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Abstract

In this paper, we investigate an initial boundary value problem for the
one-dimensional linear model of thermadiffusion with second sound in a bounded
region. Using the semigroup approach, boundary control and the multiplier method,
we obtain the existence of global solutions and the uniform decay estimates for the
energy.
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1 Introduction
In this paper, we investigate the global existence and uniform decay rate of the energy for
solutions for the one-dimensional model of thermodiffusion with second sound:

O — (A + 2U)Uyy + V1611 + V262, =0 in (0,1) x (0, +00), (1.1)
cOy + ﬁqlx + Y1y, + dBy =0  in (0,1) x (0, +00), (1.2)
n0y; + /Doy + Vathss + A6, =0 in (0,1) x (0, +00), (1.3)
Tuqu +q+ Vkb1, =0 in (0,1) x (0, +00), (1.4)
Togar + qa + Dby =0 in (0,1) x (0, +00), (1.5)

together with the initial conditions

u(x,0) = uo(x), uy(x,0) = u1 (%),
61(x,0) = 60 (x), 6(x,0) = 6 (x), (L.6)
%(x; 0) = q?(x)! 612(x» O) = qg(x)1

and the boundary conditions
u(®, 1) |x=01 = 01(x, D)lx=0,1 = 62(x, ) |x=01 = 0, 1.7)

where u, 61, and ¢; are the displacement, temperature, and heat flux, 6,, and ¢, are the
chemical potentials and the associated flux. The boundary conditions (1.7) model a rigidly
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clamped medium with temperature and chemical potentials held constant on the bound-
ary.

Here, we denote by A, u the material constants, p the density, 1, y» the coefficients of
thermal and diffusion dilatation, k, D the coefficients of thermal conductivity, #, ¢, d the
coefficients of thermodiffusion, and 1, 7, the (in general very small) relaxation time. All

the coefficients above are positive constants and satisfy the condition

nc—d? > 0. (1.8)

The classical thermodiffusion equations were first given by Nowacki [1, 2] in 1971. The

equations describe the process of thermodiffusion in a solid body (see, e.g., [1-5]):

PU — ()‘« + zﬂ)uxx + )’191x + y292x =0,
Ot — kBrx + Y1Uhsx + dBy: = 0, (1.9)
1’192[ — D02xx + Vol + d91[ =0.

There are many results about the classical thermodiffusion equations. By the method of
integral transformations and integral equations, Nowacki [2], Podstrigach [6] and Fichera
[7] investigated the initial boundary value problem for the linear homogeneous system.
Gawinecki [8] proved the existence, uniqueness and regularity of solutions to an initial
boundary value problem for the linear system of thermodiffusion in a solid body. Szy-
maniec [5] proved the L”-L4 time decay estimates along the conjugate line for the solutions
of the linear thermodiffusion system. Using the results from [5], Szymaniec [9] obtained
the global existence and uniqueness of small data solutions to the Cauchy problem of non-
linear thermodiffusion equations in a solid body. Using the semigroup approach and the
multiplier method, Qin et al. [4] obtained the global existence and exponential stability of
solutions for homogeneous, nonhomogeneous and semilinear thermodiffusion equations
subject to various boundary conditions. Liu and Reissig [3] studied the Cauchy problem
for one-dimensional models of thermodiffusion and explained qualitative properties of so-
lutions and showed which part of the model has a dominant influence on wellposedness,
propagation of singularities, L”-L7 decay estimates on the conjugate line and the diffusion
phenomenon.

If we neglect the diffusion in (1.9), then we obtain the classical thermo-elasticity equa-
tions. Today models of type I (classical model of thermo-elasticity), of type II (thermal
wave), of type III (visco-elastic damping) or second sound present some classification of
models of thermo-elasticity (see, e.g, [3, 10, 11]). By considerations of the total energy
equation and comparisons with the models of classical thermo-elasticity and thermodif-
fusion, we shall propose the linear one-dimensional model of thermodiffusion with second
sound as mentioned above. Due to our knowledge, there exist no results for thermodiffu-
sion models with second sound.

Our paper is organized as follows. In Section 2, we present some notations and the main

result. Section 3 is devoted to the proof of the main result.
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2 Notations and main result
Let Q =(0,1) and

1
Li(Q) = {yeLz(Q)’/O y(x) dx = 0},

. (2.1)
H{(Q) = {y eHl(Q)‘ / y(x) dx = o}.
0
The associated first-order and second-order energy is defined by
El(t) = El(t; Uy, Uty 917 921 q1, q2)
1 1
= /0 (0 + 2 + puy + O} + nb3 + 1iqy + Taqs +2d6,6,) dx, (2.2)
Ey(2) := Ex(&; thets tss, 15, 02t G115 G21)- (2.3)
The energy E(t) is defined by
E(t) := E1(8) + Ex(2). (2.4)

Our main result reads as follows.

