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1 Introduction

It is well known that the theory of Sturm-Liouville problems is one of the most actual
and extensively developing fields of theoretical and applied mathematics, since it is an
important tool in solving many problems in mathematical physics (see [1-4]). In recent
years, there has been increasing interest in spectral analysis of discontinuous Sturm-
Liouville problems with eigenvalue-linearly and nonlinearly dependent boundary condi-
tions [1, 5-12]. Various physics applications of such problems can be found in [1, 3, 4,
13-19] and corresponding bibliography cited therein.

Some boundary value problems with discontinuity conditions arise in heat and mass
transfer problems, mechanics, electronics, geophysics and other natural sciences (see
[3] also [20-29]). For instance, discontinuous inverse problems appear in electronics for
building parameters of heterogeneous electronic lines with attractive technical charac-
teristics [20, 30, 31]. Such discontinuity problems also appear in geophysical forms for
oscillations of the earth [32, 33]. Furthermore, discontinuous inverse problems appear in
mathematics for exploring spectral properties of some classes of differential and integral
operators.

Inverse problems of spectral analysis form recovering operators by their spectral data.
The inverse problem for the classical Sturm-Liouville operator was studied first by Ambar-
sumian in 1929 [34] and then by Borg in 1945 [35]. After that, direct and inverse problems

for Sturm-Liouville operator have been extended to so many different areas.
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We consider a discontinuous Sturm-Liouville problem L with function p(x)

ly:=—p@)y"(x) + gx)y(x) = Ay(x), x € [a,8) U (81,8,) U (82,b] = Q,
where

Pt as<x<dy,
px) = ,02_2, 81 < x < 6y,

p3% Sr<x<b,

@)

and py, po, and p3 are given positive real numbers; g(x) € Ly[Q2,R]; A € C is a complex

spectral parameter; boundary conditions at the endpoints

Ly = 1(0{y(a) - 63y (@)) — (01y(a) - 62/ (a)) = O,
Ly = AM(1y(b) — 55 (b)) + (ny(b) — v2y/ (b)) = 0

with discontinuity conditions at two points x = §;, x = §,
L3y := y(81 + 0) = 63y(81 - 0) = ¥3Y/(8: - 0) = 0,
Ly ==y (81 +0) — 04y(81 — 0) — 4y (61 - 0) = O,
Isy := y(82 + 0) — O5¥(82 — 0) — y55/ (82 — 0) = 0,

ley =y (82 +0) = O6y(82 — 0) — ¥6)/ (8, — 0) = 0,

where 0;, v; and 9/, yj’ (i=1,6,j=1,2) are real numbers and

0 & 0 6
o] = 3 Vs >0, oy = 5 Vs >0, B1= 1 50 and
01 Va B Vo 0, 62
non
/322 1, > 0.
Yo V2

(2)
3)

(4)
(5)

7)

In the present paper, we construct a linear operator T in a suitable Hilbert space such

that problem (1)-(7) and the eigenvalue problem for operator 7' coincide. We investigate

eigenvalues and eigenfunctions together with their asymptotic behaviors of operator T

Besides, we study some uniqueness theorems according to Weyl function and spectral

data, which are called eigenvalues and normalizing constants.

2 Operator formulation and spectral properties

We make known the inner product in the Hilbert space H := H; @ C?, where H; =

(L2(£2), (-, )1), C denotes the Hilbert space of complex numbers and a self-adjoint operator

T defined on H such that (1)-(7) can be dealt with as the eigenvalue problem of operator 7.

We define an inner product in H by

31 8 b
(F,G):= (110(2,012 fx)g(x) dx + 042,012 i fx)g(x)dx + ,03? } f(x)g(x)dx

(05129}

_ 1 _
+ Tﬁgl + Efzgz

8)
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for
f(x) g(x)
F=| £ |eH, G=|a |cH.
f2 £

Consider the operator T' defined by the domain

D(T) = {F € H:f(x),f'(x) € ACioc(Q, If € H1,l3 = la =I5 = s = 0.y = 0/f (@) - 0,f"(@)
fo=vif(b) - yvof ()}

such that TF := (I ,6\f (@) — Oof (@), —(nif (b) — vof (b)) for F = (f,6f(a) - 03f "(a), yif (b) -

vof' (b)) € D(T) and also [3-/ are satisfied for f.
Thus, we can rewrite the considered problem (1)-(7) in the operator form as TF = AF.

