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1 Introduction
Consider the following impulsive partial neutral second-order functional integro-differ-

ential systems with infinite delay in a Banach space X:

LIx'(t) + gt K, [y kit s, %) ds)] = Ax(t) + g2t %0, [y kot 5,%) ds),
t€(0,b],
@)
Ax(t;) = I} (), AX () =IH(xy), i=12,...,n,
xo=¢€b, x(0)=z€eX,
LW (0) + gt %, %)) = Ax(t) + [ f (s, 2,5 ds, £ €[0,b],
Ax(t;) = I} (x4, %), AX(t;) = I} (g}, i=1,2,...,m, (2)
% =¢€b, xy =9 €B,

where A is the infinitesimal generator of a strongly continuous cosine function of bounded
linear operators, (C(£)):cr, on X. In both cases, the history x;, %] : (—00,0] — X, x,(0) =
x(t +6) and x,(9) = x'(t + 0) belongs to some abstract phase space 5 defined axiomatically;
& 1 g ks I{ (f = 1,2) are appropriate functions; 0 = £y < f; < --- < £, < ty41 = b are fixed
numbers and the symbol Ax(¢;) represents the jump of the function x at ¢;, which is defined
by Ax(t;) = x(t]) —x(¢7), i=1,2,...,n.
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The study of impulsive functional differential equations is linked to their utility in sim-
ulating processes and phenomena subject to short-time perturbations during their evolu-
tion. The perturbations are performed discretely and their duration is negligible in com-
parison with the total duration of the processes and phenomena. Now impulsive partial
neutral functional differential equations have become an important object of investigation
in recent years stimulated by their numerous applications to problems arising in mechan-
ics, electrical engineering, medicine, biology, ecology, etc. With regard to this matter, we
refer the reader to [1-12] and references therein. However, in order to obtain the existence
of solutions in these study papers, the compactness condition on the associated family of

operators and the impulsive term, some similar restrictive conditions on a priori estima-

tion,
- — K, ¢ — * ds
u =K Nc} +Nci2 <1, — Nmiy(s) + Nmg(s)) ds < —_—, (3)
b lzzl( ) 1-u Jo ( g S ) . W(S)
n . o W t
Ky| NLgb+ " (NL! + NL?) + Nliminf —~ ©) / my(s) | ds <1, (4)
i=1 >0 8o

are used. In [13-16], authors used a strict set contraction mapping fixed point theorem
without the compactness assumption on the associated family of operators to obtain the
existence results of system (1) when g;(¢, ;) is not an integral operator and the following
system:

% [x'(t) + g(t, %, %' (2)] = Ax(2) + f (¢, %, %' (t)), te[0,b],t#t;,
Ax(t;) = IH(xe, &' (8)), AX' () = P(x, X (1)), i=1,2,...,n, (5)
x0 =@ €B, x'(0) = z,

improved and generalized some results in [1, 7]. However, the compactness condition of
the impulsive terms If (+), some similar restrictive conditions on a priori estimation (3), (4)

and the restrictive condition on measure of noncompactness estimation

n b
Ky |:NLgb + ) (NL} +K[Lf):| + / n(s)ds < 1 (6)
0

i=1

are used in [13-16]. So far we have not seen the existence results of system (2).

In this paper, using the Kuratowski measure of noncompactness and progressive es-
timation method, we obtain the existence results of mild solutions of impulsive partial
neutral second-order functional integro-differential systems (1) and (2). The compactness
condition of impulsive terms If (-), some restrictive conditions on a priori estimation and
measure of noncompactness estimation (3), (4) and (6) have been deleted. Our conditions
are simple and our results essentially improve and extend some corresponding results in
papers [1, 2,13, 14]. As applications, some examples are provided to illustrate the obtained
results.

2 Preliminaries
In this paper, X is a Banach space with the norm | - || and A is the infinitesimal generator
of a strongly continuous cosine function of bounded linear operators, (C(£)):cr, on X and
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S(¢t) is the sine function associated with (C(t));cr, which is defined by S(t)x = fot C(s)xds,
x € X, t € R. We designate by N, N certain constants such that ||C(¢)|| < N and ||S(¢)|| <
N for every t € J = [0,b]. We refer the reader to [17] for the necessary concepts about
cosine functions. Next, we only mention a few results and notations needed to establish
our results. As usual we denote by [D(A)] the domain of A endowed with the graph norm
llxlla = %]l + [[Ax]|, x € D(A). Moreover, the notation E stands for the space formed by the
vector x € X, for which the function C(-)x is of class C!. It was proved by Kisyriski [18] that
the space E endowed with the norm

Il = llxll + sup |AS(£)x||,x € E,
0

I
<t<b

C(t) S(
AS(t) C(

group of linear operators on the space E x X generated by the operator A = [2 é] defined
on D(A) x E. It follows from this that AS(¢) : E — X is a bounded linear operator and that
AS(t)x — 0 (t — 0) for each x € E. Furthermore, if x : [0,00) — X is a locally integrable

)

is a Banach space. The operator-valued function G(t) = [ i)] is a strongly continuous

function, then z(¢) = fot S(t - s)x(s) ds defines an E-valued continuous function. This is a
consequence of the fact that

ft G [ 0 } . [[é S(t - 5)x(s) dsi|

0 x(s) Jo C(t = s)x(s) ds

defines an (E x X)-valued continuous function. Next, we denote N = sup;; |AS(®)| x),
in which L(E, X) stands for the Banach space of bounded linear operators from E into X,
and we abbreviate this notation to L(X) when E = X.

