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uniqueness and continuous dependence upon the data of the solution are shown.
Some considerations on the numerical solution for this inverse problem are
presented with an example.

1 Introduction
Denote the domain D by

D:={0<x<1,0<t< T}
Consider the equation

Uy = Uy — p(Ou + f(x, 8, 1), (1)
with the initial condition

u(x,0) = p(x), x<[0,1], (2)
the nonlocal boundary condition

u(0,¢) = u(l,¢), uy(1,6)=0, tel0,T], (3)
and the overdetermination data

ux(0,0) =g(t), tel0,T], (4)
for a quasilinear parabolic equation with the nonlinear source term f = f(x, ¢, u).

The functions ¢(x) and f(x, ¢, u) are given functions on [0,1] and D x (—00, o0), respec-

tively.
The problem of finding the pair {p(t), u(x, )} in (1)-(4) will be called an inverse problem.
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Definition 1 The pair {p(t), u(x, t)} from the class C[0, T] x (C*1(D) N C*°(D)), for which
conditions (1)-(4) are satisfied and p(¢) > 0 on the interval [0, T], is called the classical
solution of inverse problem (1)-(4).

The problem of identification of a coefficient in a nonlinear parabolic equation is an
interesting problem for many scientists [1-3]. Inverse problems for parabolic equations
with nonlocal boundary conditions are investigated in [4—6]. This kind of conditions arise
from many important applications in heat transfer, life sciences, etc. In [7], also the nature
of (3) type boundary conditions is demonstrated.

In [1] the boundary conditions are local, the solution is obtained locally and the au-
thors obtained the solution in Holder classes using iteration method. In [5] the boundary
condition is nonlocal but the problem is linear and the existence and the uniqueness of
the classical solution is obtained locally using a fixed point theorem. In this paper, the
existence and uniqueness of the classical solution is obtained locally using the iteration
method.

The paper is organized as follows. In Section 2, the existence and uniqueness of the
solution of inverse problem (1)-(4) is proved by using the Fourier method and the iteration
method. In Section 3, the continuous dependence upon the data of the inverse problem
is shown. In Section 4, the numerical procedure for the solution of the inverse problem is

given.

2 Existence and uniqueness of the solution of the inverse problem
Consider the following system of functions on the interval [0,1]:

Xo(x) =2, Xop-1(%) = 4 cos(2m kx), Xox(x) = 4(1 —x)sin(2wkx), k=1,2,...,

Yo(x) = «, Yor_1(x) = x cos(2m kx), Yor(x) =sin(2mwkx), k=1,2,....

The systems of these functions arise in [8] for the solution of a nonlocal boundary value
problem in heat conduction. It is easy to verify that the system of functions Xj(x) and
Yi(x), k=0,1,2,..., is biorthonormal on [0,1]. They are also Riesz bases in L;[0,1] (see
(5, 6]).
The main result on the existence and uniqueness of the solution of inverse problem (1)-
(4) is presented as follows.
We have the following assumptions on the data of problem (1)-(4):
(A1) g(t) € C'[0,T], g(t) < 0,¢'(t) = 0;
(A2) ¢(x) € C?[0,1],
1) ¢(0)=9(1), ¢'(1) =0, ¢"(0) = ¢"(1),
(2) ¢ =0,k=1,2,...;

(A3) Let the function f(x, ¢, u) be continuous with respect to all arguments in
D x (—00, 00) and satisfy the following conditions:

o))
[f" (b, u) = (x, 8, i)| < bt 2) | u—1il, n=0,1,2,

where b(x,t) € L,(D), b(x,t) > 0,
(2) f(x t,u) e C?[0,1], £ € [0, T,
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(3) f(x’ L, Lt) |x=0 :f(x’ L, u) |x=1rfx(x’ t, I/l) |x=1 = Oxﬁcx(xr t, u) |x=0 :fxx(x’ t, u)'x:l;
(4) fox () = 0, fo(6) + gy k) (ok + fOngk(r) dr) <g'(t), ¥t € [0, T], where

