RV)}
with the normal
5= [ (VP + Vian?) a.
RN
Let H, be the subspace of a Hilbert space H'(RN) with respect to the norm

Julls= [ (VP + V) d < .
RN

We denote by S the Sobolev constant for the embedding D"?(RN) < L>* (RN), namely

Vu|*d
S= inf M (2.1)
04ueD2 (fpn |1l dx)??

where DV2(RYN) is the usual Sobolev space of real-valued functions defined by
Dl’z(RN) = {u :Vue LZ(RN) andue L (]RN)}.
We say that a function u € H; is a weak solution of the problem (1.4) if
/]RN (eZVqu + V(x)uv — |u|2*_2uv —flx, u)v) dx=0, VYveH,.

In view of (f;) and (f3), we have that the associated functional I, : H, — R given by

1 1 %
L(u) = —/ (82|VM|2 + V(x)|u|2) dx — —/ |u|? dx—/ F(x,u)dx
2 RN 2% RN

RN
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is well defined. Moreover, I, € C!(H,) with the following derivative:

&

(1’ (u), V) = / (82Vqu + V(x)uv — |u|2*’2uv —f(x, u)v) dx.
RN

Hence, the weak solutions of (1.4) are exactly the critical points of I,.
Let us recall some known facts about the limiting problem, namely the problem

—Au+V@u=u*u +f(a,u) inRN, (2.2)

here a € RN acts as a parameter instead of an independent variable. Solutions of (2.2) will
be sought in the Sobolev space H'(RY) as critical points of the functional

1 1 *
Ja(u) = —/ (|Vu|2 + V(u)|u|2) dx — —/ |u|* dx — F(a,u)dx.
2 RN 2* RN RN

The least positive critical value G(a) can be characterized as

G(a) := inf J,(u),

ueMy

where
My = {ve H'(RN)\ {0} : . (w),u) = 0}. (2.3)

An associated critical point w actually solves equation (2.2) and is called a ground state
solution or the least energy solution, i.e., w satisfies

= inf .
Ja(w) inf Ja(u)
Moreover, there exist C > 0 and § > 0 such that
wix) < e H, Vw(x) <e®™  forallx e RV, (2.4)

For more details, please see [22, 23].
Set

co:= inf G(a), Y= {a eRY:Gla) = co}.

acRN

For any § > 0, we denote X5 = {x € RN : dist(x, ¥) < §}. We need to estimate the super
bound of ¢y. In order to do this, we estimate G(a). We shall use a family of radial function
defined by

N-2

U= (NN-2) T (—5 )"
o (%) —( (N - )) <m> .
It is known [20] that

—AU, = UNPWN2) i RN,
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Moreover, we have

/ |VUE|2dx=f UL |> dx = SN2
RN RN

Set u,(x) = ¢(x)U,(x), where ¢ € C' is a cut-off function satisfying ¢(x) =1 if |x| < §/2,
¢(x) =0 if |x| > § and 0 < ¢p(x) < 1. After a detailed calculation, we have the following

estimates:
/ V(pLL)|* dx = SN + O(N2), (2.5)
RN
/ U |* dx = SN2 + O(eV), (2.6)
RN

/ o |2dx—oz(8) B Ce?|loge| + O(e?) ifN =4, 27)
RN Ce? + O(eN2) if N >5.

Since F(t) > 0, from (2.5)-(2.7), we conclude

G(a) < T%X]a(tua)

t* t .
< max(—/ (IVie* + V(@) |ue|*) dx — —/ || dx), (2.8)
2 RN 2% RN

t>0

then the maximum value of the right-hand side is achieved at

(Vi + V(@) ) d\ 5 .
” fRN |oae|** dx .
and
1 Vi |2+ V(a)|us|?) dx)yN'?
maxJo(tuy) < - Sy (Vel + Vi@l i)
" N (fa e da)N-272
1 Jan (Ve + V(@) |ue ) dx NP2
TN\ (v e dxp2
1 SN2 4 V(a)a(e) + O(eN-2)\ N2
= ﬁ SIN-2)/2 4 O(SN_2)
1
) NSN/Z' (2.10)
Hence we have
L v
Co < NS . (211)

We denote the Nehari manifold of I, by

N = {u € Heq \ {0} : (I (), u) = 0}.
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3 Compactness result

Proposition 3.1 Let s, — 0 as n — co. Assume that (u,) C N,, satisfies e, 1, (u,) — co
as n — 00. Then uniformly in a € X, there exist a subsequence of v,(y) := u,(e,y + a) (still
denoted by v,), and t,, > 0 such that w,, := t,v, € M,. Furthermore, w, converges strongly

in HY(RN) to w, the positive ground state solution of equation (2.2).

