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1 Introduction

In recent years, the study of problems in differential equations involving variable expo-
nents has been a topic of interest. This is due to their applications in image restoration,
mathematical biology, dielectric breakdown, electrical resistivity, polycrystal plasticity, the
growth of heterogeneous sand piles and fluid dynamics, etc. We refer readers to [1-7] for
more information. Furthermore, new applications are continuing to appear, see, for exam-
ple, [8] and the references therein.

With the variational techniques, the p(x)-Laplacian problems with subcritical nonlin-
earities have been investigated, see [9-13] etc. However, the existence of solutions for
p(x)-Laplacian problems with critical growth is relatively new. In 2010, Bonder and Silva
[14] extended the concentration-compactness principle of Lions to the variable exponent
spaces, and a similar result can be found in [15]. After that, there have been many publi-
cations for this case, see [16—19] etc.

In this paper, we study the existence and multiplicity of solutions for the quasilinear
elliptic problem

~Apwytt = MulT 2y + f(x,u), xe€Q

u=0, x €0L,

(1.1)

where A,u = div(|VulP®2Vuy), @ C RN (N > 3) is a bounded domain with smooth

boundary, A > 0 is a real parameter, p(x), g(x) are continuous functions on Q with

l<p :=minp(x) < p* :=maxp(x) <N, 1<gx) <p*(x), VxeQ, (1.2)
xeQ2 xeQ
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where
s Np®) =
prx) = Ni—p(x)’ Vx € Q,
and
{x € Q,q(x) :p*(x)} Z0. (1.3)

Related to f, we assume that f: @ x R — R is a Carathéodory function satisfying
sup{|f(x,s)|;x € 2, |s| < M} < oo for every M > 0, and the subcritical growth condition:

(f1) f(x,s) < Ci(1+|s|P@1) for all (x,s) € Q x R, where B(x) is a continuous function in Q

satisfying B(x) < p*(x), Vx € Q.
For F(x,s) = fos f(x,t) dt, we suppose that f satisfies the following:

(f,) there are constants o € [0,p~) and a3, a3 > 0 such that for every s € R, a.e. in €,
1 (o8
Ef(x,S)s - F(x,8) > —a1 — as]s|”;

(f3) there are constants by, b, > 0 and a continuous function r(x) < p*(x), Vx € Q, with r* >
p~, such that for every s e R, a.e. in €2,

F(x,5) < bils|"™ + by;
(f4) there are ¢; >0, iy € I P(Q) and £y C Q with |Q0] > 0 such that
F(x,8) > —h (%)|s]P® —¢;  for everys € R, a.e.in €2,
and
. F(x53)

liminf

Isl>o00 |s|P”

=00 uniformly a.e. in 2.

Now we state our result.

Theorem 1.1 Assume that (1.2), (1.3) and (f1)-(f4) are satisfied with p* < q~, f(x,s) is odd
in s. Then, given k € N, there exists Ay € (0,00] such that problem (1.1) possesses at least k
pairs of nontrivial solutions for all 1 € (0, A).

Our paper is motivated by [17]. In [17], the authors considered the multiple solutions to
problem (1.1) under the conditions that f has the form f(x, ) = a(x)|£["®~2¢ + g(x, £) with
a € L*(2) and g satisfies the following:

(g1) thereis & > 0 such that

1 1
/ —(|Vu|1"(") —a(x)|u|1"(")) dx > a/ _|M|p(x) dx;
o p(¥) o p(x)
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(g2) g€ C(Q x R,R), odd with respect to t and

glx,t) = 0(|t|p(x)_1), |t| = 0 uniformly in x,

g(x,t) = o(|t]™™), || > oo uniformly in x;

(gs) Glx,t) < I%g(x, t)t for all € R and a.e. in 2, where G(x, t) = fotg(x,s) ds.

Moreover, they assumed that
px) = p*, VxeF:{er:a(x)>0}, (1.4)
and the result is the following theorem.

Theorem 1.2 Assume that (1.2), (1.3), (1.4) and (g1)-(g3) are satisfied with p* < q~. Then
there exists a sequence { ¢} C (0,00) with g > Aiy1 such that for X € (A, Ais1), problem
(1.1) has at least k pairs of nontrivial solutions.