1 1
§0k=/ @ (%) Y (x) dx, fk(t)=f S tu)Yi(x)dx, k=0,1,2,...
0 0

By applying the standard procedure of the Fourier method, we obtain the following rep-
resentation for the solution of (1)-(3) for arbitrary p(t) € C[0, T]:

t 1
ulx, £) = [sooe'ﬁ”“)ds +/ / f(E, T wEe PO® dg dr]Xo(x)
0 JO

o0
t
I P
k=1

t pl .
+/ / f(é,r,u)sin2nk§e‘(2”k)2(f-f>-/fp<5>dsdsdr}
0 Jo

o0
2 "t
£ X1 (9)[(@arr — Amktgpa)e OO lo s
k=1

S t 1 .
+ Zsz(x) [/ / F(E, 7, u)E cos 2kt e~ @R =D f ) ds g d'ri|
k=1 0 JO

- ZXZk—l(x) (5)
k=1
t pl , ,
X [4nkf / FE, T, u)(t - 7) sin 2mkge” @R DS PO ds e dr],
o Jo
t ¢ 1 t
o)) = goe 8098+ [ [ g6, rge oo dg ar,
0o Jo
. t pl
qu(t) = ¢2ke-(2”k)2f-/ép(5) ds + / / f(%-, 7,u)sin an%-e—(2nk)2(t—r)—frtp(s)ds de dr,
0o Jo
Ugp-1(2) = (@2u1 — 47 kt(/’zk)ef(z”k)ztffép (5)ds
t pl
’ / / (&, 7,18 cos 2k PR ED-LPOb g gy
0 Jo
t pl R ,
- 4nk/ f FE, T, u)(t - 7) sin 2w kg e @R D Jr PO s g g
0o Jo
Under conditions (Al)-(A3), we obtain
un(0,6)=g'(t), 0<t<T. (6)

Equations (5) and (6) yield

1 o0
ro=5 [‘g’(t) + 37 (8 kfok — 42K page T o2 ds)}
k=1
1 & t 2 t
- 402k 2/ ¢ —(27k) (t—r)—jfp(s)dsd . 7
g(t);(n) | fulde T (7)
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Definition 2 Denote the set {u(£)} = {to(£), uar(£), usk_1(¢),k = 1,...,n} of continuous on
[0, T'] functions satisfying the condition 2 maxo<;<r |uo(£)| + 4zzl(max0§tST |t (8)] +
maxo<;<7 |Uak-1(2)]) < 00 by B. Let [|s(£) || = 2maxo<e<7 |40 (£)| +4 D poq(Maxo<e<T |tk (£)| +

maXg<;<7 |Uzk-1()|) be the norm in B. It can be shown that B is the Banach space.

Theorem 3 Let assumptions (Al)-(A3) be satisfied. Then inverse problem (1)-(4) has a

unique solution for small T.

Proof An iteration for (5) is defined as follows:

¢ pl ,
00 -0+ [ [ e se 0 s ar,

0 Jo

t pl ,
(N+1 (®) = (z(l?(t)+/ ff(é,r,u)sin2nk§e’(2”k)2(t”)’fr1"<N)(S)dsd{;‘dr,

(8)
W00 = ), (0 + / / F(E,7,1)E cos 2k e CTIPEDTE VO g gy
—47rk/ /f(’;’ T, u)(t - 7) sin 2 kg e~ 2R (1) ) ©ds g dr,

where N =0,1,2,... and

(0)

t t
“E)O)(t) = gge JoP)ds, Upy (t) = €02ke_(2nk)2t_f°p(s)ds,

”(2(;371("‘) (@1 — Akt )e 2R Jor(s)

From the conditions of the theorem, we have #(?)(¢) € B, and let p = 0.
Let us write N = 0 in (8).

t 1
ug)(t)zug))(t)+/(; /Of(’g,r,u)édédt.