Proof Let (u,) C M, be such that 5;N15n(un) — ¢o. Then, by a change of variable

x = &,y + a, we have

Co + 1 > 8;N (Isn (un) - %(Ien (Mn)¢ un))

= (l _ l) / (| Vun(eny + a)|2 + V(eny +a)|un(eny + a)|2) dy. (3.1)
RN

This implies that (z,) is bounded in H'(RY). Noting that

1 1 *
co+o(1):—/ (IVtty + Vieny + a)lun|*) dy — — lu,|* dy
2 RN 2% RN
- / Fls,0,) dy, (3:2)
RN
hence

m:= lim (|Vu,, + V(s,,y+a)|u,,|2) dy>0, (3.3)

n—>o0 JpN

since ¢y > 0. Now we prove that there exists a sequence (z,) C RN and constants R,y >0
such that

n—00

liminf/ lun)*dy >y >0. (3.4)
Bp(zn)

Indeed, if this is not true, then the boundedness of (x,) in H(RN) and a lemma due to
Lions [24, Lemma L.1] imply that u, — 0 in L(RY) for all 2 < s < 2*. Given § > 0, we can
use (f2), (f3) and u, € N, to get

[ fommdr<s [ iy [ wiay
RN RN RN
Moreover,
/ (|VM,, + Viewy + a)|un|2) dy = / |Mn|2* dy
RN RN
as 1 — 00. Therefore

m= lim/ |u,,|2*dy>0, (3.5)
N

n— 00 R
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and consequently (3.2) yields
m m m
CO=7T—="-=7
2 2 N

m=Ncy<SN?  (see (2.11)). (3.6)

However, recall the definition of S in (2.1),

2/2%
m=tim | (Vi + Ve + @lul?) dy= S “m(/ |un|2*dy) _sm?”,
n—o0 RN

n—>00 JpN

equivalent to m > SN/2, contradicting (3.6). Thus, (3.4) holds. Using the idea of [21, 25],
along a subsequence as # — 00, we may assume that

Va(y) 1= tn(eny +a) =~ v#0 weakly in H' (RV).

We now consider ¢, > 0 such that w, := t,v, € M, (see (2.3)). By a change of variable
x =&,y + a, it follows that

co <JaWn) = Ja(tavs) < supJa(tva) < supe, NI, (tu,) +0(1) = £,V I, () + o(1)
t>0 t>0
=cp + o(1). (3.7)
Hence J,(w,) — ¢o, from which it follows that w,, - 0 in H'(RN).

Since (v,) and (w,) are bounded in H*(RN) and v, - 0 in H*(RYN), the sequence (t,,) is
bounded. Thus, up to a subsequence, £, — £y > 0. If £y = 0, then ||w,]| meNy) —> 0, which
does not occur. Hence £y > 0, and therefore the sequence (w,) satisfies

Ja(Wp) = co,w, = wi=tov #0  weakly in H* (RN). (3.8)
For fixed v € H'(RY), define
b(w) = / VwVvdy forallwe H'(RV).
RN
By the Hoélder inequality,

|bw)| < VW2 | VVla < 1wl g eny V] ey

Hence b € H7!, the dual space of H!(RN). Consequently, as n — oo, w, — w in H!(RN)
implies b(w,) — b(w), i.e.,

/ Vw,,Vvdx:/ VwVvdx + o(1). (3.9)
RN RN

Since w, converges weakly to w in H'(RN), w,, is bounded in L*" (RN). Thus |w,|* 2w, is
bounded in L&" (RN). It then follows that there is a subsequence of (w,), still denoted by

Page 7 of 20
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(W), such that |w, > 2w, converges weakly to some w in L&' (RN). Next we will show

W = |w|* 2w. Choose a sequence (Ki,,),>1 of open relatively compact subsets, with reg-

ular boundaries, of RN covering RY, i.e., RN = J _, K. It is easy to see that, by com-

m>1

pact embedding, w, — w in LY(K,,) for any g < 2*. Hence w, — w a.e. on K,,,. Hence

lwa|* 2w, — |[w|*w a.e. on K,,. By the Brezis and Lieb lemma [26], we conclude that