Theorem 2.1 Assume that uy € HX(Q) N HA (), uy € HY(RQ), 60,67 € H*(Q) N HY(RQ),
7°, 99 € HX(Q) N HX(). Then problem (1.1)-(1.7) has a unique global solution such that

u(t) € C*([0, +00), L*(£2)) N C'([0, +00), Hy(2)) N C([0, +00), H*(K2) N Hy (X)),
61(2),6(t) € C'([0, +00), L*(2)) N C([0, +00), H*(K2) N Hy(R2)),

71(8), g2(t) € C'([0, +00), H(22)) N C([0, +00), H*(R) N HL()).

Moreover, the associated energy E(t) defined by (2.4) decays exponentially, i.e., there exist

positive constants cy and Cy such that
E(t) < Coe™'E(0), Vt>0. (2.5)

Remark 2.1 If the initial value (uo,u1,60,65,4),49) € D(A"), n € N, (D(A") will be de-
fined later), then the solution (i, u;, 61,65, q1,42) € C([0, +00), D(A")), and problem (1.1)-
(1.7) yields higher regularity in ¢.

3 Proof of the main result
We shall divide the proof into two steps: in Step 1, we shall use the semigroup approach
to prove the existence of global solutions and the Remark 2.1; Step 2 is devoted to proving
the uniform decay of the energy by the boundary control and the multiplier method.
Step 1. Existence of global solutions.
The proof is based on the semigroup approach (see [4, 12]) that can be used to reduce
problem (1.1)-(1.7) to an abstract initial value problem for a first-order evolution equation.
In order to choose proper space for (1.1)-(1.7), we shall consider the static system associ-
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ated with them (see [4]). Considering the energy and the property of operator A, we can
choose the following state space and the domain of operator A for problem (1.1)-(1.7):

H=H)Q) x (L))’ x (H\(Q)?, (31)

D(A) = (HA(Q) N HY(RQ)) x HY(Q) x (HX(Q)NHARQ))® x (HX(Q)NHARQ)).  (3.2)

Using the same method as in [4, 12], we can prove that the operator A generates a Cp-
semigroup of contractions on the Hilbert space H. Define

D(A*) = {yly e D(A*"), Au e D(A*™),k e N}.

Then by Theorem 2.3.1 of [13] about the existence and regularities of solutions, we can
complete the proof.

Step 2. Uniform decay of the energy.

In this section, we shall assume the existence of solutions in the Sobolev spaces that
we need for our computations. The proof of uniform decay is difficult. It is necessary to
construct a suitable Lyapunov function and to combine various techniques from energy
method, multiplier approaches and boundary control (see [10, 11]). We mainly refer to
Racke [11] for the approaches of thermo-elastic models with second sound.

Multiplying (1.1) by u;, (1.2) by 6y, (1.3) by 65, (1.4) by q1, and (1.5) by g, in L2, respectively,
and summing up the results, yields

d

1
EEl(t) = —/(; (qf + q%) dx. (3.3)

Similarly, we can get

d

1
EE2(t) = —/0 (g3, + g5,) dx. (3.4)

Multiplying (1.1) by ﬁuxx in L2, we get

2 ! d (!
—/ ufcx dx + p_2 / Uy AX
3 0 A+ 2/.L dt 0

1 1
<P Jo iy dx + 3 Jo (/P08 + v303,) dx
A+20 2(A +2p)?

(3.5)

Multiplying (1.2) by mffﬂmum (1.3) by mgﬁ

3 1
L / ul dx
)\.+2H, 0

d 1 /1 1 1 1
< —Gi(t)+ = f ufcx dx + I / 012x dx + hy / Gzzx dx + h3 / 01025 dx
dt 6 Jo 0 0 0