Adding and subtracting fot fol f(&,7,0)dé dt onboth sides of the last equation, we obtain

t)— / / ?;‘,t u®© E r)) —f(S,T,O)]d.fd‘(+/0t/01f(§,‘5,0)d‘§d‘[.

Applying the Cauchy inequality and the Lipschitz condition to the last equation and
taking the maximum of both sides of the last inequality yields the following:

max [ O] < ol + VT [b5, )] [ ” @] + VT f 0, 0]
ul)(t) = pore (@rky? / / [f(& 7,u®) - f(&,7,0)]sin2mkée™ k(") ge g

+_/ /f(é,r,O)sinznkge*@ﬂk)%—r)dé dr.
0 Jo
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Applying Cauchy’s inequality, Holder’s inequality, Bessel’s inequality, the Lipschitz con-

dition and taking maximum of both sides of the last inequality yields the following:

oo

max|u (t)|
0<t<
k=1

oo

V3
Z|¢2k|+—||b @0 o [0 @ + 51750
k=1

Applying the same estimations, we obtain

D ma Jug ()]

k=1
00 2«/ET o0 /

< Z |@2r-1] + —3 Z|¢’§k
k=1 k=1
V3 V3

. (? . zﬁm) [5G0, [© @) + (? . 2«/§|T|> @t 0,

Finally, we have the following inequality:

“M(1 (t) ||B =2 max |”o () +4Z<max |M2k B+ onax ‘qu 1 t)|)

0<t<T

sz

< Igol +4Z |paxl + lpaxal) +
k=1

(2 25, 4ﬁ|T|>(||b(x, Ol 7),)

+ (2ﬁ+ 23£ + 4\/§|T|> If G, t’o)”Lz(D)

Hence uV(¢) € B. In the same way, for a general value of N, we have

@], = 2 max | 0] + 42(ofgafr|”zk + gnax 5,0 )
fT
< |gol +4Z |oek| + losk]) +

k=1

N (zﬁ . %g + 4y T|) (60, [0 )

2+/3
+ <2ﬁ+ %_ + 4«/§|T|) Hf(x,t, O)HLZ(D),
From u™¥-Y(t) € B we deduce that #™(¢) € B,

{M(t)} = {M()(If), I/lzk(t), Ltz/(_l(lf),k =12,.. } € B.
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An iteration for (7) is defined as follows:

e} 1
PN () = 1 —g'(t) + Z(snk/ f(&T, u(N)) sin 2w k& d&
() k=1 0

— 42 k) goe” @R =0 PO dS)]

1 = t pl
) Z 4(2mk)* / / fE T u(N)) sin anse—(znkﬂ(t-r)_f;p(m(s)ds dé dr,
k=1 0 Jo

where N =0,1,2,...,

o 1
D(e) = ) [ - @)+ Z(Snk /o (&7, u ) sin27 k& dE — 4(2mk) > pore” ™0 f)}

k=1

> t pl
(LZ (271/()2/ ff(é,r,u(o)) sin2nk§e’(2”k)2(t’f) dédr.
P o Jo
For convergence,
1 oo
W) = m[_g’(t)-y; k) / fee (&7, u )s1n271k$ d&

Z 4(27Tk) ,// _ 21‘[/()2
(2mk)?

1 4(27k)?
) Z Qrk)?