[l 2w, — |w|* 2w strongly in L& (K;,,). Thus # = |w|2 2w a.e. on each K,,, and then

the diagonal rule implies a.e. on RN, Hence
/ |w,,|2*_2wnvdx = / |w|2*_2wvdx +o(1). (3.10)
RN RN
Similarly, we have
/ V(a)yw,vdx = / V(a)wvdx + o(1). (3.11)
RN RN
By (f2) and (f3),
I e, wa)v| de < 8 / Iwallvldx + C; / Wal? vl dx < 8lwal2 Vs + Cslwal ™ V.
RN RN RN

Hence when R is large enough, we get

/ [f(a, w,,)v‘ dx =o(1).
BS(zn)NRN

Noting that w,, — w in L9(Bg(z,)), 2 < q < 2*. Therefore we have

f fla,wy)vdx = / fla,w)vdx + o(1).
BR(za)NRN

Br(zn)NRN

Hence
RNf(a, w,)vdx = /RNf(a, w)vdx + o(1). (3.12)
By (3.9)-(3.12), we derive that
-Aw+ V(a)w = |w|2*’2w +f(a,w) in RN, (3.13)

ie,J,(w)=0.
For any n € N let us consider the measure sequence ,, defined by

f un<dy)=/ (Wl + Iwal? + w1 .
RN RN

We assume

/R ) L


http://www.boundaryvalueproblems.com/content/2013/1/199

Liu and Zhao Boundary Value Problems 2013, 2013:199
http://www.boundaryvalueproblems.com/content/2013/1/199

By the concentration-compactness lemma [24], there exists a subsequence of (u,) (de-
noted in the same way) satisfying one of the three following possibilities.

Compactness: There exists a sequence z, € RY such that for any § > 0 there is a radius
R > 0 with the property that

lim wnldy) > 1-36.

1700 J Brlzn)

Vanishing: For all R > 0,

lim <sup / ,un(dy)) =0.
"0 \zeRN J Br(z)

Dichotomy: There exists a number 4, 0 < a < [, such that for any § > 0 there is a number
R > 0 and a sequence (z,) with the following property: Given R’ > R there are non-negative
measures u), u? such that

(i) 0<pup+pp <t
(i) supp(iL) C Ba(z,), supp(i2) C RN\ Br(z,),

(i) 1im sup, _, oo (1 = [ L@ + (1= @) = fow p2(dy)]) < 6.

We are going to rule out the last two possibilities so that compactness holds. Our first
goal is to show that vanishing cannot occur. Otherwise,

”Wn“Hl(]RN) = / |Wn|2* dy +/ S, wy)w, dy
RN RN

5/ |wn|2*dy+8/ |wn|2dy+cs/ [wal?dy — 0.
RN RN RN

Hence J(w,) — 0, contradicting ¢y > 0.

Now for the harder part. Let  be a smooth nonincreasing cut-off function, defined in
[0,00),suchthat n =1if0<t<1;n=0ift>2;0<n <1and |7 (¢)] < 2. Also, let n,(:) =
n(;). We define

&) =1-n(),
anondecreasing function on [0, 00). Denote by &,(-) = £(>). We show now that dichotomy

does not occur. Otherwise there exists 2 € (0,/) such that for some R' >R — oo and z, €
R¥ the function y, splits into ! and u? with the following properties:

/ ,uil(dy) — a, f /Li(dy) —l-a. (3.14)
RN RN
If we denote
wh = (= za)wa(x), W= Ep(x - z,)w,(x),
(3.14) becomes
L s i )y —
RN

(3.15)
/(!wfl|2*+|wi’2+’wﬁ‘q)dy—>l—&.
RN

Page 9 of 20
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Denote by Q' := Br/(z,) \ Br(z,), then

0 = [ (W) ) = / (Vo + V@I, ) dy — / w7y - f Flarwwady.
Q Q Q

Using Dichotomy (iii), we get

/Q, Mn(dy):/RN Mn(dy)—/BR(zn) Mn(dy)_/fsﬂ,(zn) [1n(dy)

< [wtn-[ @[ ea-o
RN Bp(zn) B;/ (zn)
which implies

/|wn|2*dy+o, f|wn|2dy+0, /|wn|‘fdw0-
Q Q Q'