To describe appropriately our system (1), we say that the function u : [o,7] — X is
a normalized piecewise continuous function on [o, 7] if u is piecewise continuous and
left continuous on (o, t]. We denote by PC([o, t],X) the space formed by the normal-
ized piecewise continuous functions from [o, 7] into X. In particular, we introduce the
space PC formed by all functions u : [0,6] — X such that u is continuous at t # ¢;,
u(t;) = u(t;) and u(t}) exists forall i = 1,2,...,n. It is clear that PC endowed with the norm
%]l pc = sup,; lx(¢)|| is a Banach space.

For x € PC, let

~ x(t), te(tytial,
xl(t) _ 1 1+
x(t), t=tyi=0,1,...,m.

Thenx € C([t;, tiz1],X). Moreover, for V C PCand i = 0,1,...,n, we use the notation 17, for
\~/l- = {X;:x € V}. From Lemma 1.1 in [1], we know that a set V C PC is relatively compact
if and only if each set V= {X; : x € V'} is relatively compact in C([¢;,¢;11],X) (i =0,1,...,n).

For system (2), we give the precise meaning of the derivative in (2). We say that x €
PC is piecewise smooth if x is continuously differentiable at t #¢;, i = 1,2,...,n, and for
t=t,i=12,...,n, there are the right derivative '(¢]") = lim,_, ¢, M and the left
Mi#s)=Hh) Fyrthermore, we denote the spaceby PC! = {x € PC:
x/(¢) is continuous at ¢ # ¢;,x'(£;) and /(¢]") exist,i = 1,2,...,n}. Then PC! endowed with

the norm |[|u|l; = [|#||pc + |12/ || o is @ Banach space.

derivative x'(¢;") = lim,_, -
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In this work we employ an axiomatic definition of the phase space 8 introduced by Hale
and Kato [19] which appropriated to treat retarded impulsive differential equations. For

other abstract phase spaces, we can refer to [20, 21].

Definition 2.1 [19] The phase space B is a linear space of functions mapping (o0, 0] into
X endowed with a seminorm || - ||3. We assume that B satisfies the following axioms.
(A) Ifx:(-o00,0 + b] = X (b>0) is such that %, € 8 and %|(5 545 € PC([0,0 + b], X),
then for every ¢ € [0,0 + b) the following conditions hold:
(i) x;isinB,
(i) =@l < Hllxlls,
(iil) |lxellg < K(t — o) sup{llx(s)] : 0 <s <t} + M(t—o0)|xs |3, where H >0 is a
constant; K, M : [0,00) — [1,00), K is continuous, M is locally bounded and
H, K, M are independent of x(-).
(B) The space B is complete.

In this paper we denote by «(-) the Kuratowski measure of noncompactness of X, by «.(+)
the Kuratowski measure of noncompactness of C([0, 5], X) and by () the Kuratowski
measure of noncompactness of PC.

The following lemma is easy to get.

Lemma 2.2 Ifthe cosine function family C(t), t € R, is equicontinuous and n € L([0, b], R*),
then the set

{/t S(t - s)u(s) ds,
0

is equicontinuous for t € [0, b].

u(s) H <n(s)fora.e se [O,b]}

Lemma 2.3 [16, 22]
(1) If W C PC([0,b],X) is bounded, then a(W (t)) < a,.(W) for any t € [0, b], where
W(t) ={u(t):ue W} C X.
(2) If W is piecewise equicontinuous on [0, b], then a(W(¢)) is piecewise continuous for
t € [0,b] and o, (W) = sup{a(W(t)),t € [0, b]}.
(3) If W C PC([0, D], X) is bounded and piecewise equicontinuous, then a(W (t)) is

piecewise continuous for t € [0,b] and

a(/ot W(s)ds) < /:a(W(s)) ds, Vte]l0,b],

where fot W(s)ds = {fotx(s) ds:x e W).
(4) If W C PCY([0, b], X) is bounded and the elements of W' are equicontinuous on each
]i = (ti, tl‘+1] (l =0,1,..., }’l), then

a1 (W) =max[ sup a(W(?)), sup a(W’(t))},
t€(0,4] te[0,6]

where a1 (-) denotes the Kuratowski measure of noncompactness in the space
PCY([0,b],X).

Page 4 of 19
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Lemma 2.4 [23] Let h: [0,b] — E be an integrable function such that h € PC. Then the
Sfunction v(t) = fot C(t — s)h(s) ds belongs to PC', the function s — AS(t — s)h(s) is integrable
on [0,t] for t € [0,b] and

V)=h(t)+A /tS(t —S)h(s)ds = h(t) + /tAS(t —s)h(s)ds, te][0,b].
0 0

Lemma 2.5 [24] Let V = {x,} C L'([a,b], X). If there is o € L'([a,b],R*) (R* = [0, +00))
such that ||x,(t)|| <o (t) forx € V and a.e. t € [a,b), then a(V (t)) € L'([a, b],R*) and

a({/txn(s)ds:n EN}) < 2/ta(\/(s))d5, t €la,b).

Lemma 2.6 [25] (Ménch) Let X be a Banach space, Q be a bounded open subset in X
and 0 € Q. Assume that the operator F : Q — X is continuous and satisfies the following
conditions:

(1) x#AFx, VX €(0,1),x € 0%,

(2) D is relatively compact if D C ¢o({0} U F(D)) for any countable set D C Q.
Then F has a fixed point in Q.