¢l
£,7,u ) sin 2w kg e @D ge g
33
o Jo

Applying Cauchy’s inequality, Holder’s inequality, Bessel’s inequality, the Lipschitz con-
dition and taking maximum of both sides of the last inequality yields the following:

g (t) i
] < ‘ 3|g(t Z|

(S 1o
(S

Ju©

D [ @ 5

Hence p'(¢) € B. In the same way, for a general value of N, we have

’ N+1() ‘g(t) Z| "

&) 3|g(t)|

V6+/3
<m> [6Gx.2) ||L2(D) I u™M(t) ||B

(5o )

Page 6 of 17
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We deduce that p™(¢) € B.
Now we prove that the iterations #N*)(¢) and p™*V(¢) converge in B as N — oo.

ul) (t) - ul ()
t 1 , )
:/ / [f(f,f,u(o)(érl')) —f(S,T,O)]%'deT+/ /.f(é»f,o)édédr,
0 Jo o Jo
w5 (6) — ) (2)
t 1
Z/() /0 [f(&1,u9E 1)) - f(E,7,0)]e -@TRAT) Gin ok dE dr

t
+/ / f(é,r,O)e’(Z”k)z("’) sin 27w k& d§ dt,
0 Jo
u(zlk)_l(t) - "‘(2(?—1“)

¢l
=/ / [f(é,t,u(o)(é,r)) —f(&,1, 0)] -Qr%(t-)g cos ke dE dt
o Jo
1
+/Ot/0 F(&,7,0)e @™ D¢ cos drkE dE dr
¢l ,
—47rk/(; /0 [f(?;‘,t,u(o)(é,r)) -f(&,7,0)] - 7)e @R ) gin ok dE dt
1
—ank /0 t fo (t - T)f (£, 7,0)e” @D in okt dE dr.

Applying Cauchy’s inequality, Holder’s inequality, the Lipschitz condition and Bessel’s
inequality to the last equation, we obtain

1u(e) - u®(0)| < (2«/? . 23£ * 4*@) (156501 1, |47 O] )
+ (2ﬁ+ %g + 4«/§T) Hf(x: £,0) HLZ(D)
- (2T 27 0 avar) (s ] 270

s (2ﬁ+ 23£ + 4«/5T) (ERA0] P
) () - uld (©)
t 1
=/ / [F(E, 0, uE, 7)) _f(%-,.[’u(O)(%',t))]?je‘fftp(l)(s)dsdgd‘f
//fsm (&) PTI — e PO4] g g,
Uy (£) — ul (6)

=/ / [f(ﬁ;’,r,u(l)(f;”,t)) —f(?;,t,u(o)(é,t))] -l (¢=7) o [7 1 4 sin 2w k& dE dt
o Jo

t rl t ()
+ / / f(& 7, u O, 7)) sin 2/(56‘(2”k)2(“f)[e_ffp ' el S)ds] dt dv,
0 Jo
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2 1
Uy (8) — us) 1 (®)

f / & 7uVE, 1) —f (67, u®E )]

-k (=) o= [ P00 Bg cos 2mkE dE dt

t 1
¥ / / £(& 7,4 (€, 7)) cos 2mkg D
0 Jo
X [e_fftp(l) (s)ds _ e_fftp(m(s)ds] dt¢ dv

t 1
—471/(/ / - (& 1,uVE 1) -f(E T, u%E 1))

x & @R o= [FP VO ds Gin 07 ke dE de

—4nk/t/1(t—r)f(é,t,u(o)(é,r))

~ e—(2nk (t-t [ ft —e fr ds] Slnzﬂkf dr‘;‘- dr.

Applying Cauchy’s inequality, Holder’s inequality, the Lipschitz condition and Bessel’s
inequality to the last equation, we obtain

0 -0 < (2T + 25, BT ) ([565)] - )

243
" (zﬁ + wﬁ) ITI|f & 50)] i 2" - PO,

p — p© _g(it)z<8nk/ g 7,u f(g,r,u(o))] sin 2w k& dé)

k=1

1
- (_ 4(27‘[/( (/)le 2”]() t[ —fép(l)(s) _fop S)ds]

L
g

(271/()2/ / (& 7,u)-f(&,7,u?)]

x sin2wk&e” @k (e=1) o= o PV Gs ©ds ge dr

® Z4(2nk)2/ /fs 7,ul

X sin2nk§e‘(2”k) (- [ - JoPV @) ds _ o= Jo ) ds] dé dt.