Hence

/ (IVwal? + V@wal?) dy = / wal? dy + / Flaywa)wdy
Q Q Q

s/ |wn|2*dy+5/ |wn|2dy+ca/ lwn|?dy — 0.
Q' Q/ Q/

Now we observe that supp w!, N supp w? = f, therefore
[ 5w+ v@iw) ay
RN

RN

/ |wn|2*dy=/ ‘wb’z*dy+/ ‘wﬁ!z*dy+o(l),
RN RN RN

/ Fla,w,)dx = / F(a, wi) dy + / F(a, wf,) dy + o(1),
RN RN RN
and
/ fla,w,)w, dy =/ f(a, WL)WL dy+/ f(a, wf,)wf, dy +o(1),
RN RN RN

where 0(1) — 0 as n — oo.
Recall that (w,) C M, (see (2.3)), which implies

(I (W), w) = /RN(|VW;4|2 +V(a)|wal?) dy—/RN lwnl® dy—/RNf(a, W)W dy

=o(1).

:/ (!VWH2+V(a)’wL|2)dy+/ (‘Vwi‘2+V(oz)|wf,|2)dy+o(1),
RN

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Page 10 of 20
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Then using w}, and w? in place of w,, respectively, we get

(L;(Wn)yW}f) = /RNﬂVwHZ + V(ﬂ)’wi‘z) dy — /]RN‘WH% dy - ANf(a, Wi)wi dy
=o(1),
Valwa)wy) = /R (vwil s vilwi ) dy - /R il ay- /R Saw)nzdy

=o(1).

(3.21)

There exists £} > 0 such that 1wl € Mo, i.e.,

@ [ (s vlifyar- [

—/Aﬂmtw) ndy =0. (3.22)
RN

By (f2) and (f3), f (@, wn)w,, < 8|w,|* + Cs|w, |, we see £} cannot go zero, that is, £, > £ > 0.

If t} — o0, by (3.21), (3.22) and (f4), we get

/|wﬁl|2*dy+/ f(x,wi)wi,dy:/ (|VWL|2+V(a)|wi}2)dy
]RN ]RN ]RN

tl Wl 2% +fx, tl Wl tl 1
=/ DS bW g, o, (323)
RN (£L)?

since (f5). By (3.15),
/ !WHTk dy+/ f(x,wi,)widy
RN RN

< [l s [ pilarec [ ra
SCAJ

a contradiction. Thus 0 < ) < ¢} < C. Assume that £ — ¢!, we will show ¢! = 1. By (3.21)
and (3.22), we have

P WP |wh| D) dy < C(a+ o), (3.24)

o(1) = (¢ 22/|M|d+/f“’ "@—/|@F@-/f@ww¢@
RN RN

@y [l e [ (DA o) Yk

Hence by the Lebesgue dominated convergence theorem, we get

((tl)z*—z_1)/RN|W1|2*dy+/RN<f(x%llw) ~f(xw ))w dy=0.

Page 11 of 20
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By (f5), we have ¢! = 1. Similarly, £ — ¢* = 1. Using this together with (3.16), (3.17), (3.18)
and (3.19), we obtain

co+o()=J,(w,) =/, (Wi) +], (Wﬁ) +0(1) =], (ti,wi,) +], (tﬁwi) +0(1) > 2¢o + 0(1).

Contradiction! Thus dichotomy does not occur.
With vanishing and dichotomy ruled out, we obtain the compactness of a sequence 1t,,
i.e., there exist z, € RN and for each § > 0, there exists R > 0 such that

/ (Iwal® + Wl + lwu|?) dy < 8. (3.25)
B?g(zn)
Then (z,,) must be bounded, for otherwise (3.25) would imply, in the limit n — oo,
/ (WP + [wl® + |wi9) dy < C18 (3.26)
RN

for some positive constants C;, independent of §, which implies w = 0, contrary to (3.8).