3 Main results
Firstly, we discuss the existence of mild solutions for the impulsive second-order sys-
tem (1).

Definition 3.1 A function x : (—00,b] — X is said to be a mild solution of system (1) if
x0 = ¢, x(-)]; € PC and

x(t) = C(t)p(0) + S(t)(z +g1(0,<p,0)) - /Ot Ct-s)@ (s,xs, /OS ki (s, r,x,)dr) ds

+ /0 S(t -5)g (s,xs, /0 ka(s, 7, %) dr) ds+ Y C(t-t:)I}(x)

O<ti<t

+ Y SE-t) (x,), te. 7)

O<t;j<t

For system (1), we make the following hypotheses.

(Hi1) The functions g : J x B x X — X (j = 1,2) satisfy the following conditions:

(1) For every (¢,x) € B x X, gi(-, ¢, ) are strongly measurable and gj(t, -, -) are
continuous for every ¢ € J;

(2) There are integrable functions p; : / — R* (j = 1,2) such that

||g](t)¢’x) ” Sp](t)(”¢”3 + ”x”)’ t €]7¢ €EBxeX;

(3) For any bounded set V' C PC, there are integrable functions y;: /] — R* (j=1,2)
such that

a(gi(t Ve V(©)) < v@[a(V) +a(V(©)], tel,

where V; = {x;:x€ VI CB (t€)).
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(Ho) ki: A xB— X (j=1,2, A={(t,s) €] x J:0 <s <t <1}) satisfies the following
conditions:
(1) For every ¢ € B, k;(-, -, ¢) are strongly measurable and k;(t, s, -) are continuous for
every (t,s) € A;
(2) There are continuous functions g; : A — R* (j = 1,2) such that

||k]'(t,5,¢) || = qj(f’5)||¢||13, (t,S) € A,(f’ €B;

(3) For any bounded set V' C PC, there are continuous functions u;: A — R* (j=1,2)
such that

a(ki(t,s, V) < w6 s)a(Vy),  (6s) € A.

(H3) The functions If :B— X (i=1,...,n,j=1,2) are continuous and there are constants
;> 0, d, >0 such that

|Z@)] < dligls+d, ¢ eB.
Let the function y: (—o0, b] — X be defined by yo = ¢ and

y(£) = C(£)p(0) + S(t) (z + &1(0,9,0)), te].

Theorem 3.2 Suppose that the cosine function family C(t), t € R, is equicontinuous, g,
o satisfy the condition (Hy), (Hy) and (H3) are satisfied. Then the impulsive second-order
system (1) has at least one mild solution.

Proof Let S(b) be the space S(b) = {x: (—00,b] — X, %9 = 0,x|; € PC} endowed with the
supremum norm || - ||p. The map F : S(b) — S(b) is defined by

0, t<0,
—fot C(t - )gi(s,%5 + Ys» [o ki (8,7, %, + y,) dr) ds
(Fx)(t) = + fot S(t - 9)g2(8, % + ¥5, [y ka(s, 7, %, + y,) dr) dis (8)

+ ZO<ti<t C(t - ti)lz‘l (xt,' +yt,')
+ ZO<L‘L'<£ St~ ti)liz(xci +yti), te].

Clearly, [lx; + yells < Ilxells + supyes llyells < Kplixlle + M, where K, = SuPoggbK(t): M=
sup;; l1yellss 1¢lls = supgs, [I%(s)||. Thus F is well defined with values in S(b). In addition,
from the axioms of phase space, the Lebesgue dominated convergence theorem and the
conditions (H;), (Hy) and (Hs), we can show that F is continuous (see [5]). It is easy to see
that if x is a fixed point of F, then x + y is a mild solution of system (1).

Firstly, we show that the set

Qo = {x € S(b) : x = AFx for some A € (0,1)}

is bounded. In fact, if x € €29, then there exists a A € (0,1) such that x = AFx.

Page 6 of 19
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When ¢ € Jy = [0, ], notice that ||x;||g < Kp||x||; and ||x|; is continuous nondecreasing
on Jo. We have, by (8) and (H;),

l«@®| =N ]0 pl(s)(||xs+ys||a+ fo ql(s,r)||xr+yr||ﬁdr) ds

t S
+N / P2(5)<||xs eylo+ / a5 1) 1, +yr||gdr) ds
0 0

SNM/O <p1(5)+/(; ql(s,r)dr) ds
+NKb/O <p1(5)+/(; ql(s,r)dr>||x||sds
+]T[M/1<p2(s)+/sq2(s,r)dr> ds

0 0

t s
+NK, / (p2<s)+ / QZ(S,V)dr>||x||st
0 0

§(W+N)M/01(p1(s)+p2(s)+/(; ql(s,r)dr+/0 qg(s,r)dr)ds

S

+ (N +N)K, / (pl<s>+p2(s)+ / as,r)dr + / QZ(S"”)d’”)HstdS- ©)
0 0 0

Consequently,

Il < (N + N)M /0 l(pl(s)+p2(s)+ /0 a1(s,r)dr + /0 qz(s,r)dr)ds

S

+(N+N)Kb/ (pl(s)+p2(s)+/ ql(s,r)dr+/ qz(s,r)dr>||x||5ds. (10)
0 0 0

By well-known Gronwall’s lemma and (10), there are constants Gy > 0 independent of x
and A € (0,1) such that ||x(?)|| < Gp and ||x||z < KpGo, t € Jo. It follows from this and the
condition (Hj3) that

|1y +y0)| < (K Go + M)+ = &5 (j=1,2),
||x(t1+) H = ||x(t1) + I (xy +}’t1)|| <Gy +41.

Nextly, when ¢t € J; = (t1, ta], let

x(t), te (tli t2]1
u(t) =
x(t), t=t.