.
P

Applying Cauchy’s inequality, Holder’s inequality, the Lipschitz condition and Bessel’s
inequality to the last equation, we obtain

\/3+«/§
@ (0) @ ()
o =1 < (g 1ol -]

V3 VOIT| <~ O
' <3|g<t)| " Siga) 21 )

Page 8 of 17
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\/€+/\/§ \/g i
4= (W)’ B= <3|g(t)| 3|g(t Z| Pok-1 ); B<«1,

0 -2 = 25 1005 0]y

Ly (D)

@ () - uP 0| < <2ﬁ + 23£ + 4ﬁT> (66,0, oy | — 1)

24/3 MA
+ (Zﬁ + T\/— + 4\/§T> Tﬁ Hb(x, t) ||L2(D)|u(1) —u

) -0 = (2T 252 avar) (1o T2 ) ot

For N, we have

A
0 0] < bl ) ),
|u(N+1)(t) u(N)(t)| 9)
o s )

(N+1)

It is easy to see that u ), N — oo, then p™N*) — pN) N — o0,

Therefore u™*V(¢) and p™N+V (t) converge in B.

Now let us show that there exist # and p such that
lim ™ (2) = u(r), lim p™* () = p(t).
N—o0 N— o0
In the same way, we obtain
2
lu() - uN ()| < <2ﬁ 23 +442 T> |6, 0],y 160) =N D @) |

+ (2ﬁ+ 23£ + 4\/§T> Hb(x, t) ||L2(D) ||u(N+1)(r) - M(N)('()”B

+ (zﬁ + ng + 4ﬁT)|T||p(r) -V |f & 8, (10)

Ip—p™)| 5%( f / P&, 1)) - uN (1) [ dédr>

t pl %
B(fo /0 bz(s,r)|u<N+l>(r)-u<N>(r)|2dgdr) . (11)

Applying Gronwall’s inequality to (10) and using (9) and (11), we have

K ’
||u(t) — N () ”B < Z[ﬁDzEz ||b(x, t)||L2(D):|

x exp2<D+D2|T|—> ||b(x,t)HL 12)
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Here
D=(2ﬁ+¥+4\/§T), {<2ﬁ+£+4J—T>(1+T%>}N.

N+1)

Then N — oo, we obtain #™*Y — 4. Hence p™*) — p.

For the uniqueness, we assume that problem (1)-(4) has two solutions (p, u), (¢, v). Apply-
ing Cauchy’s inequality, Holder’s inequality, the Lipschitz condition and Bessel’s inequality
to |u(t) — v(t)| and |p(t) — q(t)|, we obtain

|u(t) —v(t)| < (||<p|| + (2ﬁ+ 23£ +4«/§T)M)T|p(t) —q(t)‘

; (zﬁ+ 25, wET) (f/ B (&, 0)|ule) - (o) de dr)

p(®) -a(®)] = T B(/ / P&, 7)|u(r) - v(z)|* dgdz> :

ju(t) = v(0)| < [(||¢||+(zﬁ+*—f 4fT) >|T|1i

-B
+ (2ﬁ+ ? +4«/§T>:|
t pl 3
x (/ f VA&, ) u(r) - v(z)|* dt dr) . (13)
o Jo
Applying Gronwall’s inequality to (13), we have u(¢) = v(t). Hence p(¢) = g(¢). O

The theorem is proved.

3 Continuous dependence of (p, u) upon the data
Theorem 4 Under assumptions (Al)-(A3), the solution (p,u) of problem (1)-(4) depends

continuously upon the data ¢, g.

Proof Let ® = {¢,g,f} and ® = {©,7,f} be two sets of the data, which satisfy assumptions
(A1)-(A3). Suppose that there exist positive constants M;, i = 0,1,2, such that

0<Mp =< |gl, 0<Mp <|gl, lgllcijo,r) < M, lgllcio,r) < M,

lellcspon) < Ma, 121l c310,0) < Ma.