From the foregoing, it follows that there exist bounded nonnegative measures fi, v on
RY such that |Vw,|?> — i weakly and |w,|>" — ¥ tightly as # — co. Lemma L1 in [27]
declares that there exist sequences (x;) C RY, (i), () C (0, 00) such that

M) A=W+ iy,
jel

@) T=lw +) by, (3.27)
jeJ
~ ~ / *
(3 = S\)jz 7,

where §,; denotes a Dirac measure, j € J. Take x; € RY in the support of the singular part
of i, V. We consider ¢ € C>°(RY) such that

¢ =1 onB(xe), ¢ =0 onB(x);2e), V| < 2/e. (3.28)

Choosing the test function ¢pw,,, from (I (w,), pw,) — 0, we have

/]RN d(dx) + /H{N¢V(u)|w|2dx—/RN ¢V (dx) —/]RN of (x, w)wdx

1/2
= lim Vw,w,V dx < C; lim < / |w,,|2dx> —0. (3.29)
n—00 B e—0

n—00 JRN (xj,2s)

This reduces to

1 = )y
hence (3.27)(3) states

~ * ~
Svjz/2 <V,
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\7; =0 or f)j > SN/Z.
Consequently,

P> +SV2Y s,
jel

and hence

/ [, * dx—)/ f)(dx)z/ [w|?" dx + SN CardJ, (3.30)
RN RN RN

which implies that the set J is at most finite. Here Card/ is the cardinal numbers of set J.

Hence

1 / _ l _ i 2% _
]a(Wn) - E(Iu(wn): Wn) = (2 2*> /H‘QN |Wn| dy+ /IVQN (f(ﬂ, Wn)wn F(ﬂr Wn)) dy
1 o
> fR il dy, (3:31)
since
flx, t)t = 6F(¢) > F(t) > 0.

When # is large enough, recall ¢y < %SN/Z (see (2.11)), together with (3.30) and (3.31), we

obtain
1 1 X 1 1
—SN2 5 ¢ > —/ |w|? dx + — ZV/ > —SN2
N N Jq N N

jel

a contradiction. Therefore J is empty, that is, |w,, I%: — |w|%: as n — 00. By the Brezis and

Lieb lemma [26] again, we get
Wy — w3 — 0. (3.32)
Equation (3.25) and compact embedding theorem imply
/ fla,w,)w,dx = / fla,w)wdx + o(1). (3.33)
RN RN
This together with (3.13), (3.20) and (3.32) allows us to deduce easily
IWall gy = 1wl @ny + o(1).
Since H!(RY) is a uniformly convex Banach space, hence

”Wn - W”HI(RN) — 0. (334)

Page 13 of 20


http://www.boundaryvalueproblems.com/content/2013/1/199

Liu and Zhao Boundary Value Problems 2013, 2013:199 Page 14 of 20
http://www.boundaryvalueproblems.com/content/2013/1/199

From (3.32), (3.33) and (3.34), we can obtain
co = lim J,(w,) = Ja.(w), (3.35)

i.e., w is the ground state solution of (2.2) in view of (3.13). The proof of Proposition 3.1 is

complete. 0
4 Proof of Theorem 1.1
Proposition 4.1 Suppose [ satisfies (f5)-(f1). Then I, satisfies the (PS).-condition for all

c < eNSN2IN, that is, every sequence (u,) in H, such that I.(u,) — ¢, I.(u,) — 0,asn — oo,

possesses a convergerzt subsequence.

Proof Suppose that (u,) is a sequence in H, such that I, (u,) — ¢ < eNSN2/N, I'(u,) — 0,
as n — o0. Using (f4), by a change of variable x = ¢y, we obtain that

c+o)llunlle > Ie(un) - %<[s(un)’ un)

1 1 1 1 *
= (5 - 5) AN(SZIVMHIZ + V() ua|*) dox + <5 - ;) /D;N ||* dx

+ é/ (f(x,u,,)u,, — OF(x, u,,)) dx
RN

11 , (1 1 )
S 2 (=== )l 4.1

This implies that (u,) is bounded in H!. Therefore we may assume %, — u in H! and

u, —> ua.e. Letu, =v, +u. Then
[ (19 + Veen?)
RN
:/ (IVval* + V(ep)lval®) dy+/ (IVul® + V(ey)|ul®) dy + (1),
RN RN
[ Fommds= [ fevdye [ fosuudy o,
RN RN RN
/ F(x,u,) dy:f F(x,v,,)dy+/ F(x,u)dy + o(1),
RN RN RN
and by the Brezis-Lieb lemma [26],

/ |un|2*dy=/ |vn|2*dy+/ |ul* dy + o(1).
]RN ]RN IRN

For convenience, we denote by

1 1 *
I(u) = - f (IVul® + V(ey)|ul®) dy - — f lul* dy - f F(x,u)dy (4.2)
2 JrN 2% Jgn RN
and