81p%k /1 2 4 81p>D /1 2
t q;a4x+ —————— q5; Ax
a2 Jo T A 2wyt Jo T

3pvk 3pv/D

o ——————— le o ———————
200+ 2 D0 30

Uz, in L? and summing them up, yields

(gm0 (3.6)
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Gi(t) :=

- /1<p\/l?q” +pﬁqu ngge- -2 - 2P0
2h+2uPn Jo \ g ET Ty, e AT TR w

Vi, VD1 3p
— Togogos — $¢h¢ht - _«/Z G2q1: | dx — m

X/l 71(qu + T1q u)+7l(qu+‘l:q uy) | dx
\//? t tUt — t tUt

3 cyr, ny 3 c dn 81/c¢* d?
h3:= —+—+d|, hy = - t—)+——=5+—)
A+2u\ 2 2y, 2\ A +2u oy 4 \y »
3 n dys 81/d*> n?
hy = = +—)+—=5+=)
2\A+20  n 4a\y2 v}
Combining (3.5) with (3.6), we get
2 1 1t d !
p / ul dx + —/ wlodx+ —( -Gi(t) + p / Ugelhy dX
A+ 2[1, 0 2 0 dt A+ 2//L 0
81p%k ! h 3yt !
5%‘/ g, dx + h1+—3+¢ / 02 dx
4(x + 2%y Jo 2 20+21)% /) Jo

810D ! h 3y, !
+%/ g3, dx + h2+—3+# / 03 dx

40.+210)%v3 Jo 2 " 2(v2w?) o
3pvk 3p/D

200+ 2y D0 3Gy,

[g2140: 130 3.7)

Now, we conclude from (1.1), (1.4), (1.5) and Poincaré inequality

1
/ (4] +up, + 07 +67)dx
0

200 +2u)% (1 2 /22 1 1
ST[O ufmdx+l—) p—22+; /O(q%+r22q§t)dx

1 [t 2/2y2 1 !
+ P/(; u? dx + %(p_zl + —)/0 (71 +tiqi,) dx. (3.8)

72

Multiplying (1.1) by « in L?, we obtain

A+2u 1 2 3 /1 2.2 242 2,2
udx < ———— us, + v 05+ v50;5.) dx. 3.9
D) /0 =002 ), (:0 tt V10tV 2x) 3.9)

From (1.2) and (1.3), we get

1
Os = e (Vl\/%qlx - d«/qux + (- dVZ)utx); (3.10)

1
O = Tme—d? (c\/l_)qz,c - d\/%qlx +(cy2 - dyl)utx)' (3.11)
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Multiplying (3.10) by 1, (3.11) by 6y, in L2, and summing up the results, we get

1
d
02 +02) dx — — Gyt
/0(1t+ 2t) X dr 2(2)

2k(n* +d*) [t (ny1 —dy)* + (cya —dn)* [,
Sm/ qltdx+ (nc—d?)? / u- dx

1 2D 2
¥ / (02 +62) dx + (C +d) / 2 dx, (3.12)

0

where G (1) := 2 d2 fo (nVkq161x — dVDqabh + c'Dgabsy — dN'kq162,) dx
The boundary terms are estimated as follows.

‘[ 3pvk Y ]xl - 90%k(lq1 (D1 + 141(0)[*)  &(|ux(1)|* + |2 (0)[?) (313)

20 + 201 A1t w0l ~ 8(A +2u)2yPe 2 ’ '

l[ 3pv/D L Tl _ 90°D(q2(0)1* +192(0)) . &(|ur(D)]* + |ur(0)]?) (3.14)
200 +20) s P w0l — 8(A +2u)2yfe 2 T

for some € > 0,

1\ ! 482 (!
) + | 0] < 2(1 + ?) / tdx s —— | COL+ &0, vyl dx,  (315)
0

)

1 ! 48% 1
’42(1)|2 + |q2(0)|2 < 2(1 + §—2> / >dx + o) d*0% + n*07, + yiu? dx. (3.16)

Combining (3.13)-(3.16), we get

3,0\/% L x=1 .
200+ 200y ]

90%21+8% ('(k , D, X ) 5
S —q + —q; |dx+ & D+ 0
= 400 +2p)28 J, ylqu V22q2 (Juex @] + [uex(0)])

9 24 1 2 d2 d2 2
+ Lz/ |:(C—2 + _2)912),‘ + (—2 + n—2)922t + 2ufx:| dx. (3.17)
2(a +2u)* Jo v " i Y

Differentiating (1.1) with respect to ¢ and multiplying by ¢(x)u;,, where

’ [M qz“”‘}x_l

2(0 +2u)ys

x=0

o) :=1-2x, (3.18)

we obtain

d( [t 1 ) 1
7 </ OULOU dx) - p/ u?t dx + (A +2u) (ufx(l) + ufx(O)) —(A+ 2/L)/ ufx dx
0 0 0

2

1 1
¥ / OrexPUss dx + > / Oty dx = 0. (3.19)
0 0
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Multiplications of (1.2) by @6, and (1.3) by @60y, yield