Then u € C([t3, 3], X). Similar to (10), we get

”u(t)H < (]V+N)M/Ot2 (pl(s) + po(s) + /Osql(s,r)d;w /Os qz(s,r)dr> ds

S

+(N+N)KbGO/1<p1(s)+p2(s)+/ ql(s,r)dr+/ qz(s,r)dr> ds
0 0 0
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+ (N +N)Ky f <p1(8)+l92(8)+ / a(s,)dr + / Q2(S,'”)dr)||u||sds
0 0

5]

+N||111(xt1 +yt1)|| +ﬁ“112(xtl +yt1)“’ (11)

where |[x||; < supg_,, 1%(s)[| + sup,, <, lu(s)[| =: x4 + v(¢). Equation (11) implies that

v(t) < N&1 + N&y + (N +N)(M+KbG0)/ a(s)ds
0

+ (N + N)K,, /ta(s)v(s) ds, telt,t], 12)

i

where a(s) = p1(s) + pa(s) + fos q(s,r)dr+ fg q>(s,r) dr. Using Gronwall’s lemma once again
and (12), there is a constant G; > 0 independent of v and X € (0,1) such that v(¢) < G,
t € [t,t2]. Thence ||x(2)|| < Gy and ||x; g < Kp(Go + Gy) for ¢ € J;.

It is similar to the proof above, there is a constant G; > 0 independent of x and A € (0,1)
such that |x(¥)|| < G, t€]; (i=2,3,...,n). Let G = max{Gy, Gy,...,G,}, then ||x(¢)| < G,
te],ie., Qo is bounded.

Lastly, we verify that all the conditions of Lemma 2.6 are satisfied. Let R > G and

Q= {x e S):||xllp < R}.
Then Qp is a bounded open set and 0 € Q. Since R > G, we know that x # AFx for any

x € 0Qp and A € (0,1).
Nextly, let V' C Qz be a countable set and V C co({0} U F(V)). Then

V(t) Ceo({0} UE(V)(®), tel0,b]. (13)
It follows from (H;)-(H3) and Lemma 2.2 that F(V) is equicontinuous on every interval
Ji = [tistin] (i = 0,1,..., 1), which together with (13) implies that V is equicontinuous on
everyfi (i=0,1,...,n).

When ¢ € Jy = [0, #1], by the property of noncompactness measure, (H;)(3), (Hz)(3) and

Lemma 2.5, we have

a(V(©) <a(F(V)(©)

L s
< ZN/ a<g1 (s, Vs +ys,/ ki(s,r, V, +y,)dr>) ds
0 0
o t s
+ ZN/ o <g2 <s, Vi + ys,/ kao(s,r, Vi + yr) dr)) ds
0 0

<IN +N) /0 [(n(s) £ 7a(®)(Vy) +2 /0 (sa5,7) + (s, ) (V) dr} ds

2 s 2
52(N+N)K;,/(; |:Z Vi(s) +2/0 Zuk(s, r)dr:| sup Ol(V(‘E)) ds, (14)
k=1 i=1

0<t<s

Page 8 of 19
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where a(V};) < supg -, «(V (s)). Let m(t) = supy.,, @(V(s)), t € Jo. Lemma 2.3 implies that
m € C(Jo,R*) and

S

m(t) < 2(N + N)Kb/ |:y1(s) +y2(s) + 2/ (a(s,7) + pals, 7)) dr}m(s) ds, tej.
0 0

From this and Gronwall’s lemma, we know that m(¢) = 0 and a(V (¢)) = 0, t € Jo. Therefore

V is a relative compact set in C(Jp, X). Since

0<a(Vy) <o/ (V)= sup oz(V(t)) =0

0<t<t;

and I{(~) is continuous, a(Vy, +y,) <a(Vy) =0, a([{(th +74))=0(=12).
When t € J; = [t1, 1], similar to (14), it is easy to get

ot(V(t)) <2(N + N)K, /ty(s) sup a(V(t)) ds
0

0<t<s

+N“([11(Vt1 +J’t1)) +ﬁ0‘(112(‘/t1 +yt1))

<2(N + N)K, / ty(s) sup a(V(r))ds, te], (15)

P t1<t<s

where y(s) = y1(s) + ya(s) + 2 f3 (ua(s,7) + pa(s, ) dr. Let q(t) = sup,, -, a(V(s)), t € ;.
Equation (15) implies that

t

q(t) <2(N +N)/ y(s)q(s)ds, te],.

5]

Therefore a(V(¢)) = 0, t € J; and V is a relative compact set in C(J1,X).
Similarly, we can show that V is a relative compact set in C(J;, X) (i =2,3,...,n),s0 V is
a relative compact set in S(b). Lemma 2.6 concludes that F has a fixed point in Q. Let x

be a fixed point of F on S(b). Then z = x + y is a mild solution of system (1). O
Nextly, we discuss the existence of mild solutions for the impulsive system (2).

Definition 3.3 A function x : (—00,b] — X is said to be a mild solution of system (2) if
xo = ¢, xy =Y, x(-)|; € PC* and

x(t) = C(£)¢(0) + S(2) (¥ (0) + g(0, ¢, %)) — /0 C(t - 5)g(s, %5, %,) ds

t s
+/ S(t—s)/ f(r,x,,x/,) drds + Z C(t—ti)Il-l(xtl,x;)
0 0

O<t<t

+ Z S(t - ti)ll?(xtl.,x;i), te]. (16)

O<ti<t


http://www.boundaryvalueproblems.com/content/2013/1/203

Xie Boundary Value Problems 2013, 2013:203 Page 10 of 19
http://www.boundaryvalueproblems.com/content/2013/1/203

Differentiate (16) to get
x(£) = AS()$(0) + C(B) (¥ (0) +g(0, ¢, ¥)) - g(t,%,, %))
- AS(E = 9)g(5,00) ds + | “Cle-s) | f(rest) drds
+ ZAS(t )1} (%) Z C(t - )} (e, ), teE]. 17)

O<ti<t O<t;<t

Let functions y,%" : (—00, b] — X be defined by y, = ¢, y;, = ¥ and

¥(8) = C(O)e(0) + @Y (0), ¥ () = AS(H)p(0) + C(O)Y(0), te].

