Zhang Boundary Value Problems 2013, 2013:218 0 BOU nda ry Va I ue PrOblemS
http://www.boundaryvalueproblems.com/content/2013/1/218 a SpringerOpen Journal

RESEARCH Open Access

Subharmonic solutions for a class of
second-order impulsive Lagrangian systems
with damped term

Xingyong Zhang’

"Correspondence:
zhangxingyong1@163.com
Department of Mathematics,
Faculty of Science, Kunming
University of Science and
Technology, Kunming, Yunnan
650500, PR. China

@ Springer

Abstract

In this paper, by using the mountain pass theorem, we investigate the existence of
subharmonic weak solutions for a class of second-order impulsive Lagrangian
systems with damped term under asymptotically quadratic conditions. Some new
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1 Introduction and main results
In this paper, we investigate the existence of subharmonic weak solutions for the following

second-order impulsive Lagrangian system with damped term:

APOHD) + (g()P(¢) + B)ir(t) + (2q(0)B ~ A®)u(t) + VE(t, u(t))
=0, aetelR, (1.1)
AP)u(ty)) = P)ule)) - P@uls;) = VE(u(g), j=1,....p

where T>0,peN,fg=0<t; <ty <+ <ty <ty =T, u(t) = (u'®),...,uN®), [ : RN > R,

q € C(R,R) satisfying g(t + T) = g(t) and fOT q(t)dt = 0, B is a skew-symmetric N x N

constant matrix, P(¢) and A(t) are symmetric and continuous N x N matrix-value func-

tions on R satisfying P(¢ + T) = P(t) and A(t + T) = A(t), and F : R x RY — R satisfies

F(t,x) = =K(t,x) + W(t,x), where K, W are T-periodic in their first variable, and the fol-

lowing assumption:

(A) F(t,x) is measurable in t for every x € RN and continuously differentiable in x for

a.e. t € [0, T), and there exist a € C(R*,R*) and b € L1(0, T; R*) with b(t + T) = b(¢)
such that

|F(t,%)| < a(x])b(2), |VE(@t,x)| < a(lx])b(2),

| <a(lxl), VL] < a(lx)

forallx e RN and a.e. t €[0,T].
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Lagrangian systems are applied extensively to study the fluid mechanics, nuclear physics
and relativistic mechanics. Especially, as a special case of Lagrangian systems, the follow-
ing second-order Hamiltonian systems are considered by many authors:

i(t) = VF(t,u(t)), aeteR, 1.2)

where F: R x RN — R satisfies F(t + T,x) = F(t,x), and the existence and multiplicity of
periodic solutions, subharmonic solutions and homoclinic solutions are obtained via vari-
ational methods. We refer readers to [1-14]. Especially, in 2010, under the asymptotically
quadratic conditions, Tang and Jiang [10] obtained the following interesting result.

Theorem A (see [10], Theorem 1.1) Assume that F satisfies
(F) F(t,x) = -K(t,x) + W(t,x) and K, W € CL(R x RN, R) are T-periodic in their first
variable with T > 0, and that K and W satisfy the following assumptions:
(H1) There exist constants b >0 and y € (1,2] such that

K(t,0)=0, K(t,x) > blx|"  for (t,x) € [0, T] x RY;
(H2) (VK(t,x),x) < 2K(t,x) for (t,x) € [0, T] x R¥;

(H3) limsup, % < b uniformly fort € [0, T];
(H4) There exists a function g € L}([0, T1,R) such that

(VW/(t,x),x) —2W(t,x) > g(t) for(t,x) e [0,T] x RN
and

lim [(VW(t,%),x) —2W(t,x)] = +00 fora.e t€[0,T];

|x|— 00

(H5) There exist constants a > 0 and d > 0 such that
W(t,x) <alx|>+d for (t,x) € [0,T] x RY;
(H6) There exists xo € RN such that

T
/ |:K(t,x0) - Wi(t,xg) — ‘?} dt < 0.
0

Then system (1.2) has a nontrivial T-periodic solution.

In recent years, variational methods have been applied to study the existence and multi-
plicity of solutions for impulsive differential equations and lots of interesting results have
been obtained, see [15-20].