Let us denote @] = (lIgllcijo,r) + 1@ llc3j0,71 + Ifllc3om))- Let (p, u) and (p, %) be the so-
lutions of inverse problem (1)-(4) corresponding to the data ® = {¢,g,f} and ® = {@,g,f},
respectively. According to (5),

U—T = 2((/70 _ %)e—féﬁ(s)ds : gDo(e—fép(s)ds _ e—fép?(s)ds)

t 1 N
+2/O ‘/0 [f(&,7,uE, 1)) —f(f,T,ﬁ(%',f))]%‘e—j,p(s)dsdé_dl_

Page 10 of 17
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t pl
+2/0 fof($,r,u($,r))[e*ffp(s)ds_e,frtl—,(s)ds]

o0
+4 Z(l — x) sin 27w k& (o — @)e‘(hwf[e- fps)ds _ o ffﬁ(S)ds]
k=1

o0
i - 2t — [LB(s)ds
+4 E (1 - x) sin 27 k& gye” @K L S P6)
k=1

+420052nk§(<p2k 1 - O)e @ 2mk)? ‘e - J2pls e—ffﬁ(s)ds]
k=1

+4Zcos2nk§¢>2k e (@02t o= 1 7()
k=1

oo
- 167 Z kt cos 2w k& (o — W)e*(z”k)zt[e* fp©)ds _ o= [ 50s) @]
k=1

oo
- 167 Z kt cos 2 K gae~ 2T g [ PO ds
k=1

0 ap ol
+4Z/O /.S [f(fyf,u(‘f»f)) —f(E,r,ﬂ(E,r))]
k=1
X sin 271kEe’(Z”k)z(t’”’/rt‘_’(s) % de dv
0 ap el
+4Z/ /f(g,r,u(g,f)) (14)
= Jo Jo
xsin2nk§e_(2”k) = ”[ Fps)ds e’frt‘_’(s)ds]dédt
0 ap ol
+4Zf0 /0 [f(é:f’u(f»f)) _f(é’frﬁ(érf))]
k=1
x £ cos 2nk“§e_(2”k)2(t_f)_fftﬂs) % de dv
0t ol
+4Z/ /f(f,t,u(é,r))
i Jo Jo
x £ cos 2mkgeTh? e - frp6)ds _ g [ V4] de dv
% ¢ pl
—167 Zk/o /0 [f(é,r,u(é,t)) —f(é,nﬁ(fyf))]
k=1
x (t—1) sin2nk§e_(2”k)2(t_r)_fft?(s)ds dt dt
0 ¢ pl
—167TZI</ /f(g‘,r,u(é',r))
k=1 VO JO
x (t — 7) sin 27 k& e~ @Rt e - Jip©ds _ o= 1B 94 dt d,

lu—u| < ((2ﬁ+ L— 4\/_T> Dok 4Z(|§02k| + |</72k-1|)>
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_ 276 _
< |lp =Pl o + (1 + T) e =@l 05,

1

t prl 2
+ (2ﬁ+@+4«/§T) (/ / bZ(g,r)|u(r)—ﬁ(r)|2dgdz> :
3 0 JO

Now, let us estimate the difference p — p as follows:

o (£® m)
P (g(t) )

o 1
+ ﬁ k%:snk/o (&, T, u)sin 27 kE dE

1 — 1
- — 8k ,T,u)sin2wké d
§(t)§ T /(;f(éru)sm k& d&

1 & 2 t
4 (2nk)2(p2ke—(2nk) te— Jopls)ds
P>

[o¢]
+4 _—1 Z(an)zﬁe_(hk)zte‘ Jop)ds
g =

e ¢]

1 t 1
—4— Z:(erk)2 / / f(&,7,u)sin anée’(Z”k)z(t’”’f:p(s) & de dr
g(t) = 0 Jo

oo

1 t pl L
—4— Z:(2ztk)2 / f f(&,7,7%)sin 2nk§e_(2”k)2(t_t)_jftp(s) % de d,
g() =) o Jo