Clearly,
lyells < Ksllylls + Mpli@ls =M, ||yl g < K|y |, + Mollwrlls = M

where [[yll5 = supo; Y@l 1y ll5 = supg,<p I/ (D1l

Let S!(b) be the space S'(b) = {x : (~00,b] — X : %9 = 0,x, = 0,x(-)|; € PC'} endowed
with the supremum norm || - ||1.

We make the following hypotheses for convenience.

(Hy) f :] x B x B — X satisfies the following conditions:

(1) For every x € S'(b), the function ¢ — f(¢,x;,x}) is strongly measurable and f (¢, -, -) is

continuous for every ¢ € J;
(2) There is an integrable function p : J — R* such that

lf @& uw)| <p@luls + 1vils), teluveb;

(3) For any bounded set V C PC, there is an integrable function x : / — R* such that

a(f (6, Vi V) < (Vi) +a(V))), tel,

where Vy = {x;:x€ V}, V] ={x,: 4 e V'} CB(t€]), V' CPC.
(Hg) g:J x B x B — E satisfies the following conditions:
(1) The function g(-) is continuous, there are constants ¢ > 0, d > 0 such that ¢K};, < 1 and

||g(t,u 12 HE < c(||u||5 + ||v||;;) +d, te],u,vel;

(2) For every bounded set Q C S'(b), the set of functions {(@)i(t) : x € Q} is uniformly
equicontinuous on J; = [£;,t;,1] for every i = 0,1,...,n, where w,(¢) = g(¢, X6, X,);
(3) For any bounded set V. C PCY, a(g(¢, Vi, V) < c(a(Vz) + a(V))), t €.
(H;) The functions I} : B x 8 — E, Ii2 :BxB— X (i=1,...,n) are continuous and there
are constants c’L >0, df > 0 such that

||, < ch(lulls + lls) +db, [ 2@v)| < (lulls + Ivils) +d2, w,veB.

E

Theorem 3.4 Let the conditions (Hy), (H,) and (H;) be satisfied, the cosine function family
C(2), t € R, be equicontinuous and ¢(0) € E. Then system (2) has at least one mild solution.
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Proof Let the function z : (—00,0] — X be defined by zq = %}, z(£) = /(¢£), ¢ € J, the map
['=(I1,T): S(b) x S(b) — S(b) be defined by

0, t=<0,
S()g(0,0, %) - fot C(t —s)g(s, x5 + ¥,z + y,) ds
Ii(x,2)(t) = + fot S(t-ys) fosf(r,xr,x’,)drds (18)

+ ZO<ti<t C(t - ti)ll’l(xti + Vi 2 +J’;,.)
+ D 0ctet S = ) Wy + Vi 20, + ), tEJ,

and I' (%, 2)'(£) = T2 (x, 2)(28),

0, t<0,
C(0)g(0, 9, ¥) — gt x: + Y1, 2: + 37)
- fOtAS(t —$)g(s, x5 + ¥, 25 + y.) ds
+ fot C(t-s) f(ff(r,xr,x/r) drds
+ 2 0t AS(E - ) (%, + Vi 2, + i)
+ D 0ctet ClE =) (%, + 9120+ 37,), EET.

T, 2)(2) = (19)

The product space S(b) x S(b) is endowed with the norm ||(x,2)|» = ||x|l» + ||z|lp- Then I'y,
'y are well defined and with values in S(b). In addition, from the axioms of phase space,
the Lebesgue dominated convergence theorem and the conditions (Hy), (Hy) and (H;), we
can show that I' = (I';, I'y) is continuous. It is easy to see that if (x,z) is a fixed point of T,
then x + y is a mild solution of system (2).

Firstly, we show that the set
Qo = {(x,z) € S(b) x S(b) : (x,2) = AT'(x,z) for some A € (0,1)}

is bounded. If x € Qq, there exists a A € (0,1) such that x = AI';(x,2) and z = A" (x, 2).
When ¢ € Jy = [0, t,], it follows from (18), (19) and (Hf)(2), (Hg)(1), (H;) that

[« = M@ 2] < N|e©0,9)],
r ) [ (letos oz o)l + [ Urtes vz ) |ar)as
<N|g(0,0,9)], +N/(;t[c(||xs||3 + llzllg + M+ M') +d] ds
+ﬁ/0t/08p(r)(||x,||g + llzrllg + M + M) dr ds
§N”g(0,<p,w)||5+(A_4+M’)f0tl (Nc+ﬁfosp(r)dr>ds+z\lbd

+(Nc+ﬁ)](b/0 <1+/0 p(r)dr>(||x||S+ llls) ds, (20)
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|20 < T2 2)@)] < N[g©,0, )] + el +yella + |z + 5] ;) +4
+(M+M/)/01(NIC+N/O p(r)dr)ds+N1bd
+(N1c+N)Kb/0 <1+/o p(r)dr>(||x||s+ ||z||s) ds

t s
<N|g(0,0, )|+ (M+M) |:c + / <N1c +N/ p(r)dr) ds]
0 0
+ (N1b + 1)d + Ky ([l + l1zll)