Theorem 1 The operator T is symmetric in H.

Proof Let F,G € D(T). By two partial integrations, we get

(TF,G) = (F, TG) + ayo2(W(f, g, 81 - 0) - W(f,g,a))
+ o (W(f,28, - 0) — W(f,g,6 +0)) + W(f,g,b) - W(f,g,8, + 0)

+ 0@ -0 @) (0ig(@) - 03 @)
. (ylf(b) — 7o () (12(b) - g ()

“;12 (0:2(a) - 627 (@) (6}f (a) - O3f (@)

ﬂi(ylg( )= 17 (0) (Vi () - i B)),

where by W(f, g; x), we denote the Wronskian of the functions f and g as

S@)g ) — f'(x)g(x).

Since f and g satisfy the boundary conditions (2)-(3) and transmission conditions (4)-

(7), we obtain

[0512%)

B

[(0f (@) - 6of (@) (6:3(a) — 658 (@) — (6:13(a) — 628 (@) (61f (@) — 65/ (a)) ]
=10 W(f,g, 61)
s [(Vlg(b) 128 (0)) (Vf (B) = vof (B) = (nf (B) — yof (b)) (112 (D) — 15,8 ()]

= —W(f,g,h)W(f,g,Si + 0) = a,»W(f,fg,&i - 0)

Thus, we have (TF, G) = (F, TG), i.e., T is symmetric. O
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Lemma 1 Problem (1)-(7) can be considered as the eigenvalue problem of the symmetric
operator T

Corollary 1 All eigenvalues and eigenfunctions of problem (1)-(7) are real, and two eigen-
Sfunctions ¢(x, A1) and ¢(x, X,), corresponding to different eigenvalues Ay and )y, are orthog-
onal in the sense of

81 32
010207 / @, M), A2) dx + oz 03 / @(x, A1), Ao) dx
a 81

b
+p§/ @(x, 1)@ (x, Ay) dx
)

+ 05/13“2 (Gf(p(a, M) =059 (a, 1)) (01 9(a, 12) - 03¢ (a, kz))
1
1
+ E(Jﬁ’w(b,h) ~ 150 (b,11)) (Y @(b, 12) — 139/ (b, 1)) = 0.
We define the solutions
1%, 1), x € [a,d), Yilx, 1), x € [a,61),
P, A) = (@, 1), %€ (81,82), Y A) = { vax 1), x€(81,8),

§03(x;)")r X € (82: b]) ¢3(x1)"): X € (821b]

of equation (1) by the initial conditions

o@r) =16, -6,,  gi(a,2) =20 -6,
$2(81, 1) = 031 (81, 1) + y391 (81, 1), @581, 1) = 041(81, 1) + yay (81, 2), ©)

(ﬂ3(32, )‘-) = 95§02(821 )‘-) + )/5§0£(82, )‘-)) (p:,’,((SZ’ )‘-) = 96‘P2(52; )‘-) + y6¢é(82, }‘-)r
and similarly,

Ys(b,A) =Ayy + v, Ys(b,A) = Ay + 1,

a(82, ) = YeW3(82, 1) — )’5%(32,)»)’ (62, 2) = O6r3(82, 1) —951/’§(32,)»), (10)

(&%) —Q

Klfl(&,)») _ V41ﬁ2(51,k) - V3I//é(81r)\)’ W{(Sl,)\,) _ 941#2(81,)\,) — 931//&(51’)\)’

(251 —0

respectively.
These solutions are entire functions of A for each fixed x € [a, b] and satisfy the relation

V(X Ay) = K,0(%, 1)

for each eigenvalue A, where

_ '@, hs) - 619 (@, 2n)
n ,31 .
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Lemma?2 Let A =k% k=0 +iw.