12 =Bl ciory < Msllg =8ll sy, + Malle =Bl s,

+M5T||p—io||qo,ﬂ+M6( /0 fo bz(s,ﬂ\u(r)—ﬁ(r)|zdsdr)2,

where My, k = 3,4,5,6 are constants that are determined by My, M; and M. Then we
obtain M7 =1 - TMs, Mg = max{Ms, My, Ms}. The inequality MsT <1 holds for small T
Finally, we obtain

[ —— Mg(nE—Endm 19 =Pll s,

t T ) . 2 %
+</0/0 B*(&,7)|u(t) - u(r)| dédr) ),
whereMgszig.

If we take this estimation in (14)
o t pl ) 3
|u—ﬁ|sMu||<I>—<I>||+M13(f f 2§, 7)|u(r) - u(v)| dsdr) :
o Jo

t pl 3
|u—ﬁ|sMu||<1>—6||+MB(/o | bz(s,rﬂu(r)—ﬁ(r)fdsdr) ,

t m
|u—ﬁ|252Mleld>—5||2+2Mfg(// b2(g,r)|u(r)—a(z)|2dgdr),
0 JO
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applying Gronwall’s inequality, we obtain

t 1
|u — 1l 52M§2||d>—6||2xexp2M123(/ / b (&, 7)dE dr)
0 JO
taking the maximum of the inequality
_ t 1
lu—ulz < 2M3,||® - d>||2xexp2Mfg(/ / b*(&,7)dE dt).
0 JO

For ® — ®, then u — %. Hence p — p. O

4 Numerical procedure for nonlinear problem (1)-(4)

We construct an iteration algorithm for the linearization of problem (1)-(4) as follows:

ou™ 92y

ralabrvale pOu™ +f(x,t,u""), (x,t) €D, (15)
u™(0,8) =u”Q,t), tel0,T], (16)
u"(1,t)=0, tel0,T], 17)
u"(x,0) = p(x), x€[0,1]. (18)

Let u (x, £) = v(x, t) and f(x, ¢, u"D) =f(x, t). Then problem (15)-(18) can be written as

a linear problem:

% = g—j; —ptWvix,t) +f(x,1), (x,t) €D, 19)
v0,8) =v(L,t), tel0,T], (20)
v,(1,H)=0, tel0,T], (21)
v(x,0) = p(x), x€[0,1]. (22)

We use the finite difference method to solve (19)-(22) with a predictor-corrector type ap-
proach which was explained in [9].

We subdivide the intervals [0,1] and [0, T'] into N, and N; subintervals of equal lengths
h = NL’C and 7 = Nlt, respectively. Then we add two lines x = 0 and x = (N, + 1)/ to gen-
erate the fictitious points needed for dealing with the boundary conditions. We choose
the implicit scheme, which is absolutely stable and has second-order accuracy in % and

first-order accuracy in 7 [10]. The implicit scheme for (1)-(4) is as follows:

L) = 0 -2 ) T 3)
0 = i, (24)
1/(;1 = ‘/&x+l’ (25)

‘/N 1= ‘/wa (26)

e—
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where 1 <i <N, and 1 <j < N; are the indices for the spatial and time steps, respectively,
‘/l: =v(x;, t), ¢ = (p(xi),};j :7(x,', L), x; = ih, t; = jr. At t = 0 level, adjustment should be made
according to the initial condition and the compatibility requirements.