+(Nlc+N)be0 <1+/0 p(r)dr>(||x||s+||z||s)ds. (21)

Equations (20) and (21) imply that

e + llzlle < [(N +N)|g(0,0,¥)| , + (Nb + N1b + 1)d

1-cKp

+(M+M) <c+ (N + Ny)et; + (N+]V)/t1 fsp(r)drds>]
o Jo

Nc+N +Nic+N)K, [* s
+( c+ 1+ 1¢c+N) b/ <1+/ p(r)dr)(||x||3+||z||s)ds. (22)
—CI(b 0 0

Since ||x||; + [|z]l; € C(Jo,X), by Gronwall’s lemma and (22), there is a constant G > 0 such
that [lx[|; + l|lzll; < Go, t € Jo. Therefore |x(£)|| + |z()| < Go, t € Jo and ||x[ls < K}, Go,
llz¢lls < KpGo, t € Jo. It follows from this and the condition (H;) that

|2 (% + 020 +9) | < 4 (2KpGo + M+ M) 4y =1y (j=1,2),

”x(tf)H = Hx(tl) +111(xt1 +Var2Zy +J/;:1)H < Go + 1,

l2(6) | = 2(t0) + I (%, + ye020, +9,) | < Go + o

Nextly, when ¢ € J; = (t1, ta], let

x(t)r te (tl,tz], Z(t), te (tl,tz],
u(t) = v(t) =
x(tf-)’ t=1, Z(tf'), t=1t.

Then u,v € C([#, £2], X). Similar to (20) and (21), we get

|u@®)] <N ||g(0,0, 9|+ N +N) fo (c+ fo p(r)dr)(||x||s+||z||S+M+M/)ds

+Nbd + N | I} (x4, +y11,20 +5) ||E + N | I (%0, + Y120 +9;,) [

§N||g(0,(p,Iﬁ)HE + (N+N)[(2KbG0 +A_/I+M/) /Otl <c+ /Osp(r)dr) ds

ty s
+ Nbd + (2K, Go +]\_/I+M/)/ (c+/ p(r)dr> ds} + N + Ny
0

5]

+ (N+N)Kb/ (c+/0 p(r) dr) (t sup |u()| + ts<ug ||V(r)||) ds, (23)

5
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[v@®)|| < N||g(0, 0. 9) |, + cllxe + yells + ||z + ¥, | ) + d + Nimy + Npa
t s
+N1bd+(N+N1)/ (c+/ p(r)dr>(1<,,||x||s+1<b||z||s+M+M’) ds
0 0
<N|g(0,0,%)| +c(2K,Go + M + M) + Nymy + Ny + (Nib + 1)d

+ (N+N1)(2KbG0 +M+M/) /tz (c+ /Sp(r)dr> ds
0 0

+ (N+N1)Kb/ <c+/osp(r)dr>( sup ||u(7:)H + sup Hv(r)H)ds

f H=<t=<s H=<t=<s

+ch( sup ||u(s) || + sup ||v(s)||). (24)
h<s<t t1 <s<t
We have, by (23) and (24),

sup ||u(s) || + sup Hv(s)H
t1<s<t t1<s<t

_ate (2N + N + N})K;,
+
~1-cKp 1-cKp

/ <c+/0 p(r)dr) <ts<u;l ||u(r)|| +ts<up< ||v(f)||)ds, tet, tl, (25)

where
— _ ty s
e = (N+N)[||g(0,g0,1lf)||E +m + 1+ (2K,Go +M+M’)/ (c+/ p(r)dr) ds],
0 0

ey = (2I(bGo +]W+M/) |:c+ (N+N1)/t2 (c+ /Sp(r)dr) ds:|
0 0

+ Ni1(bd + n1) + N(bd + 7).

Using Gronwall’s lemma once again and (25), there is a constant G; > 0 such that |u(t)] +
V(O] < Gi, £ € [, 2], and so |x(8)[| + [1z(2) ]| < Gi, £ € 1.
It is similar to the proof above, there are constants G; > 0 such that ||x(¢) || + |« (®)] < G,
te]; (i=2,3,...,n). Let G = max{Gy, Gy, ..., G,}, then ||(x,2) |, < G and g is bounded.
Let R> G and

Qp = {(x,z) € S(b) x S(b) : || (x,z)”b <R}.
Then Qp is a bounded open set and (0,0) € Q. Since R > G, we know that (x,z) # AI'(x, 2)
for any (x,z) € 9Qg and X € (0,1).
Suppose that V C Qp is a countable set and V C co({(0,0)} U (V)). Let
Vi= {x € S(b):3ze Sb),(x,2) € V}, Vy = {z e S(b):Ix e Sb),(x,2) € V}.
Then we have

V C Vi x Va Ceo({0} UT(V)) x co({0} U T (V))

Ceo({0}UT1(V1 x V3)) x eo({0} UT5(V4 x V3)). (26)
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It follows from (18), (19) and (H,)(2) that l"j((\71),- X (\72)i) (f = 1,2) are equicontinuous on
every interval J; (i = 0,1,..., 1), which together with (26) implies that (%)i (k=1,2) are
equicontinuous on every interval /;.

In the following, we verify that the set V7, V; is relatively compact in PC. Without loss
of generality, we do not distinguish Vj|;, and V;, where V| J; (k =1,2) is the restriction of
VionJ; = (&, tis].