Then the following integral equations and also asymptotic behaviors hold for v = 0,1:
v , dp
%gol(x,)\) = ()\02 - 02) e coskpy(x —a)

v

1 d
+ Yor (A0] - 61) e sinkp;(x — a)

*d
+ ) sinkpy(x — £)q(t)e1 (¢, 1) dt
k J, dx’
= (265 - 92) @ coskpi(x — a)
2 dx
s L (26] - 1) a sinkps(x — a) + O(|k|"* el mKI=ae),
ko~ dx’
dxV @2, 1) = (031(81, 1) + 7/3'(/71(51,)»)) —coskpa(x — 1)
1 d’
+ k—(94<p1(81, ) + V4¢1(61,A)) —sinkpy(x - &1)
P2
P2
+ —= sinkpy(x — £)q(£)pa (L, 1) dt
k Js, dxv

’ . d’
- (AQZ - 92))/3/(/)1 sink (8, — a) —coskpa(x — 81)

+ O(|k| V2, Im kl((ﬁrﬂ)pﬁ(x*tsl)pz)),

a’ L
A’ @3(x, 1) = (050282, 1) + 1/5902(32,)»)) ~coskps(x — 83)
dl/‘
+ 5(95‘:"2(52’)&) + )/6902(32,)»)) — sin ko3 (x — 82)
ps [ d
+ — sinkps(x — £)q()ps (L, 1) dt
k Js, dx

v

/ . . d
= (M0 = 02) y3y5k> prp2 sinkpy (81 — @) sinkpa (8 — 81)dx" coskp3(x — 82)

+ O(|k|u+Se\Imkl((31—a)p1+(82—51)p2+(x_52)p3)).
Lemma3 Let ) =k* k=0 +io.

Then the following integral equations and also asymptotic behaviors hold for v = 0,1:

v

dxV

(x, 1) = (Ays + v2) 5— coskps(x — b)

v

1 d
— (Ay{ + 1) 5— sinkps(x — b)

kp3 dx’
o3 (b d
= tA)dt
k Jo dxv (8:2)
= (3 +v2) 7 coskps(x— b)

v

1 d
k,o (M/l + V1)d sinkps(x — b)+O(|k|”+1 [Tm k| (x—b )ﬂs)
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d’ 8o, A) — 2(82,0) d¥
Vo, h) = Ye¥3(82, 1) — v513(62 )—coskpz(x—az)
dx’ oy dx’

1 961;03(82; )‘-) - 95 1/f§(52, )‘-) d’ .
+ — —— sinkpy(x — 8,)
koo -0ty dx’

_p (P

k J, dxv

(At
(25

sinkpy(x — £)q(£)ya(t, 1) dt

v

. d
) (kps)/s sinkp3 (82 — b)d

xV

cos ko (x — 82))

+ O(|k|v+26‘ Im k\((52—b)03+(x—52)02)),

d’ S, A) — 28, A) dY
) = Yaa(81,A) — vy (81, 1) coskpy(x— &)
dx’ o dx’
1 6 851, M) =03y (81, M) d¥ .
L 12 (81, 1) — 6315 (61 )—smkpl(x—Sl)
k,Ol -0 dx”
et

r ) 2w sinkpy(x — t)q(t)y(t, 1) dt

(Mt
0

X (k202p3V3V5 sinkp3(82 — b) sinkpy(8; — 82)

v

d
dx’

cos kpy(x — 81))

+ O(|k| V43 ol Im k| ((52-b)p3 +(51—52)ﬂ2+(x—51)ﬂ1)) .

The function A(A) is called the characteristic function, and numbers {,}n>1 are called
the normalizing constants of problem (1)-(7) such that

A =AM e, M) = v30' (b, 1)) + (19(b, 1) — 59 (b, 1)), (11)

8 82 b
i = cnctapy / 025, An) d + 202 / @, hn) dx + s / 023, ,) dix
a 8 1)

1
¥ % (619(@, 1) - 050 (@, 1)) + 5, (Hob,2) - vig' B, hn))” (12)

Lemma 4 The following equality holds for each eigenvalue X,

102 A(hy) = K.
Proof Since

@Y (5,4) + gV (% 2) = A (5, 2),  —px)@” (% M) + q(x)@ (X, hn) = Ao, An)s
we get

@' (% )W (2, 1) = ¥ (%, M) (6, 1) (12 + 152 + 13)

J
(k= h)p? / V(1) A)

852 b
+ (A =r)p2 | Y Me(x,Ay) dx + (k= Ay)p3 8 ¥ (%, M@, Ay) da.
81 2
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After that, add and subtract A(A) on the left-hand side of the last equality, and by using
conditions (2)-(7), we obtain
AQ) + (A =2) (019 (@ h) =639 (a, 1)) = O = 2n) ({9 (B 1n) = 39 (B, 1))
+ (L= o) (¥ (87, A) 9" (87, M) — (85, 1) ¥ (87, 1))
+ (L= 02) (¥ (85, 1) 9" (85, 2n) — 0(85, M) ¥/ (85, 1))