Note that (f) is a weaker version of (g3). This condition combined with (f;) and the
concentration-compactness principle in [14] will allow us to verify that the associated
functional satisfies the (PS) condition [20] below a fixed level for A > 0 sufficiently small.
Conditions (f5) and (f4) provide the geometry required by the symmetric mountain pass
theorem [20]. Compared with (g,), there is no condition imposed on f near zero in Theo-
rem 1.1. Furthermore, we should mention that our Theorem 1.1 improves the main result
found in [21]. In that paper, the authors considered only the case where p(x) is constant,
while in our present paper, we have showed that the main result found in [21] is still true
for a large class of p(x) functions.

The paper is organized as follows. In Section 2, we introduce some necessary prelimi-
nary knowledge. Section 3 contains the proof of our main result.

2 Preliminaries
We recall some definitions and basic properties of the generalized Lebesgue-Sobolev
spaces LP®($2) and W ™ (), where © RN is a bounded domain with smooth bound-
ary. And C will denote generic positive constants which may vary from line to line.

Set

C.(Q) = {p(x) €eC(Q):px)>1,Vx e E_Z}

For any p(x) € C,(Q), we define the variable exponent Lebesgue space
1P9(Q) = {u e M(Q) :/ ()| dix < oo}
Q

with the norm

p(*)

u
|u| :inf{u>0:/
p(x) ol i

where M(S2) is the set of all measurable real functions defined on .

dxfl},
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Define the space
WO(Q) = {u e [FD(Q) : |Vu| € LFP(Q)}
with the norm

”u”l,p(x) = |u|p(x) + |Vu|p(x)~

By Wé’p (x)(Q), we denote the subspace of W™ () which is the closure of C(€2) with

respect to the norm ||u||; p(x). Further, we have

Lemma 2.1 [22, 23] There is a constant C > 0 such that for all u € Wé’p(x)(ﬂ),
[t p) < CIV k| p)-

So, |Vulyxy and ||ul1,p(x) are equivalent norms in Wé’p ) (€2). Hence we will use the norm
]l = |Vaalpis) for all u € WyP™().

Lemma 2.2 (22, 23] Set p(u) = [, \ulP® dx. For u,u, € L’ (), we have:
(D) lulpw <1(=1;>1) <:)_,o(u) <1(=1;>1).
(2) If|ulpw) > 1, then |u|§(x) < p(u) < |u|§<x).

(3) If|ulpw) < 1, then |u|§(x) < p(u) < |u|§<x).

(4) limy,_ o0 tty, = u < lim,_, o, p(u, —u) = 0.
(5) limy_ o0 |ty lpx) = 00 < limy,, o6 p (1) = 00.

Lemma 2.3 [23] If p1(x), pa(x) € C,(Q) with pi(x) < pa(x) a.e. in Q, then there exists the
continuous embedding LP>™)(Q) — LM (Q).

Lemma 2.4 [22] If q(x) € C.(RQ) and q(x) < p*(x) for any x € Q, the embedding
WrW(Q) < L1%(Q) is compact.

Lemma 2.5 [23] The conjugate space of IP*)(Q) is LF'9(Q), where ﬁ + ﬁ = 1. For any
u e IPD(Q) and v e IV 9(Q),

1 1
; |luv|dx < ; + pT |2l p) [V pr ()

The energy functional corresponding to problem (1.1) is defined on Wé'p (x)(Q) as follows:

IA(u)=/ L|Vu|1”(”)a’x—)xv/ L|u|q(’“)6lx—fF(x,u)dx. (2.1)
o p(x) o q(x) Q

Then I, € C{(W,”"(Q),R) and Yu, ¢ € W™ (),

(Ig(u),qb):/ |Vu|P(x)_2VuV¢dx—A/ |u|q(x)_2ud)dx—/f(x,u)d)dx.
Q Q Q
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We say that u € Wé’p ®(Q) is a weak solution of problem (1.1) in the weak sense if for any
¢ € Wy (),

/|Vu|P(x)_2VuV¢dx—A/ |u|q(")_2u¢dx—/f(x,u)d)dx:0.
Q Q Q

So, the weak solution of problem (1.1) coincides with the critical point of ;. Next, we need
only to consider the existence of critical points of I ().

We say that I () satisfies the (PS). condition if any sequence {u,} C W/é’p ) (£2), such that
I, (u,) - cand I; (u,) — 0 as n — 00, possesses a convergent subsequence. In this article,

we shall be using the following version of the symmetric mountain pass theorem [20].