In [15], Nieto and O’Regan considered a one-dimensional Dirichlet boundary value
problem with impulses. They obtained that the solutions of the impulsive problem mini-
mize some (energy) functional and the critical points of the functional are indeed solutions
of the impulsive problem.
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In [16], Nieto introduced a variational formulation for the following one-dimensional

damped nonlinear Dirichlet problem with impulses:

u’(t) +g@)u (t) + ru(t) = f (6, u(t)), te[0,T],
A () = [(u(), j=12,....p, (1.3)
u(0) =u(T) =0,

and gave the concept of a weak solution for such a problem. They obtained that the weak

solutions of problem (1.3) are indeed the critical points of the functional:

1t G (1/(£))2 rr G(t), 2
pw) == | V@) dt+= | NP (D)dt
2 Jo 2 /o
4 v(tj) T
+y e / I(t)dt - / eCOF(t,v(t)) dt, (1.4)
j=1 0 0

where G(¢) = fotg(t) dt and F(t,v) = [; f(t,s) ds. In [17] and [18], the authors also dealt with

some one-dimensional impulsive problems with damped term by variational methods.
For higher dimensional dynamical systems, some interesting results have also been ob-

tained (see [21-23]). In [21], Zhou and Li investigated the second-order Hamiltonian sys-

tem with impulsive effects:

i(t) = VF(t,u(t)), ae. te[0,T],
u(0) — u(T) = i(0) — i(T) = 0, (1.5)
A () =i (¢f) - i () = L' (ty), i=1,2,...,N,j=12,...,p.

By using the least action principle and the saddle point theorem, they obtained some ex-
istence results of solutions under sublinear condition and some reasonable conditions.
In [22], system (1.5) with F(¢,u) = %A(t)u -u — AW (t,u) — uG(t, u), where A, u € R, was
also investigated. By using variational methods, the authors obtained that system (1.5)
has at least three weak solutions. In [23], the authors investigated system (1.5) with
F(t,u) = %A(t)u -u— W(t,u). They obtained that system (1.5) has infinitely many solutions
under the assumptions that nonlinear term is superquadratic, asymptotically quadratic
and subquadratic, respectively.

In recent years, via variational methods, some authors have been interested in study-
ing the existence and multiplicity of periodic solutions and homoclinic solutions for the

following Lagrangian systems with damped term:

d(P(t)is(t))

o+ Bilt) + VE(tu() =0, (1.6)

where P(¢) is a symmetric and continuous N x N matrix-valued function, B is a skew-
symmetric N x N constant matrix and F: R x RN — R. They obtained some interesting
results. We refer readers to [24-27].
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In 2010, Li et al. [28] investigated the following system, more general than system (1.6),
with P(¢) = Iy:

i(t) + (q(6)Inn + B)is(t) + (59(6)B — A(t))u(t) + VF(t, u(t))
=0, aete[0,T], 1.7)
u(0) —u(T) = u(0) — i(T) = 0.

Motivated by [28], in [29], we investigated the following system, more general than sys-
tem (1.7):

APOLD) 4 (q(£)P(t) + B)is(t) + (2 q(6)B — A(t))ult) + VE(t, u(t))
=0, aetel0,T], (1.8)
1w(0) = u(T) = P(0)i(0) — P(T)is(T) = 0.

By variational methods, under superquadratic or subquadratic conditions, we obtained
that system (1.8) has infinitely many solutions. One can see more details of our results and
more research background of system (1.8) in [29].

In [32], Luo et al. investigated the existence of subharmonic solutions with prescribed
minimal period for the following one-dimensional second-order impulsive differential
equation:

u'(t)+f(t,u() =0, aete],
Au'(ty) = Ly (u(t)), m e Zy,

(1.9)

where f e C(R x R,R), Zo =Z* U Z~, ] =R\{t,, | m € Zp}, I,, € CR,R* U {0}), 0 < f; <
< <ty < T, Lyp=lpand by, =ty,, — Tifme Z*, while t,, =ty p — T ifme Z™.

In this paper, motivated by [10, 15, 16, 21, 28, 29] and [32], we focus on the existence
of subharmonic weak solutions for system (1.1), which is of impulsive conditions, and we
study the problem under asymptotically quadratic conditions. To the best of our knowl-
edge, there are few papers that consider such a problem for system (1.1). We call a solution
u subharmonic if u is kT-periodic for some k € N.

Let

Al = sup max |A(t)x|

te[0,T] lx|=1xeRN
= sup max{y/A(t) : A(t) is the eigenvalue of A”(H)A(t)}
£€[0,7]
and

IBll = max |Bx]|

|¢|=1,0cRN

= max{«/x : A is the eigenvalue ofBTB}.