When ¢ € Jy = [0, £41], by the condition (Hf)(3), (Hg)(3) and Lemma 2.5, we have

a(Vi(9) < a(T1 (Vi x Va)(8))

t
< ZN/ a(g(s Vis + 5 Vas +,)) ds
0
o t s
+2N/ a(/ f(r, Vir + ¥, Var +y’r)dr> ds
0 0

< 2(N+N)/t<c+2/Su(r)dr>(oc(\/13 +y5) +a(Vas +,)) ds
0 0

52(N+N)I<b/t<c+2/su(r)dr)
0 0

X ( sup a(Vi(r)) + sup Ot(Vz(l'))) ds, (27)

0<t<s 0<t<s

a(Va®) < a(Ta (Vi x Va)(8) < a(g(t Vie + 6 Var + 7))

+2(N + N1)K,, /t(c +2 /5 w(r) dr)
0 0

X ( sup a(Vi(r)) + sup oz(Vz(r)))ds

0<t<s 0<t<s

< ch< sup a(Vi(s)) + sup a(Vz(s)))

0<s<t 0<s<t

+ 2(N+N1)I(b/t(c+ Z/Su(r)dr)
0 0

X ( sup a(Vi(r)) + sup a(Vg(r)))ds. (28)

0<t<s 0<t<s

Since m;(t) =: supy,, @(Vj(s)) (j = 1,2) are continuous nondecreasing on Jo, (27) and (28)

imply that

0+ () < 2RI [ e [Cuyar) omo) s mao)ds 09

By Gronwall’s lemma and (29), we have a(Vi(¢)) =0 (k =1,2), t € Jo. Lemma 2.3 im-

plies that Vi (k =1,2) is relatively compact in C(Jy, X). Note that o(Vjy, + ) < a(Vjy) <

K supg <, @(Vj(s)) = 0 and I{(-, -) (j = 1,2) is continuous, we have

o:([ll(Vltl + ¥, Vay +y;1)) = a([lz(Vltl + 94, Vay +y;1)) =0.
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When t € J; = [t1, 1], it is similar to (27) and (28), we get

a(Vl(t)) <2(N + N)K; /t<c+ Z/Su(r)dr>
0

f

X ( sup a(Vi(r)) + sup a(Vz(t))> ds, (30)

h=t=s h=t=s

a(Va(t) <2(N + NpK, /t<c +2 f u(r) dr>
0

i

X ( sup C((Vl(t)) + sup C((Vg(f)))dS

H<Tt<s t1<t<s
+ ch[ sup ot(Vl(s)) + sup a(Vz(s))]. (31)
11 <s<t 1 <s<t

Equations (30) and (31) imply that

sup a(Vi(s)) + sup a(Va(s))

1 <s=<t 1 <s<t

- 2(2N1+_1\fd:;\[1)1<b /t; (c+ 2/0 w(r) dr) (tlsSuT[;Sa(Vl(r)) + sup a(Vz(t))) ds.

H<T<s

Consequently, a(Vi(¢)) =0 (k =1,2), t € ;. Lemma 2.3 implies that Vi (k =1,2) are rela-
tively compact in C(J;, X).

Similarly, we can show that V; (k = 1,2) are relatively compact in C(J;, X) (i = 2,3,...,n).
So Vi (k =1,2) are relatively compact in S(). In view of Lemma 2.6, we conclude that I"
has a fixed point in Q. Let (x,z) be a fixed point of I on S(b). Then x + y is a mild solution
of system (2). O

Theorem 3.5 Let the conditions (Hy), (H,)(2) and (H;) be satisfied, the cosine function
family C(t), t € R, be equicontinuous and ¢(0) € E. Furthermore, suppose that the following
condition is satisfied:

(Hg)(') The function g(-) is continuous and g(t,-) satisfies the Lipschitz condition, that
is, there is a constant ¢ > 0 such that

lg(tsu1,v1) — g(t, 12, v) ||, < c(llwr — wallg + lvi = valls),  t€ T, v €B(i=1,2),

and cKy, < 1. Then system (2) has at least one mild solution.

Proof We have, by the condition (H,)(1'),

|t u )| < c(lluls + IVlls) + |g(£,0,0)| ., el uveB(i=12),

a(g(t Ve V7)) < cla(Vi) +a(V))), te].

E

The rest of the proof is similar to the proof of Theorem 3.4, we omit it. O

Remark 3.6 The similar restrictive conditions (3), (4) and (6) were used in [1, 2, 13, 14]
even if cKj < 1.
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4 Examples
Let X = L%([0,7]) and let A be the operator given by Af = f” with the domain

D(A) = {f € X :f,f" are absolutely continuous, f” € X,f(0) = f () = 0}.

It is well known that A is the infinitesimal generator of a strongly continuous cosine family
C(t), t € R, on X. Moreover, A has discrete spectrum, the eigenvalues are —n2, n € N, with
corresponding normalized eigenvectors z,, (&) := \/g sin(n£), and the following properties
hold:

(@) {z,:n € N} isan orthonormal basis of X.

(b) Forf e X, C(t)f =Y .2, cos(nt)(f;z,)z,. Moreover, it follows from this expression
that S(£)f = Y oy #(ﬂ Z4)zy, that S(£) is compact for ¢ > 0 and that ||C(¢)|| =1 and
IS()|| =1 for every t € R. Additionally, we observe that the operators C(2kr),

k € N, are not compact.

(c) If ® denotes the group of translations on X defined by ®(¢)x(¢) =%(§ + £), where ¥ is
the extension of x with period 27, then C(¢) = %(dD(t) + ®(-1)); A = B2, where B is
the infinitesimal generator of the group ® and E = {x € H'(0, ) : x(0) = x(x) = 0};
see [1] for details. In particular, we observe that the inclusion i, : E — X is compact.