Lemma 2.6 [20] LetE = V@ X, where E is a real Banach space and V is finite dimensional.
Suppose that I € C1(E,R) is an even functional satisfying 1(0) = 0 and
(i) there is a constant p > 0 such that Iyp,nx > 0;
(ii) there is a subspace W of E with dimV < dim W < co and there is M > 0 such that
max,cw I(u) < M;
(iii) comsidering M > 0 given by (ii), I satisfies (PS). for 0 <c <M.

Then I possesses at least dim W — dim V' pairs of nontrivial critical points.

Next we would use the concentration-compactness principle for variable exponent
spaces. This will be the keystone that enables us to verify that I satisfies the (PS). condi-

tion.

Lemma 2.7 [14] Let q(x) and p(x) be two continuous functions such that

1<infp(x) <supp(x) <N and 1=<qx)<p*(x) inQ.
xeQ2 O

xeQ2

Let {u,} be a weakly convergent sequence in W/é’p (x)(Q) with weak limit u such that:
o |Vu,|PW — 1 weakly in the sense of measures;
o |un|T — v weakly in the sense of measures.
Also assume that A = {x € Q: q(x) = p*(x)} is nonempty. Then, for some countable index

set K, we have:

V= |u|q(") + Z V8, Vi >0, (2.2)
ek
n= |vu|p(x) + Z Misxi: Wiz O: (23)
ik
SupPr e < VP e ke, (2.4)

where {x;}icx C A and S is the best constant in the Gagliardo-Nirenberg-Sobolev inequality

for variable exponents, namely

§=5,):= inf 11 .
$eC @) [P g)

Page 5 of 12
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3 Proof of main results
Lemma 3.1 Assume that f satisfies (fi) and (f,) with p* < q~. Then, given M > 0, there
exists My > 0 such that I, satisfies the (PS). condition for all ¢ < M, provided 0 < A < A,.

Proof (1) The boundedness of the (PS). sequence.

Let {u,} be a (PS), sequence, i.e., {u,} satisfies I, (u,) — ¢, and I (u,) — 0 as n — oo. If
lzes || <1, we have done. So we only need to consider the case that ||z, || > 1 with |2,y > 1.
We know that

1 1
Ik(un):./ —|Vu,,|p(x)dx—A/ —|un|q(x)dx—/F(x,un)dx, (3.1)
o p(x) o q(x) Q
(I;(u,,),un>:/ |Vun|p(”)dx—A/ Iunlq(x)dx—/f(x,un)undx.
Q Q Q

From (f;), we get

1
c+1+ ””n” = IA(Mn) - _+(1;L(un)’ Mn)

p
1 1 1
= (_ - _>)"f |Mn|q(x)dx+f (—f(x,u,,)un—F(x,u,,)> dx
poqa) Je a\p"

1 1
> (—+——_)k/ |u,,|q(x)dx—6l1|9|—“2/ |u,|° dx.
pt q Q @

Notice that g~ < q(x), Vx € Q, then from Lemmas 2.3, 2.4, Wé’p(x)(ﬂ) > LIW(Q) —
L7 (), so |ul; < Cilulgw) < Cllull. Let « = (- — 0)/q", then 0 < @ < 1, and from the
Holder inequality,

g

/|un|”dxs</ |un|4‘dx)q T
Q Q
~ (1-a)
- (f 7 dx) Q
Q

< 19U CHM gy | 70T
In addition, from Lemma 2.2(2), we can also obtain that

(1-a)
f|un|"dx§(/ |un|q‘dx) Q"
Q Q

(1-a)g~
= |Q|a(cl|un|q(x)) “e

B (1-a)
<jera ™ ( / 4| dx) :
Q

Then

Ik(un) - pl+<1),\(un)’ un)

1 1 . (1-a)
> <—+——_>A/ 1|79 dx — 21| Q2| - az| 2 C{ (/ |un|q<x>dx) , (32)
p q Q Q
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and

1 /
c+1+ ””n” = IA(Mn) - E(I)L(un)’ Mn)

1 1 _
> (— - —_)Af |4, 7) dx — a1 |2 = Cllu, |07
pt q Q

So we have
[ 19 = € ¢ Gl + Cluy (33)
Q
From (3.1), (3.3) and (f;), we have

1 _ 1 1
L < f VP dl = L, (1) + f 7 dx f Flx,uy)
p* o px) o q(x) Q

< C+C/ |24, 7% dxe
Q

< C+ Cllull + Cllun || "7

Noting that (1 — «)g~ = 0 < p~, we have that {u,} is bounded.