In this paper, we make the following assumptions:

Page 4 of 17
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(P) There exists a constant mz > % such that the matrix P(¢) satisfies

P(0) = P(T), (P(t)x,x) >m(x,x) forall (¢,x) e R x {RN/{O}};

(K1) There exist constants a > 0 and y € (0,2] such that

IBI* + 2|l

K(t,0) =0, K(t,%) > ( 4

+a) lx|7  forallx e RN and ae. t € [0, T];

(K2) (VK(t,x),%) <2K(t,x) for allx € RN and a.e. t € [0, T;
(K3) There exists D; > 0 such that

K(t,x) <Di|x|* forallx e RN and a.e. t€[0,T];

(W1) limy—o ‘)Tiltgx) < a uniformly for a.e. £ € [0, T];

(W?2) There exist constants » > 0 and d > 0 such that
W(t,x) <blx|>+d forallx e RN andae.t€[0,T];
(W3) There exists a function 4 € L'(0, T;R) such that
eQO[(VW(t,x),x) —2W(t,x)] > h(t) forallx e RN andae. € [0, T]
and

lim eQ(t)[(V W (t,%),x) —2W(z, x)] =+o00 forae.te[0,T],

|x|—o00

where Q(t) = fot q(s)ds;
(W4) There exists xg € RN such that

T
/ eQ® [%(A(t)xo»xo) + K(t,%0) — W(t,x0) — @] dt < 0;
0

(W5) There exists a constant D, > @ + D; such that

W(t,x) > Dy|x|> forallx e RN andae. t€[0,T];
(I1) There exist constants [; >0 (j =1,...,p) such that
j p
Lx) <l (j=1,...,p)forallxe RN;

(I12) Zle e2%)[;(0) = 0 and Zle e [(x) > 0 for all x € RN;
(I3) There exists a constant C such that

p
> e [2L(x) - (VI(x),4)] = C forallx e RY.

Jj=1
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This paper is organized as follows. In Section 2, we present the definition of a subhar-
monic classical solution, a subharmonic weak solution and the variational structure for
system (1.1) and make some preliminaries. In Section 3, we present our main theorems

and their proofs. In Section 4, an example is given to verify our main theorems.

2 Preliminaries

In this section, we present the variational structure of system (1.1), which is motivated by
[15-17, 28] and [29].
Let

H;T = {u :R— RN |uis absolutely continuous, u(¢ + kT) = u(¢) and it € L2(0,kT)}.

Define

kT kT
(u,v) = / e (u(t), v(t)) dt + / e (P(t)in(e), (2)) dt
0 0

and

kT 2 kT 172
||u||=[ /0 e2O\u(t)|" dt + /0 eQ<f>(p(t)u(t),u(t))dt]

for each u,v € Hy;. Then (H};, (-,-)) is a Hilbert space. It is well known that

kT 9 kT . ) 1/2
loell gy = [/ |u(t)| dt+/ |in(t)| dt}
0 0

is also a norm on H} .. Obviously, if the condition (P) holds, ||| HL, and | «|| are equivalent.
Moreover, there exists Coi > 0 such that

Ul|loo = max |u(t)| < Corllu|l 1
lelloo = max [u(6)| < Colely,

(see Proposition 1.1 in [1]). Hence, there exist positive constants Cix, Cyx such that
lulloo < Caellell,— llatlly > Corlall (2.1)
For any a,b € R, define

H*(a,b) = {u :R — R | both « and i are absolutely continuous on (4, b),
and ii € L*(a,b)},

H?[a,b) = {u :R — R | both « and i are absolutely continuous on [a, b),
and ii € L*(a,b)},

H%(a,b] = {u :R — R | both u and 7 are absolutely continuous on (g, b],

and ii € Lz(a,b)}.

Ifue H,lT, then #(t*) — i(27) = 0 may not hold, which leads to impulsive effects.
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Definition 2.1 Assume that i € Hiz NH2[0,1) N (N H2(8), ;1) NH2(t,, TINH[T,KT]
and the limits iz(tj*) and it(tj’) (j=1,2,...,p) exist. If u satisfies system (1.1), then we say that
u is a subharmonic classical solution of system (1.1).

Remark 2.1 In [32], impulsive effects may occur periodically in ¢, j € {1,...,p}. In order
to obtain a sequence of distinct subharmonic weak solutions (see Theorem 3.2 below),
different from [32], in Definition 2.1, we assume that the impulsive effects only occur in ¢;,
j=1,...,p, which belong to (0, T). In other words, u is absolutely continuous on R and #
is absolutely continuous on [0, ) U (Ufz_ll(tj, t1)) U (¢, T1 U [T, kT]. Moreover, note that
u(t) = u(t + kT). Then it is easy to see that #(0) = #(kT).