(I’(u), v) = / (Vqu + V(ey)uv - |u|2*_2uv —flx, u)v) dy. (4.3)
RN
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It is clear that

L) =eNIw),  ([(w),v)=eN{I'(w),v). (4.4)
It is easy to verify that (I"(x), u) = 0. Hence we have

0(1) = (I'(sn), thn) = (I' V), via) + (I' (), ) + 0(1) = (I'(v), via) + (1),
and thus

lim (|VV,,|2+V(x)|v,,|2)dy=lim/ lval® dy =:¢,
n—>o0 JpN

n—o00 JpN

since [on f(val*)|vul? dy — 0 by (f) and (f5). If £ = 0, then ||v,||* — 0, hence ||v,|? =
eN|lv,lI> = 0 as m — oo, and we can obtain the desired conclusion. Hence it remains to

show that £ = 0. By a change of variable, from
I(va) =1(v. )—1(1/(1/ ), V) = l/ [val* dy >0
n n 9 n) Vn =N N n =
and

c=1(u,) +0(Q) =I1(v,) + I(u) + o(1) > I(v,) + 0(1),

we get
Ny N gNI2
R fE c< )
N N
ie.,
< SN2, (4.5)

By the Sobolev inequalities,

2/2%
(/ |vn|2*dx) ss-lf (199l + VO)Ival) dy.
RN RN

Letting #n — 00, we get £>%° < §71¢, so either £ > SN/? which contradicts (4.5) or £ = 0.
O

Let ¢ > 0 be fixed. Let n be a smooth nonincreasing cut-off function, defined in [0, 00),

suchthat n =1if0 <t <y n=0if£>2;0 <n <1and|n'(t)] < C for some C > 0. For any
acX,let

Ve(a)(x) = n(|x—a|)w(¥),

Page 15 of 20
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where w is the positive ground state of (2.2). We may assume that £, > 0 is the unique

positive number such that
max I, (te(6)W)) = L (£ e () ().
Let h(e) be any positive function tending to 0 as ¢ — 0, we define the sublevel
Ny = {ue N, L(u) < eN(co + h(e))). (4.6)

By Lemma 4.2 below, -V, is not empty for ¢ sufficiently small. By noticing that £,v, (€) € N,

we can define ¢, : 02 — N, as

be = te e (§).
Lemma 4.2 Uniformly in a € X, we have

hm e NI (¢ (a)) = co. (4.7)
Proof Let a € . Computing directly, we have

|ve@@)|?
- [ @@ - velvan]) dx

[ (=2 ot Lo 222)
vel(s-aw(*2°) )

(a2 ) )
o [ (H9t-anp ‘ (x;“)

+ 2en(Jx - a|)w(¥>Vn(|x - a|)vW<x%”)> dx

=211 +12. (48)

2

+ V(x)

By a change of variable y = £, we obtain

11=8N/RN712<8)]>(‘VW@‘ +V(ey+a) |W(y‘ ) dy

=gN IVw|* + V(a)w?)dy +0o(1) | ase— 0, (4.9)
RN
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uniformly fora € X.

I = SN/ (82
RN

gem/ Clow)|* dy
{y:ple<|y|<2p/e}

2
Vn(@)‘ w2@)+zsn(@)wmw<@)vw)) dy
p p p

+ 26N / Cilw®)||Vo(y)| dy. (4.10)
y:ple<lyl<2ple}
By the exponential decay of w, we get
I = sN(o(l)) ase —> 0 (4.11)

uniformly for a € ¥. Therefore, in the limit that ¢ is very small, thanks to (4.8) (4.9) and
(4.11), we find

”wg(a)(x)Hi =N </RN(|VW|2 + V(a)wz) dy + 0(1)). (4.12)

On the other hand, following the idea of [21, 25], from (I (¢, . (§)(x)), t. . (§)(x)) = 0, by
the change of variables y := (x — §)/¢, we get

|tve )W) = / |0 () @) dx + / F (6 Ve (§)0) e (6) () dx
RN RN
- 5N</RN|t8np(8y)w(y)|2* dy
[ S o) erw ). @13

Ny @@ = 162 f I (enw)|* dy
]RN
[ LGt ew)

o . n,(ey)w(y) dy

— 00 ast, — 0o, (4.14)

which contradicts (4.12). Thus, up to a subsequence, £, — £, > 0.
Since f has subcritical growth and £,y (§) € M., it follows that ¢y > 0. Thus, we can take
the limit in (4.13) to obtain

/|V(t0w)|2+|tow|2dy=/ |t0w|2*dy+/ Fla, tow)towdy, (4.15)
RN RN RN

from which it follows that tow € M,. Since w also belongs to M,, we conclude that ¢, = 1.