Now, let us construct the predicting-correcting mechanism. First, differentiating equa-
tion (1) with respect to x and using (3) and (4), we obtain

_ —£'(t) +zc(01 £)dx + V2 (0, 7)

p(t) e

(27)

The finite difference approximation of (27) is

Je (@ -g)It) + (E —E)/r + (—/é + 31/i - 31/'2 + Vé)/h?’
g ’

where ¢ =g(t),j=0,1,...,N,.
Forj=0,

- (€ =g (R = FO)T + (=0 + 31 = 3¢py + ¢3)/ 1
g° ’

and the values of ¢; allow us to start our computation. We denote the values of p/, 1/l at
the sth iteration step p/*¥, 1/i(s), respectively. In numerical computation, since the time step
is very small, we can take p/*'©) = p/, 1/;1(0) =v,j=0,12,...,N;, i =1,2,...,N,. At each

(s + 1)th iteration step, we first determine p/*'¢*!) from the formula

_((gj+2 _ j+1)/‘L’) + ’;j+l _"1}'+1)/T n (_1/(')+1(s) + 3‘/;1(5) _ 31/'2+1(s) + 1/;1(5))/}13

j+1(s+1) _
v - g+

Then from (15)-(18) we obtain

l(‘/:+l(s+1) B 1/+1(s)) _ l(l/}i(m) gyl 1/:+i(s+1)) _p,‘+1(5+1)1/:+1(5+1) L P (28)
T i i h2 i— i i+ i i

1/(’)+1(S) =]/]':-[x1isl), (29)
i+1 i+1

e =V (30)

The system of equations (28)-(30) can be solved by the Gauss elimination method and
1/;1(”1) is determined. If the difference of values between two iterations reaches the pre-
scribed tolerance, the iteration is stopped, and we accept the corresponding values p/*'¢*,
1/;'1(”1) (i=1,2,...,N,) as p'*1, 1/;1 (i=1,2,...,N,), at the (j + 1)th time step, respectively.
By virtue of this iteration, we can move from level j to level j + 1.

5 Numerical example
Example 1 Consider inverse problem (1)-(4) with

S, t,u) = 47 cos(2mx) + ((27)* + exp(20))u,

¢(x) = (1 —x)sin(2mx), g(t) =2mexp(-t), x€[0,1],t€[0,T].
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It is easy to check that the analytical solution of this problem is
{p(t), u(x, t)} = {1 +exp(2¢), (1 — x) sin(27 x) exp(—t)}. (31)

Let us apply the scheme which was explained in the previous section for the step sizes
h=0.05,7 =0.05.
In the case when T =1, the comparisons between the analytical solution (31) and the

numerical finite difference solution are shown in Figures 1 and 2.

9 T
exact p(t)
— — — numerical p(t)
8 L -
/
/
Vi
7r Vi b
/
Vi
V4
6r Y b
— Va
5 J
7
5 / i
7
7

4} |
3 L m
2 . . . .

0 0.2 0.4 0.6 0.8 1

t

Figure 1 The analytical and numerical solutions of p(t) when T = 1. The analytical solution is shown with
dashed line.

0.3 :
exact u(x,T)
0.25 — — — numerical u(x,T)

0.2

0.15

0.1

u(x,t)

0.05

-0.15 : : : :
0

Figure 2 The analytical and numerical solutions of u(x, t) at T = 1. The analytical solution is shown with
dashed line.
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Figure 3 The numerical solutions of p(t) (a) for 1% noisy data, (b) for 3% noisy data, (c) for 5% noisy
data. In Figure 3(a)-(c) the analytical solution is shown with dashed line.

Next, we will illustrate the stability of the numerical solution with respect to the noisy
overdetermination data (4) defined by the function

& () =g(®)1 +y0), (32)

where y is the percentage of noise and 0 are random variables generated from uniform
distribution in the interval [-1,1]. Figure 3 shows the exact and the numerical solution of
p(t) when the input data (4) is contaminated by y = 1%, y = 3% and 5% noise.

It is clear from these results that this method has shown to produce stable and reason-
ably accurate results for these examples. Numerical differentiation is used to compute the
values of g'(t) and v, (0, t) in the formula p(t). It is well known that numerical differenti-
ation is slightly ill-posed and it can cause some numerical difficulties. One can apply the
natural cubic spline function technique [11] to get still decent accuracy.
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