Note that Q(¢) = fot q(s) ds. Then, by T-periodicity of g, we have Q(kT) = kaT q(t)dt = 0.
Moreover, obviously, Q(t) is continuous on R. We transform system (1.1) into the following

system:

dQOPWD) | oQ0) Biy(¢) + €20 (Lq(£)B — AD)u(t) + eQOVE(t, u(t))
=0, aeteR, (2.2)
APG)i) = P(t)ide?) - P5)ines) = V() j=1,-...p.

Then system (2.2) is equivalent to system (1.1) and its solutions are the solutions of sys-
tem (1.1).
By the idea in [15], we take v € H}, and multiply the two sides of the equality

d(e2OP(t)iu(t))

- + e Biy(t) + 2 (%q(t)B - A(t)) u(t) +e2OVE(t,u(t)) = 0

by v and integrate it from O to k7. Then we obtain

/kT (d(eQ(‘)P(t)it(t)) s
0

- eQOBi(t) + 2V (%q(t)B —A(t))u(t)

+eYOVE(tu(t)), V(t)) dt=0. (2.3)

Note that P(t + T) = P(¢t), P(t) is continuous on R and #(0) = &(kT). By integration by parts
and the continuity of v, we obtain

KT 0 d(eQOP(t)in(t))

/0 <T,v(t)>dt

& [ [ d(eQOP(8)in(t)) KT d(eQ) P(2)iu(1))
X[ (B [ (S0

p
= Z [(eQ“fn)p(t,ﬂ)u(tm), v(tin)) — (629 P(t)is(t] ), (1))
j=0

_ / " 2Op@a(e), o) dt]

j

+ (e P(kT)ir(kT), v(kT)) - (eXDP(T)ir(T), (T))
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kT
- / (e2DP(B)in(e), (t)) dt

T
= (eADP(T)i(T), w(T)) — (2°'P(0)ir(0), v(0))

_Z QA P(ey)i(£7),v(ty) — (29 P(5)ie(£7), (1) ]

T
- / (e P(t)ir(t), ¥(t)) dt
0

+ (XD P(KT)ie(kT), v(KT)) — (€D P(T)il T), w(T))

kT
- / (e2DP()ir(t), ¥(t)) dt

T
= (e D p(kT)it(kT), v(kT)) — (e2XVP(0)i(0), v(0))

p
= YL Pw)i(e]),v5) - (€29 Plg)i(e7 ), ()]

j=1
kT
- / (e2DP()ir(t), v(t)) dt
0
r

kT
e (A (P)int)), v(E)) — / (e2PP@)in(t), (t)) dt. (2.4)
0

4

j=1
Definition 2.2 u € Hy; is called a subharmonic weak solution of system (1.1) if
kT J2
/ (eQOP()iue), v(®)) dt + Y QD (VI (ul)), v(t;))
0 -
j=1

kT 1
= /0 QW [Eq(t)(Bu(t), v(t)) + (Biu(t), v(t))
~ (AOuWO,O) + (VE(: u(t)),v(t))] dt

holds for any v € H};..

Lemma 2.1 If u € H}, is a subharmonic weak solution of system (1.1), then u is a subhar-

monic classical solution of system (1.1).

Proof Motivated by [15], for j € {0,1,2,...,p}, choose v € H,%T with v(£) = 0 for every ¢ €
[0,¢] U [¢j.1,kT]. Then, by Definition 2.2, we obtain

/ 7 20 p@yae), o(0)) dt

J

_ / " eQ(t)[%q(t)(Bu(t)rV(t)) + (Bile) v0)

J

— (A@®)u), v(®)) + (VE(t, u(t)),v(t))] dt. (2.5)
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Choose v € H,lT with v(¢) = 0 for every ¢ € [0, T]. Then we obtain

kT
/ (e2QDP(®)in(e), (t)) dt
T

kT 1
= / e [Eq(t)(Bu(t), v(t)) + (Bir(t), v(t))

T

~ (AWu(o), V() + (VE(s, u(t)),v(t))] dr. (2.6)
Equations (2.5) and (2.6) imply that u € Hy,, N H*[0,5) N (ﬂj:ll H2(t, t.1)) N H?(t,, T N
H?[T,kT] and u satisfies

d(e?OP(t)ir(t)) .