This and Lebesgue’s theorem imply that

/ |t51//g(§)|2*dx:8N(/ |w|2*dy+o(1)> (4.16)
RN RN
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and

/ F(x, tepre (a)) dx =gV </ F(a,w)dy + 0(1)) (4.17)
Q RN

uniformly for a € X. Noting t, — 1, from (4.12), (4.16) and (4.17), we have

1 1 *
e NI, (q)g(é)) = —/ (|VW|2 + V(a)wz) dy + — lw|*" dy + / F(a,w)dy +0(1)
2 JrN 2% JrN RN
=co +0(1).
Thus (4.7) is proved. 0

Let B(u) be the center of mass of # € N, in terms of the L? norm:

Jen x|u|? dx

Bu) := o luPdx”

Yu e N

Lemma 4.3 Let ¢, — 0 as n — oo. Then for u, € e/\75,,,
B(u,) — a, asn— oo,

uniformly fora € .

Proof By change of variable x = €,y + a, we have

_ Jan P dx_ Jon(Eny ta)lvalPdy e ylval® dy
Jew 1t |? dx Jan lval? dy " Jan lval?dy

fRNy|thn|2 d)’

fRN |tnvn|2 dy .

Bun)

=a+ée,

By Proposition 3.1, w,, = t,v, converges strongly in H!(RN) to w, which is a positive ground
state solution of equation (2.2). Thanks to the exponential decay of w (see (2.4)), we obtain
B(u,) > a € ¥ as n — oo. This completes the proof of Lemma 4.3. g

Proof of Theorem 1.1 By Proposition 4.1, I, satisfies the (PS).-condition for all ¢ <
eNSN2/N. Now let us choose a function /(e) > 0 such that #(¢) — 0 as ¢ — 0 and such
that N (co + h(e)) < eNSN/2/N is not a critical level for I,. For such k(g), let us introduce
the set N, C ; as in (4.6). Then the standard Ljusternik-Schnirelmann theory implies
that I, has at least cat(V.) critical points on N. (also see [21]).

By Lemma 4.3, we can assume that for any § > 0, there exists 5 > 0 such that ﬂ(ﬂg) C s
for any ¢ < &;. For such &, by Lemma 4.2, we have I.(¢.(a)) < & (co + h(¢)) uniformly for
a € X, thus ¢.(X) C N,. Recall £, — 1, calculating directly, we get

B Jen ®lt Ve (a)(x)|* dx
lg(¢s(ﬂ)) = f]RN tere(a) (x) |2 dx

_ Jan xln(lx — al)w(*3*)|* dx s
Jan n(lx = aDw(*2)|* dx

o(1)
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_ Jan(ey + @)in(ey)w(y)P* dx
Jan In(ley)w(y)|? dx
_ ., Jeveyin(eyhwiy)Pdx _
Jan In(eyhw() |2 dx

o(1)

o(1),

as ¢ — 0 uniformly for a € X. Hence the map S o ¢, is homotopical equivalence to the
inclusion i: ¥ — X; for & small enough. We denote e/\75* =N, N {ue N, :u>0inRNY).
It is easy to verify that cat(ﬂs+,ﬁ£) > cat(X, Xs) and cat(ﬂs‘,ﬁg) > cat(X, Xs) (¢f [19,
Lemma 2.2]). Hence we have

cat(N;) = cat( N, N; ) + cat(N,, N,) > 2cat(E, Bs).

Next we show that if # is a critical point of I, satisfying I, () < &N (co + h(¢)), then u cannot
change sign. Indeed, if u = u* + u~ with 4* #0 and 4~ # 0, then from (I (), u) = 0, we have

ut,um € M,.
Also, noting
L) = &"]a(u), ase,— 0.
Hence
co +h(e) = Ja(u) = Ju(u*) + Ju(u™) = 2G(a) = 2¢o,

which is a contradiction. Therefore there exist at least cat(X, X;5) nonzero critical points
of I, and thus cat(X, ;) solutions of equation (1.4). O
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