81 )
= (A= Ao} / ¥ (%, )@, ) dx + (A = M) 3 i ¥ (x, Mg (%, A,) dx

b
4 (A= Aol /5 W6 W), 1) i,

or

o0 A(A) a1 8
= amp] | Ve k) dxrapy | YA dx
—An a 81

b
+02 [ W M)l Ay) da
52

D% 019 (@, 1) - 00 (@, 2)) (6 0(a, i) — 050 (@, 1)

B

1
+ E(V{(D(b, ) = 729" (0, 10)) (K ¥ (B, 2) = v, ¥ (B, 1)),

+

For A — A, alazA(An) = Kky/Ly is obtained by using the equality

V(% An) = Kn@(%, An)
and (12). O
Corollary 2 The eigenvalues of problem L are simple.

Lemma 5 [36] Let {o; le be the set of real numbers satisfying the inequalities g > ag >
o>y >0, and let {a;}._; be the set of complex numbers. If a, # 0, then the roots of the
equation

e +ar e + .- v a, 16" +a,=0

have the form
i
o= T W) (n=0,%1,..),
674}

where V(n) is a bounded sequence.
Now, from Lemma 2 and (11), we can write

AQ) = Ag(A) = O(k6e| Imk\((51*a)m+(52*51)p2+(b*52)p3))’

where Ao(1) = k' 0}y,vsv5 010203 sinkpy (81 — a) sinkpy (82 — 81) sinkps (b — 8,).
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We can see that non-zero roots, namely A2 of the equation Ag()) = 0, are real and ana-
lytically simple.
Furthermore, it can be proved by using Lemma 5 that

nm
A = + W, sup |, | < 0. 13)
" (Sr—a)pr+ (82— 81)pa + (b—82)p3 P

Theorem 2 The eigenvalues {\,},>o have the following asymptotic behavior for sufficiently
large n:

Vion = [30_ + (D). (14)
Proof Denote

Gni={A: k> =, k| < |k| + 8},
where k2 = /A9 and § is a sufficiently small number. The relations

|A0()»)| > Ca|k|7e\Imkl((ﬁrﬂ)m+(52*51)p2+(b*52)p3)

and
AQ) = Ag(A) = O(kﬁelImk\((Sl—ﬂ)01+(52—51)02+(b—52)03))

are valid for A € 9G,,.

Then, by Rouche’s theorem that the number of zeros of Ag(A) coincides with the num-
ber of zeros of A()) in G,,, namely # + 4 zeros, Ag, A1, A2, ..., Ays3. In the annulus, between
G, and G,,1, A()A) has accurately one positive zero, namely k,% :ky, = \/@ +8,, form > 1.
So, it follows that A,,.4 = k2. Applying to Rouche’s theorem in 7, = {k : |k — k| < &} for suf-
ficiently small ¢ and sufficiently large #, we get §,, = o(1). Finally, we obtain the asymptotic

formula
VA =/22_, + o).
Denote

Ai(A) = Wi Vi x) = 0¥ — @i, x€Q;(i=1,3),

which are independent of x € Q; and are entire functions such that ©; = [a,6;), Q23 =
(81182)r QS = (82'b]
It can be easily seen that

A()\.) = Ag(}\.) = Olez()\.) = OllOlel()\.). O

Example Let g=0,a=0,b=7,8=7,0=7,03=y4=0,y3=1,04,=-1,05=y5 = 0,

bid
2 92
)/5=1,96=—1,)/2,=1,)/6=—1,)/1/=)/2=0,9£=1 1=—1,91,=92=0.
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Since

A(X) = prpapsk” sinkpi 81 sinkpa(8y — 81) sinkpz(mw — 83)

+ O(k6e| Imkl(51ﬂ1+(52*51)ﬂ2+(ﬂ*52)p3))’

the eigenvalues of the boundary value problem (1)-(7) satisfy the following asymptotic

formulae:
4(n-4) 4(n-4)
VA =ky = + &y VA =kyy = + &y
L1 L2
2(n—4)
VAng =kyy = + &y,
L3

where g, = O(n™).