(2) Up to a subsequence, u,, — u in Wé‘p(x)(Q).

By Lemma 2.7, we can assume that there exist two measures i, v and a function u €
Wé’p (x)(Q) such that

u, — u weakly in Wé’p(x)(ﬂ),
|V, P® — p weakly in the sense of measures,

|14, 7 — v weakly in the sense of measures,

v = |ul?® 4 Zvj(Sx/,
jek
(x)
w= | Vul™ + Zuj5x,,
jek
1/p* (%)) Up(x;)
S\)j ’ < My ’

Choose a function ¢(x) € C°(RN) such that 0 < ¢(x) <1, p(x) =1 on B(0,1) and ¢(x) =0
on RN\ B(0,2). Forany x € R, £ > 0 and j € K, let ;- (x) = w(x_Tlx"). It is clear that {;,u,}
is bounded in Wé’p(x)(ﬁ). From I (u,) — 0, we can obtain (J; (4,), ¢jsu,) — 0, as n — 00,

ie.,

/ |Vu, |1’(")_2Vu,, U V@i dx + / |Vu, Ip(x)gaj,g dx
Q Q

—k/ |u,,|q(")<pj,£ dx—/f(x,u,,)ungo,;e dx — 0. (3.4)
Q Q

Page 7 of 12
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From (f;), by Lemma 2.7, we have

lim | |V, P ?Vu, - u, Ve, dx
Q

n— 00

= k/ Y —/ Qs AL+ /f(x, Wup;c dx. (3.5)
Q Q Q
By the Holder inequality, it is easy to check that

lim | |V, P 2Vy, - u, Ve dx =0.

n—00 Q

From (3.5), as ¢ — 0, we obtain Av; = u;. From Lemma 2.7, we conclude that

_N N
v=0 or v >SNmax{A 7,177 }. (3.6)
Given M > 0, set
SN(L - L)é T
A*:min{5p+,5p,< e l)p*“,
M + a1 |Q| + ay|Q*C; Y )&

( SN(;T—,%)H )ﬂl }
p* o
M + a1 |Q| + ap| Qe )a

where S is given by (2.5). Considering 0 < A < A, we have
_N N
1<SMAp",  1<SNaTr, (3.7)
and

N
¥

) <SNmin{)fP s

Sz

(M+a1|S2| +ay| Qe T | 3.8)

1 _1
p* q’))L

N
We claim that [, dv < S¥ min{)fpj,)fﬁi‘}. Indeed, if [, dv <1, this follows by (3.7).
Otherwise, taking » — oo in (3.2), we obtain

1 1 _ l1-a
<———)x/ dv < a|Q| + ap| Qe CM </ dv) +c
prtq Q Q

l1-a
< (M +a |9 +as|Q*CM )(/ dv) .
Q

Therefore, by (3.8), the claim is proved. As a consequence of this fact, we conclude that
v; = 0 for all j € K. Therefore, u, — u in LIW(Q). Then, with the similar step in [17], we
can get that u,, — u in W/é’P(x)(Q). O

Next we prove Theorem 1.1 by verifying that the functional /; satisfies the hypotheses of
Lemma 2.6. First, we recall that each basis {e;};ciy for a real Banach space E is a Schauder

Page 8 of 12
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basis for E, i.e., given n € N, the functional €}, : E — R defined by

o0
eV =0, v= Zaiei cE

is a bounded linear functional [24, 25]. Now, fixing a Schauder basis {e;};cn for Wé'p (x)(Q),
for j € N, we set

V= {ue Wépx)(Q) e(u)=0, L>]}
(3.9)
X; = {ue wyP(Q):efw) = 0,i </},

then W,”™(Q) = V; & X,.

Lemma 3.2 Given 1 <r(x) < p*(x) for all x € Q and § > 0, there is j € N such that for all
u € Xj, lulym < 8llull.