- eQOBi(£) + eV (%q(t)B - A(t)) u(t) + eQOVE(t, u(t))

=0, ae.tel0,kT].

Multiplying the above equality by v and integrating between 0 and k7, combining the
argument of (2.4) and Definition 2.2, we obtain that

)4 )4
> (APR)ie)), v(e)) = ) X (VE(u(8)), v(B)).
j=1 j=1

Hence, A(P(t)i()) = VI;(u(t))) for every j=1,2,...,p. This completes the proof. a
For every k € N, define ¢y : Hy;. — R by

1

kT 1
orlar) = /0 eQ“’[E(P(t)u(r), i) + 7 (Bu(t), 1))

%(A(t)u(t) u(t)) - F(t,u(t)) ]dt+z AL (u(t))).

It follows from assumption (A) and Theorem 1.4 in [1] that the functional ¢ is continu-
ously differentiable and

K
((p,’((u),v) = TeQ(t) (P(t)it(t),l'/(t)) - 1q(t) (Bu(t),v(t)) - (Bit(t),v(t))
o 2

p
+ (A@)u(0),v(t)) - (VE(& u(t)),v(t)):| dt + ZGQ(tj)(VIj(u(tj)), v(t)) (2.7)

j-1

for u,v e H,lT. Obviously, if ug € H,lT is a critical point of ¢y, i.e., ¢; (o) = 0, then 1 is a
subharmonic weak solution of system (1.1).
We will use the following mountain pass theorem to prove our results.

Lemma 2.2 (see [30]) Let E be a real Banach space, and let ¢ € C*(E,R) satisfy the (PS)
condition. If ¢ satisfies the following conditions:
(i) ¢(0)=0;

(i) There exist constants p,a > 0 such that ¢|ap,0) > o

Page9of 17
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(iii) There exists e € E/B,,(O) such that ¢(e) < 0, then ¢ possesses a critical value ¢ > «

given by

¢ = inf max ¢(g(s)),

gel'sef0,1]

where B, (0) is an open ball in E of radius p centered at 0, and
I'={geC([0,1],E): g(0) = 0,g(1) = e}.

Remark 2.2 Asshown in [31], a deformation lemma can be proved by replacing the usual
(PS)-condition with the condition (C), and it turns out that Lemma 2.2 holds true under
the condition (C). We say that ¢ satisfies the condition (C), i.e., for every sequence {u,} C
E, {u,} has a convergent subsequence if ¢(u,) is bounded and (1 + ||z, ) |¢(&s)]| — O as

n— Q.

3 Main results
Theorem 3.1 Assume that (P), (K1), (K2), (W1)-(W4) and (11)-(I3) hold. Then, for every
k € N, system (1.1) has at least one kT -periodic weak solution in H, ,1T.

Proof We use Lemma 2.2 to prove the theorem. Let E = H,;;..
Step 1. We prove that ¢y satisfies assumption (ii) of Lemma 2.2. It follows from (W1) and
(W2) that there exist 0 <& < 5 — i, 0 > 2 and C; > 0 such that

W(t,x) < (a—¢&)x|> + C|x|°. (3.1)

Choose 0 < § <1 such that e(c%k)2 -G ka(cilk)e (fT eQ® dt 5 0. Then it follows from (K1),

(12), (3.1) and (2.1) that for all u € H},. with ||ul| = §/Ciy := px,
kT 1 1 1
o) = / eQ(t)I:_(p(t)it(t), i(t)) + = (Bu(t), in(®)) + —(A(t)u(t)yu(t))] dt
0 2 2 2
kT P
+ / QO [K (&, u(®) - W(tu)]dt+ > e L(u())
0 j=1

owlm 1 . 1Al u(2)?
zfo eQ()[%|u(t)|2—Z(||B||2]u(t)|2+]u(t)|2)—+:|dt

B|2 +2||A kT “
N <W+a)/ eQ(”\u(t)]th—(a—e)/ 20 u(e)| dt
0 0

kT o
-G / e2O\u(e)|” at
0

m 1 kT 3 kT
> (— - —)/ eQ(t)|it(t)| dt+a/ eQ(t)|u(t)|ydt
2 4 0 0

kT 9 kT o
~(a-¢) / e2Ou(t)| dt - C; / e |u(e)|” at
0 0

m 1 kT 9 kT 9
> (———)/ 2O i(2)| dt+e/ 2O |u(e)|” dt
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kT
—aw&/ eV dt
0

kT
zwwLG%wW/ewﬂ
0

5 \? s \? [T
=¢ —-Gct <_> / Q0 g
<C1k> I 0

=0 > 0.