3 Inverse problems
In this section, we study the inverse problems for the reconstruction of the boundary value
problem (1)-(7) by Weyl function and spectral data.

We consider the boundary value problem L with the same form of L but with different
coefficients g(x), 0;, Vis Sj, 97, )7/, i=1-6,j=1,2.

If a certain symbol o denotes an object related to L, then the symbol & denotes the

corresponding object related to L.

The Weyl function Let ®(x, A) be a solution of equation (1), which satisfies the condition
(A6] — 61)DP(a, 1) — (L8, — 05)P(a, 1) = 1 and transmissions (4)-(7).

Assume that the function x (x, 1) is the solution of equation (1) that satisfies the condi-
tions x(a,A) = B;'05, x'(a, ») = B;'6; and the transmission conditions (4)-(7).

Since Wy, ¢] = 1, the functions x and ¢ are linearly independent. Therefore, the func-
tion v (x, 1) can be represented by

‘951///(61, )L) - Q{W(ﬂ, )L)

Y, 2) = A p(x,A) + A x (x, 1)
or
_ w(xr )‘) _ eﬁlﬁ/(ﬂ’ )‘) - 9{‘#(“’ )‘-)
D(x,A) = AG) x(x,A) + 5000 o(x, A) (15)
that is called the Weyl solution, and
92/1//(‘11)\) - 01/1//("11)‘) =M()\) (16)

BLA(L)

is called the Weyl function.

Theorem 3 If M()) = M), then L =1, i.e., q(x) = q(x), a.e. and 6; = 6 vi=7ni=1-6,
81 = 61, 9]/ = 9],/, )/j/ = 77],,,]’ = 1,2.

Page9of 13
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Proof We introduce a matrix P(x, L) = [Pj(x, A)]x 1,2 by the formula
; @ ®
e ? ) =7
(p/ q)/ (p/ ¢/

Pu(x,2) Pp@A)\ [ —e® +®F P - D¢
Pyu(x,2) Ppxi)] \-g@+¢d ¢d-¢gd')’

or

17)

where ®(x, ) = '/’A(’(Cf)).
Pll (x: )‘) = X(x, A-)ga/(x, )‘-) - ‘/’(x» )»)f(/(x, )‘-) + (M(}\) - M()‘-))(/)(x’ )‘-)95/(9‘:’ )‘-)r

Piy(x, 2) = p(x, 1) 3 (3, 1) = x (6, @(x, 1) + (M(1) = M(1)) (o, 1)@ o, 1)

Thus, if M(L) = M(}), then the functions Py (x, 1) and Py»(x, 1) are entire in A for each
fixed x.

Denote Gy, = {A: A =k |k — ks| >w,8 =1,2,...} and G, = {A : & = k2, |k — ks| > w,§ =
1,2,...}, where w is sufficiently small number, k5 and ks are square roots of the eigenvalues

of the problem L and L, respectively. It is easily shown that

@EV)(x,A) < Cw|k|v*(2+i)e*\Im\/X\((Brﬂ)pﬁ(t?zft?l)p2+(b*52)p3)’

x€;(i=123),v=0,1 (18)

are valid for sufficiently large |1|, where ©; = [4,81), 22 = (61,82) and Q23 = (85, b]. Hence,
Lemma 2 and (18) yield that

’Pu(x,)\)‘ <Cy, |P12(x,)»)‘ <Culk|™ forx e Qand for A € G, NG, (19)

According to (19), and Liouville’s theorem, Pj;(x,1) = C(x) and Pps(x,A) = 0 for x €
[@, b]\{81,82,81,8,}. By virtue of (17), we get

ox,A) = Cx)p(x, 1), ®(x, 1) = Cx)P(x, 1) (20)
It is obvious that

W[D(x, 1), @x,1)] = P(a, 1) (6;A — 6) — D' (a, 1) (631 — 6)

Y (a, \)(B1A - 61) — ¥'(a, A)(621 — 62)

A\ L

and similarly, W[®(x, 1), @(x, 1)] = 1. Thus, we have C?(x) = 1.
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Otherwise, the following asymptotic expressions hold
~ A —ik(x—a) <
o1(x, M) = @r(x, 1) = Ee ~ (1 + 0(1)) for x < 8; and x < 6,

)“3\2 )
(pZ(x1 )\’) — ¢2 (x, )") — _Teflk(@l*a)ﬂl'i“(xfts])pﬂ (1 + 0(1))

for & <x <8y and §; <x < &y, (21)

22,
3%, 1) = @3(x, M) = ?e—lk((51—ﬂ)91+(52—51)Pz+(x—52),03)(1 + 0(1))

for 8, < x and §, < x.