Proof We prove the lemma by contradiction. Suppose that there exist § > 0 and u; € X;

for every j € N such that |u,) > 8||u||. Taking v; = , we have ||, =1 for every

T4l |
jeNand ||vj|| < % Hence {v;} C Wg”"(")(sz) is a bounded sequence, and we may suppose,
without loss of generality, that v; — v in Wé’p (x)(Q). Furthermore, €(v) = 0 for everyn e N
since e};(v;) = 0 for all j > n. This shows that v = 0. On the other hand, by the compact-
ness of the embedding Wé’p (x)(Q) < L'®(Q), we conclude that [V]r) = 1. This proves the

lemma. O

Lemma 3.3 Suppose that f satisfies (f3), then there exist j € N and p,a, i > 0 such that
1|3Bpmx/ >aforall0<A <X

Proof Now suppose that ||u|| > 1, with |u],u) > 1, |#]4n) > 1. From (f3), we know that

Vul|P® q(%)
|Vl x lul dx—/F(x,u)dx
o p) o qx)

>—/|Vu|” dx——f|u|q dx — b1f|u| ) dx — by|.

Consequently, considering § > 0 to be chosen posteriorly by Lemma 3.2, we have, for all

Ii(u) =

u € X; and j sufficiently large,
1 7' r
Li(u) = — lul” ——Ilullq7 —bi8" ull” - b1
p* a

(1 + - Ch +

> Null®” | = = b8 Nlul” 7 ) = ba| Q= —llu]|”.
" =
p q

Now taking 1 < ||lu#|| = p(8) such that b18’+p’ K and notmg that r* > p~, so p(8) —

2+
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that for 0 < A < A,

- Ch .
L(u) > el -—pT >0
pt q
for every u € X, ||u|| = p, the proof is complete. O

Lemma 3.4 Suppose that f satisfies (1), then, given m € N, there exist a subspace W of
Wé'p(x)(Q) and a constant M,, > 0 such that dim W = m and max,cyw I(u) < M,,,.

Proof Let xp € Q2 and rg > 0 be such that B(xo, 7o) C €2, and 0 < [B(xo,r0) N Qo < %
First, we take v; € C{°(€2) with supp(v;) = B(xo,70)- Considering €; = 9 \ [B(xo,70) N
Qo] C ?20 = m, we have |Q;| > % > 0. Let x; € ©; and r > 0 such that
B(x1,r1) C Qo, and 0 < |B(x1,m1) N < % Next, we take v, € C5°(2) with supp(v,) =
B(x1,r1). After a finite number of steps, we get vy, 1a,..., v,y such that supp(v;) Nsupp(v;) = &,
i #j, and |supp(v;) N Q| > 0 for all i,j € {1,2,...,m}. Let W = span{v,v,...,V,,}, by con-

struction, dim W = m, and for every v e W\ {0},

/ lv|”" dx > 0.
Qo

Since

£V
max Io(u) = ( & dx —/ F(x,tv) dx),
ueW\{0} 00ewnaBI0)\ Jo  px) 2

consider the case that ¢ > 1, then Iy (tv) < ‘;L_ - [ Fx tv)dx = (L -

5 # Jo F(x,tv) dx).

Now it suffices to verify that

1 1
lim — [ F(x,tv)dx>—.
=

t—o0 P Q

From condition (fs), given L > 0, there is C > 0 such that for every s € R, a.e. x in o,
F(x,s) > L|s|”" - C.

Consequently, for v e 0B;(0) N W and £ > 1,

/F(x, tv)dsztf/ [v|?" dx — Ct”+/ (%) [vP®) dx — Cy
Q Qo Q\Qo

and

F(x,tv)dx
lim IQ(T) >

t—00

L/ [v|?" dx — c/ Iy (%) [v[P®) dx > Lr — CR,
Q0 Q\Qp

where r = min{fgo [vIP" dx,v e 3B,(0)N W} and R = max{fmQO b (x)|v[P® dx, v € 3B;1(0) N
W}. Observing that W is finite dimensional, we have R < +00, r > 0, and the inequality is

obtained by taking L > % 14% + CR). The proof is complete. d
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Proof of Theorem 1.1 First, we recall that Wg’p (x)(Q) = V; ® Xj, where V; and X; are de-
fined in (3.9). Invoking Lemma 3.3, we find j € N, and I}, satisfies (i) with X = X;. Now, by
Lemma 3.4, there is a subspace W of Wé'p (x)(Q) with dim W = k +j = k + dim V; such that
I, satisfies (ii). By Lemma 3.1, J; satisfies (iii). Since 7, (0) = 0 and 7, is even, we may apply
Lemma 2.6 to conclude that [, possesses at least k pairs of nontrivial critical points. The
proof is complete. O
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