Step 2. We prove that ¢y satisfies assumption (iii) of Lemma 2.2. Set ¢(s) = s"2 W/ (¢, sx)
for s > 0. By the argument in [10], we know that (W3) implies that

h(t
W (¢, sx0) > s> W (¢, %0) + % (52 - 1) forae t€[0,T],s>1, (3.2)
and (K2) implies that
K(¢,sx0) < s*K(t,x9) fora.e.t€[0,T],s>1. (3.3)

It follows from (3.2), (3.3), (W3) and (I1) that for sufficiently large s,

2 kT kT
Px(sxo) = % / e (A(t)xo, x0) dt + / eQO[K (¢, 5x0) — W(t, sx0)] dt
0 0
?
+ Z e L(sxo)
j=1
2 T T
= %k/ e (At)xo,%0) dt + k/ e [K (2, s%0) — W (2, sx0) ] dt
0 0
P
+ Y e L(sxo)
j=1
2 [T onl] h(t)
<s*k| e E(A(t)xo,xo) + K(t,x0) — W (¢, %0) — - dt
0

1 o S
13 ti
+ 5/0 e*h(t)dt + ,'2:1 el

By (W4), we can choose sufficiently large sox such that ||soxxo |l > ok and @i(sorxo) < 0. Let
ex = Sox¥o- Then ¢y satisfies assumption (iii) of Lemma 2.2.

Step 3. We prove that ¢ satisfies the (C)-condition on H,lT. The proofis motivated by [10].
For every {u,} C H,lT, assume that there exists a constant Cs; > 0 such that

loc(n)| < Cse 1+ llunll) |0 ()| < C forallmeN. (3.4)
Then it follows from antisymmetry of B, (K2) and (I3) that
SCSI( = 2§0k(un) - (‘P/L(Mn), Mn)

kT
= %/0 eQ(l)q(t)(Bun(t),un(t)) dt

Page 11 of 17
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kT
N / QO[(VE(ty1n(0)), n(0)) — 2F (& (1)) ] dt
0
p
+ 3 QD[ 2L (1 (6)) (VI (1n(8), 1n(8))
j=1

k
- " CQOLIK (b, 10n(0) - (VK (b)), 00(0)) ]
0
kT
+f eQO(YW (&, un (D)), un(t)) — 2W (£, un(2))] dt
0

p
#3021 t) - (V1 a(8), 1)

Jj=1

kT
> / eQOL(VW (&, un (D)), un(B) — 2W (t, ()] dt + C. (3.5)
0

Next we prove that {u,} is bounded. Assume that ||u,| — oo as n — o0. Let z,, = HZ_:H
Then ||z,|| =1, and so there exists a subsequence, still denoted by {z,}, such that z, — z
on H},. Then, by Proposition 1.2 in [1], we get ||z, — z||c — 0. Hence, we have fOkT |z, () —
z(t)|? dt — 0 and z,(¢) — z(t) for a.e. ¢t € [0,kT]. Thus, by conditions (P), (W2) and (I2),

we have

kT 1 1
o) = fo e [E(P(t)a,q(t), itn(0)) + 5 (Butn(2), (1))

+ %(A(t)un(t), un(t)) + K (t, un(t)) - W(t, un(t)):l dt

p
+ ) e (ualr)
j=1

kT .
/ eom[l(,,(t)un(t),ﬁn(t))_ IBI21ts (OF + i (O ||A|||un(t)|2} "
0 2 4 2

>

kT 3 kT
-b / e\, ()| dt - d / eV dt
0 0

kT
. ( L L) /0 Q[ (P(E)ity (1), (1)) dt

4m

2 kT kT
: 1Bl1< + 2él|A|| +4b / eQ(t)|un(t)|2 dr — d/ RGN
0 0

1 1 1 1\ [
(5 a1t~ (52 [} et e
2 4m 2 4m) Jy

2 kT kT
3 1BI1° + 2LL|A|| +4b / eQ(t)|un(t)|2 df — df Q0 ¢
0 0

1 1 B|*+2||All +4b (1 1 kT
= (5_4—)”1@1“2_[%*'(5—4—)]/ eQ(t)|un(t)|2dt
m m 0

kT
-d / e dt.
0
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Hence, we have