Without loss of generality, we assume that §; < 81 and 8, < 8. From (20)-(21), we get
C(x)=1forx € [a,8)U (51,8,) U (85, ] and also

All/z (1 + o(l))C(x) e¥=durm (1 + 0(1)) for x € (61,81),

1

me(x—&)pz (1 + 0(1))C(x) = —el02-00m+(x-02)ps (1 + 0(1)) for x € (85,8,).

(22)

As |A| — o0 in (22), we contradict Cz(x) = 1. Therefore, & =81, 8, = 5. Thus, ¢(x, 1) =

@(x, 1), D(x,A) = P(x, 1) and L (;‘f) ¢' ( A ) Hence, from equation (1) and transmission
conditions (4)-(7), q(x) = g(x), a.e., 6; = 6, yi = 7, i = 3 — 6, and from (9) and (10), 6; = 6;,
9 «9’ y] ,Lj=1,2. O

Lemma 6 The following representation holds

> 10
M@py=y" %2
; n(Ay = A)

Proof Weyl function M(A) is a meromorphic function with respect to A, which has simple
poles at A,,. Therefore, we calculate

6, 1# (a, )Ln) 0 w(ﬂ: n)

ResM()) =
A=kn :31 ( n)
Since K, = 2/ @A) V(@) (ﬂ’kngelw(alkn) A(ry) = ';';Z;
Qo
ResM(L) = —2. (23)
A=hn Mn

Let I'y = {A: A = k%, |k| = /A + ¢}, where ¢ is a sufficiently small number. Consider the

/X_‘j\) du, A € intTy. For A € G,

contour integral Iy(1) = 5 I,

AQ) > |)\|7/2CWe\Imkl((t?rﬂ)pl+(52*51)p2+(b*82)03)
satisfies. Using this equality and (16), we get

IMQO)| < IC)\_VIV for 1 € G,,.
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Thus, limy_, o0 In(2) = 0. As a result, the residue theorem and (23) yield

o0
[0510%)
M) = _.

@) HZ:; /’Ln()“n -X) O
Theorem 4 If), = ., and Wy = Ly foralln, then L = Lie., qx) = q(x), a.e., 6; = 0;, Vi = Vi,
i=1-6,6= 5/, 9} = 97, y]/ = )71.’, j =1,2. Hence, problem (1)-(7) is uniquely determined by
spectral data {\,;, y,}.

Proof If A, = An and p, = i, for all i, then M(X) = M()) by Lemma 6. Therefore, we get
L = L by Theorem 3.

Let us consider the boundary value problem L; that we get the condition 6,y'(a, 1) —
01y(a, 1) = 0 instead of condition (2) in L. Let {7,,},>¢ be the eigenvalues of the problem L;.

It is clear that 7,, are zeros of
A1) =03y (a,T) - 6,¥ (a,T). d

Theorem5 IfA, = hyandz, = T, forall n, then L(q, ;, 0k, vi» yj’) =L(q, Sj, O Vo )7/), i=1-6,
k=3-6,j=1,2.

Hence, the problem L is uniquely determined by the sequences {A,} and {t,}, except coef-
Jficients 6; and 6;.

Proof Since the characteristic functions A(A) and A(t) are entire of order %, functions
A()) and A4(7) are uniquely determined up to multiplicative constant with their zeros by
Hadamard’s factorization theorem [37]

A(A):CH(I—%),
n=0

n

A(T)=C 1_[(1— TL>,

n=0 n

where C and C; are constants dependent on {A,} and {t,}, respectively. Therefore, when
An = A, and 7, = T, for all n, A(A) = A(X) and A;(r) = Ai(z). Hence, 059’ (a,t) —
Ov(a, 1) = é;&’(a, T) — 5{&(4,1). As a result, we get M(1) = M(1) by (16). So, the proof
is completed by Theorem 3. O
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