1 d 1 1
—c/ 02 dx — vk~ </ q1x 901 dx) + \//;/ Gt dx
0 dt\Jo 0
1 1
=N / Uty PO dX + d/ 0240011, dx,
0 0

1 d 1 1
—n/ 922z dx — x/l—)E (/ Gox P02y dx) + @/ Goix9Oox dx
0 0 0

1 1
= J/Z/ U POy dx + d/ 01,900 dix,
0 0

which implies, using (1.4) and (1.5),

1 d 1
—C/ 912t dx — \/E— (/ G191 dx)
0 dt\ Jo

NI k
-— Q20O AX + — (912x(1) + 912x(0))
T Jo 27

k 1 1 1
=— | 6idx+n / Ui Orpr dX + d / 0010011y A, (3.20)
71 Jo 0 0

1 d 1
-n / 922t dx —D— < / G250y dx)
0 dt\.Jo

D ! D
VP / st + 2= (62,(1) + 62,(0))
T 0 21'2

D 1 1 1
=— [ 62dx+y / Ui O dx + d / 0119004 dx = 0. (3.21)
T2 Jo 0 0

Combining (3.19)-(3.21), we conclude

A+21

(u?x(l) + ufx(O))

d 1
E (/ PUtPUx — \/qux(pelx - \/BQZx(pQZx dx) +
0

1 1 1 1 1
5,0/0 uftdx+()»+2u)/0 ufxdx+c/0 Gftdx+n/0 sztdx+/o qi, dx

k ! D (! k!
+— | Okdx+— | 603dx+ —2/ 67, dx
0

71 Jo T2 Jo 4'1'1
D 1 1
+—5 [ 03.dx+ / 95, dx. (3.22)
4'1'2 0 0

Using (1.2) and (1.3), we get

dt A+20 Jo
4" 2 4" 2 1
<[(2&+ L R ) /ufxdx
A+2uw)k (A+2u)D) J,

2éc 48c? 48d* t,
+ + + 05, dx
A+2un (A+2u)k (A +2u)D ) J

d 28 ! R
( / PUPULx — “/qux(pelx - ‘/l_)quQDGZx dx) + E(M?x(l) + M?x(O))

Page 7 of 11
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28 ! 28 4&d? 4&n? !
§ P f u? dx + o= + - / 03, dx
A+2u Jo A+2u (A+2u)k (A +2u)D ) J
28k &k !
+ + > / 07 dx
A+2p)n 20 +2u)t7 ) Jo
2¢D gD !
+ + R / 03, dx. (3.23)
A+2u)2 20 +2u)75 ) Jo

With (3.17) and (3.23), we can estimate

' |: 3pv/D qzum}x:l

2(A +2)ys ©20

[T
iUty

20 +2un

=0

90%(1 + £2) k , D, 2¢p0 /‘ 9 d
< —" — — d dx — —Gs(t
4()»+2/L)283 <y2‘h + 22‘12 X+ *+ 20 Uy ax di 3()

¢ d? 4c? 44> t,
=+ _2 + / 05, dx
2(A + 2,u)2 oY A + 2u (A +2wk (A +2u)D ) Jo
4 2 4 2 1
d— — a + z f 03, dx
Z(A + 2/L Vi 22 s 2u A+2wk  (A+2w)D) Jo
07 d.
<(/\+2M)T1 (A+2u)r1 )/ e
D
63 d
<(A +20)Ty 2(A +21)77 > 2 4%
4)’1 4)’22 /1 2
dx, 3.24
<(x 2w T vk T 2D ) Jo MY (3:24)

where Gj :=

2 [o Pun@us: — kG @0 — N Dareply dx.

nc—d?)?
Define & := 4()»+2M)[("V’1(—d1/2) ) YY" Multlplymg both sides of (3.12) by £ and combin-
ing the result with (3.7) and (3.24), we obtam for sufficiently small & the estimate

1
P Jo Ui d , 460
A0+ SM + — 2 / 2 LAdx+ = / Glzt szt —d

1
=G / (41 + @5 + 4o + 45,) A, (3.25)
0

where G(t) = _Gl(t) + ﬁ f()l UpxUy dx — SGZ(t) + G3(t)7 and Cl = Cl(éy)‘" s V1, V2, k’D) n,c,
d, 71, 72). Now, we can define the desired Lyapunov functional F(t). For ¢ > 0, to be deter-

mined later on, let
1
F(t):= gE(t) + G(2). (3.26)