o) (1 1\ _[IBIP+2040+4b (1 1 /MQW”W“Wdt
lual? = \2 7 am 4 2" am) ] ) I

d [T Q0 gy

Nl 11>

Let n — oc. Then, by (3.4), we get

11 Bl +2||All +4b (1 1 kT
- < B + 2] Al + 4b - — / eQ(t)|Zn(t)|2dt. (3.6)
2 4m 4 2 4m 0

Then it follows from m > ; and (3.6) that fOkT eQ9|z(t)|>dt >0 and so z #0. Let S = {t €
[0,kT7] : limyy— o0 eQOR2W (t,x) — (VW(t,x),x)] = +00} and §; = {t € S: z(t) # 0}. Then
meas S; > 0 and

lim ’u,,(t)| =+o00 foreveryteS;. (3.7)

Let f,(t) = e2QOUVW (t,u,(t)), u,(t)) — 2W(t,u,(t))]. Then (3.7) and T-periodicity of
W(¢,x) in t imply that

lim f,(¢) = +oo foreveryteS;. (3.8)
n—00

It follows from (3.8) and Lemma 1 in [6] that there exists a subset S, of S; with measS; > 0
such that

lim f,(¢) = +oo uniformly for ¢ € S,. (3.9)
n—00

By (W3), we have

K
/ ' eQO[(VW (&, (D)), un(8)) — 2W (£, (2)) ] dt
0
= / eQOL(VW (& un(0)), un(8)) — 2W (2, u,(2)) ] dt
S2

+f QO[T (b, 10n(0)), 1 (8)) = 2W (0, 100 ()]
[0.ATV/S>
> / eQOL(VW (&, un (D)), un(8)) — 2W (2, 1, (2)) ] dt + / h(t) dt.
52 (0.kTV/S2

Let n — oo. Then by Fatou’s lemma and (3.9), we have

kT

/ e [(YW (& un(0)), un(2)) = 2W (£, un(2)) ] dt — +o00,
0

which contradicts (3.5). Hence {u,} is bounded. Going if necessary to a subsequence, as-
sume that #,, — u in H,%T. Then, by Proposition 1.2 in [1], we have &, — #| - — 0 and so

fokT ey, — u|?>dt — 0 as n — oo. Similar to the argument of Theorem 3.1 in [28], it is
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easy to obtain that fOkT QW (P() (i1, — 11), it — 1s) dt — 0. Hence, ||u, — u| — 0 as n — oo.
Hence, ¢y satisfies the (C)-condition.

Finally, (K1), (W1) and (I12) imply that ¢;(0) = 0. Hence, combining Step 1-Step 3 with
Lemma 2.2 and Remark 2.2, we obtain that ¢ has at least a critical point # in H}; and
@r(ur) = cx > ax > 0. Then system (1.1) has at least one kT -periodic solution u; in H,%T.
This completes the proof. O

Remark 3.1 Itis easy to see that Theorem 3.1 generalizes Theorem A. To be precise, when
k=1,P(t) =In,q(t) =0,B = 0, A(t) = 0 and J;(x) = 0, Theorem 3.1 reduces to Theorem A.

Theorem 3.2 Assume (P), (K1)-(K3), (W1)-(W5) and (11)-(I3) hold. Then system (1.1) has
a sequence of distinct subharmonic weak solutions with period k;T satisfying k; € N and
kj — 00 as j — oo.

Proof By Theorem 3.1, we know that for every k € N, system (1.1) has at least one kT-
periodic solution u in H,&T and @ (ug) = cx > o > 0. By Lemma 2.2, we have

@i (i) = ¢ = inf max gz (g(s)),

g€l se(0,1]

where
I'={geC([0,1],E) : g(0) = 0,g(1) = ex}.
Let g(s) = sex = ssoxxo, s € [0,1]. Obviously, g € T'. Hence, by (K3), (W5) and (I1), we have

@ (ur) < max gx(ssoxo)
s€[0,1]

kT
1
= max {/ e |:— (A(t)ssoxoyssoxo) + K(t,s50%0) — W (¢, SSoxo)i| dt
sef0,1] | Jo 2

p
+ Z eQ(t/)Ij(Ssoxo)}
-1

T
1
= max {k/ e [— (A(t)ssoxo,ssoxo) + K(t,ssox0) — W (¢, ssoxo):| dt
s€[0,1] 0 2

»
* Z A I (ss02%0) }

< max Al |SSOx0 * + Dissoxol* — D2|Ssoxo|2] dt + Z QW
s€[0,1] =
|| s by — Dy |55 ok / "0 g 3 e
= selo 2 R A = !
»
<) W= M. (3.10)
j=1

Hence, ¢ (1) is uniformly bounded for all k € N.
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Obviously, we can find k; € N/{1} such that & > g[—l, then we claim that #; is distinct to

uy for all k > ky. In fact, if uy = u; for some k > ky, it is easy to check that

o(ug) = ko1 (u1) > kay.