In the next application, B should be the phase space B = Cy x L%(p,X) in [1], where p :

(—00,0] — Ris a positive Lebesgue integrable function. We can take H =1, M(t) = y(—t)%

and K(t) =1+ (/. p(6)d6)? for t > 0.

Example 4.1 Consider the partial neutral functional integro-differential system:

i Grue,€) + [* hls = uls, &) ds)
= g6 + [ Flbs = 1.6,u(s, €)) ds
u(t,0)=u(t,m)=0, te]l0,b],
u(®,6) = 9(0,£), 6 €(~00,0],& €[0,7], (32)
Fu(0,8)=2(5), §elo,n],
Au(t) = [% qi(s — t)uls,&) ds,
Au/(t;) = f_tﬁ)o q.(s—t)u(s,§)ds, i=12,...,n

where 4(:) e L°(R), ¢ € Co x L?(p,X),ze X,0<t; <--- <t, <band
(i) The function F: R* — R is continuous and there is a continuous function
w:R? — R such that |F(t,s,&,x)| < u(t,s)|xl, (¢s,&,%) € R,
(ii) The function ¢; € C(R*,R) and ¢} = (f_ooo q?(@)p‘l(H)dO)% <00,i=1,2,...,n.
(iii) The function g; € C(R*,R) and ¢? = (f_ooo 5?(0),0’1(9)039)% <00,i=1,2,...,n.
(iv) The function ¢ defined by ¢(6)(£) =: ¢(6,&) belongs to B.
Assuming that the conditions (i)-(iv) are satisfied, then system (32) can be modeled as

the abstract impulsive Cauchy problem (1) by defining

@t o )(E) = /  h)p(s,£)ds + x(),

0

2(60)(E) - / F(t,5,80(5,€)) ds

—0Q
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0

Le)®) = / a6 E)ds (=12),

o0

0
Plo)E) - f 406 8)ds (=12),

where
x(&) =/0 h(s —t)p(0,8) ds, ki(t,s,9)(&) = h(s — t)p(0,&).

Moreover, gl(t ), I (~) (i=1,2,...,n,j=1,2) and ki(t,s,-) are bounded linear operators,
I < (i=1,2,...,mj=12),

|t 0. %) < < / 257 s) ds) “lelle + lxl,

le2t.0)| < d®llells
|kt s,0)| < [aC)| llells, ¢ €[0,b],

where d(t) = (ff)Oo 12(t,8)p~1(s) ds) 2. If the cosine function family C(¢), t € R, is equicon-
tinuous, all the conditions of Theorem 3.2 are satisfied (see [1] for details), so system (32)

has at least one mild solution. However, if we select p(s) = €7, g,(s) = s in (iii), we have
cf = (f_ooo s%e’ ds)% =4/2. But

0 3 -t 3 "
([ o) T[omes{ (w0 9) ) S0
b —00 i

i=1

the restrictive conditions (3), (4) and (6) do not hold. Thus, our results are different from
the corresponding known results.

Example 4.2 Consider the partial neutral functional integro-differential system:

LEut,€)+ [1, [o bls — t,n,8)uls, ) d ds)
=%u(t§ fof w(s,0)u' (s +6,£)do ds,
u(t,0)=u(t,m)=0, te]=[0,b],
u®,8)=¢(0,8), 0¢€(-00,0],&€l0,7], (33)
Su(0,6)=v(0,6), 0 €(-00,0],& €0,7],
Ault) = [° qiO)'(t; +0,6)do, i=12,...,n,
AU () = [° GOt +6,6)do, i=1,2,...,n,

where ¢, € Cy x L?(h,X), (p(O ) e HY([0,7]),0<t; <---<t, <band

(v) The functions b(8, 1, ), 2 3% 2 b0, n, &) are measurable, b(9 n,0) =b(B,n,7) =0 and

c= max{(/ / / (819(975)) dn d9d§>%:i:0,1}<l(b_l,
(34)
Stlg)‘/. / / < b(s— t,n,&))zdndsd§<oo.
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(vi) The function u : R? = R is continuous and ff)oo w2 (t,0)p7H0) do = d(t) < .
Assuming that the conditions (ii)-(vi) are satisfied, system (33) can be modeled as the
abstract Cauchy problem (2) by defining

0 b4
o )E) = f /0 b(6, 1, £)¢(6, n) dn b,

0

Fltg )€ = / u(6,6)9/(0,8) db,
0

Lo )(E) = / GOV 6.6)d0 (=1,2)
0

Ploy)E) = f G0)0,6)d0 (=1,2),

where ¢,y € 3, I{(~) (i=1,2,...,n,j=1,2), g(¢,-) are bounded linear operators and

0

If &0 0)|| <d@(lells + 1 lls),  d(e) = (/ Mz(t,S)p'l(S)dS)z, te].

(o ¢]

Moreover, for every bounded set Q C S'(b), it follows from (34) and the proof in [26] that
the set of functions {(,);(£) : ¥ € Q} is uniformly equicontinuous on J; = [¢;, t;,1] for every
i=0,1,...,n. If the cosine function family C(t), t € R, is equicontinuous, all the conditions
of Theorem 3.4 are satisfied, so system (33) has at least one mild solution.

Remark 4.3 From the results of this paper, we know that the compactness condition of
the impulsive term, the restrictive conditions on a priori estimation and noncompactness
measure estimation can be deleted for the existence results of abstract impulsive func-
tional Volterra integro-differential equations Cauchy problems.
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