Then we conclude from (3.3), (3.4), and (3.15)

d

1 /1 0 1 1 [t
%F(t)f—g/() (Qf+qg+61i+qgt)dx—m ; “?xdx—zfo U, dx

g 1 1
-3 (0L +63)dx+Ci | (4} + 5 +ai, +q3,) da. (3.27)
0 0
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By using (3.8), we arrive at

1 e (! 2e(r +2u)* 1
—Cye / (q% + q% + qft + q%t) dx — — / u?x dx — — / u,zcx dx
0 = Jo o 0

1
<-¢ / (u] +up, + 67 +65) dx, (3.28)
0

while (3.9) yields

2 1o N T 2At2u 1,
-Cse /0 Uy, dx — Cye /0(q1+q2+qlt+q2t)dx§—s T,/o U, dx. (3.29)

Combining (3.27)-(3.29), we conclude

d 1 1 r+2u 1
—F(t)§—<——C1—Cza—C482>/ (@ + @+ qi + 43,) dx— &° +2M/ uj dx
& 0 0

dt
2 ! 1 2e(h+2u)? !
- p__£ /ufxdx— __M_ng /"‘ixdx
A+2u w2 ) ) 4 p? 0

1 1
- % /0 (0 +03,) dx - 8/0 (u] + 1, + 6} +63) dx. (3.30)

We choose 0 < ¢ <1 such that all terms on the right-hand side of (3.30) become negative,

. | pm? 0> 1 /1 1
ie, €<g :=min , ==y 1. (3.31)
A+ 2/.L 32()L + 2[;6)2 4 C3 2(C1 + C2 + C4)

Choosing ¢ as in (3.31), we obtain from (3.30)

d 1
EF(t)S—dl/‘ (ui+u?+u?x+u?t+912+822+912t+922t+qf+q§+qft+q§t)dx
0

with
1 A+2u)e? 1
dy=min] &L 0 Gx2we” &1 ] (3.32)
2 8 A+2u 4 4 2e¢
which implies
d d 1 1 1111
_F(t)S_dzE(t)r dZ = _1m1n DAY A R A (333)
dt 2 O A+2L cnm T Ty

There exist positive constants Cs, Cg and &, such that for any ¢ < g, and ¢ > 0, it holds
GsE(t) < F(t) < GsE(), (3.34)
where Cs, Cg are determined later on. In fact,

|G(t)| < C5E(2) (3.35)

Page 9 of 11
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Wlth C5 ::max{_,_;_y_y_ [PV g,u)z}’

n’n’a’n’ p’r2u’ p’ ¢’ n?(h+
, 30 [pvk k+D <kt 3p(cys +dy1)
hi=—————|—+(m+2)+ + +
4 +2u) | n VKD VD 1 40 +2w)ymvk
+(n+d)\/l?+ nﬁ+d«/5+ vk 2
nc — d>? nc — d> A+2u |k
. 3p p~/D k+D /Dy 3p(nyr +dy»)
= —— —— + (1 +2)+ + +
4 +2u)* ]l » VkD = vk 1 40+21)yvD
+(c+d)\/5+ c\/5+d\/z+ 8D 72
nc — d> nc — d> A+2u |D’
) 3pm <1 . «/5) N 3p1i(cys + dyr) N |:n k +d~D N vk :|2r12
3= ——— — —,
3 40 +2u)2 Jk 4(x + 2 yavk nc — d? A+2u | k
. 3pTy <1+ ﬁ) . 3pTa(dys + ny1) . [c D+dVk . &+/D ]ﬁ
v 4(A +2)? VD) 4G +2u)mmND ne —d? A+2u| D’

. Bp(l+m)dn+cyn) 3p(l+m)dys +ny1)
i5:= + ,
A+ 2wnrvk 400+ 2w VD

1 [p(1+2§) 28y 2§y22]

el 2 T D

, P 3vk 3vD .

i7 = + +&|,
A+2u [ 4 +2u)y 4 +20)y2

) 282 28d?

ig:= + s

T r2mVk  (h+2u)VD

) 28d? 28n?

2

T 20vk (42D

At this point, we choose ¢ < g, := ﬁ, Ce := % + Cs. Finally, we choose ¢ := min{ey, 3}.

Thus, we have the validity of (3.34). Combining (3.33) with (3.34), we get

dy

- (3.36)

d
—F —doF(t), :
R (t) < —doF(2) do

Hence, it follows from (3.36), F(t) < e%!F(0). Applying (3.34) again, we can conclude
(2.5) with Cy := g—g The proof is complete.
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