Then, by (3.10), we have k; < k <M A contradiction. We can also find k, > max{k, klM}

such that ugx # uy, for all k > E' Otherw1se, if ue = ug for some k > ki, we have
k(Ui k) = ko, (i) = ko, Then by (3.10), we have k—f < k < £, a contradiction. In
the same way, we can obtain that system (1.1) has a sequence of dlStlnCt periodic solutions

with period k; T satisfying k; € N and k; — oo as j — oo. This completes the proof. O

4 Example
The following example is inspired partially by Example 3.1 in [10]. Let T = 27, N = 3.
Consider the following impulsive Lagrangian system with damped term:

APOAD) 4 (q(2)P(t) + B)it) + (2q(0)B - A(£))u(t) + VE(t, u(t))
=0, ae.teR,

A(P(D)u(3)) = P(3)i(5") = P(5)i(5 ") = VL(u(3)),

A(P(r)iu(m)) = P(m)is(r ™) — P(r)is(re ™) = VI (u(r)),

(4.1)

where
sint + 2 0 0 cost 0 0
P(t) = 0 sint + 2 0 , A(t)=] 0 cost 0 |,
0 0 cost+2 0 0 cost
0 1 0
. .t 9
B=|-1 0 1], q(t) = sint, K(t,x)=2(s1n§ +6.5>|x|,
0 -1 0
t 1
W(t,x) =5( [cos=| +1 ) |x*(2 - ——— |,
2 In(e + [x]?)
x| In(1 + [x]%)
L(x) = ——, Lx)= ———.
1(x) Tt a2 2(x) NE

Obviously, the condition (P) holds and ||A]| =1, ||B]| = +/2 and (K1), (K2), (W1) and (W2)
hold with 2 =11 and y = 2.

10(] cos & + 1)etcost|x|*
(e + [x[*)[In(e + |x[*)]?

QO(VW (L, x),x) - 2W(2,%)] =

Then (W3) holds with /(¢) = 0. Moreover,
2 1 ( )
f e [— (At)x, x) + K(t, x) - W (%) — i|
0 2 2

2 1
= / el‘co“[— cos tlx|* + 2(
0 2

+ 6.5) |2

.t
sin —
2

Page 15 0f 17
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t 1
— oy | 2 =
5( cos2 + >|x| ( ln(e+|x|2)>]dt
2 1

562/ |:—cost|x|2+2( +6.5> ||

o L2

t 1

_ 1 2o _ =

5( 2| >'x' ( 1n(e+|x|2)>]dt

COS —
=e |:(8+267T)|x| - (20 +107)|x| (2_ ln(e+|x|2)>i|.

.t
sin —
2

Hence, it is easy to see that there exists xo € RY such that (W4) holds by the above in-
equality. Obviously, (I1) and (I2) hold. Note that

2
¥ [25(x) - (V(x), )]
j=1
2 2 2y 2B on@ 4 |x?
_om[ 27 20 o[ 2+ 2 TP n(1 + |x|%)
T+ 2 (1+[x?)? || |2
2% o o [ 4In( + |x]?) 2
= et2’(1— +e -
1+ |x2 1+ |2 |x|2 1+ |x2
> _eQ(”)L
- 1+ |x|2
> 2R,

So (I3) holds. Hence, by Theorem 3.1, we obtain that system (4.1) has at least one k7 '-
periodic solution for every k € N.
Moreover, it is easy to see that (K3) holds with D; = 4. Since

t 1 2( 1
2" )'x' ( _ln(e+|x|2))

COS —
1
>5lk?(2- ——
= 'x'( 1n(e+|x|2)>

> 5|x|>.

W(t,x) = 5(

Choose D, = 5. Then (W5) holds. Hence, by Theorem 3.2, we obtain that system (4.1) has
a sequence of distinct subharmonic weak solutions with period k; T satisfying k; € N and

kj — oo as j — 0.
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