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1 Introduction
In recent years, the study of problems in differential equations involving variable expo-
nents has been a topic of interest. This is due to their applications in image restoration,
mathematical biology, dielectric breakdown, electrical resistivity, polycrystal plasticity, the
growth of heterogeneous sand piles and fluid dynamics, etc.We refer readers to [–] for
more information. Furthermore, new applications are continuing to appear, see, for exam-
ple, [] and the references therein.
With the variational techniques, the p(x)-Laplacian problems with subcritical nonlin-

earities have been investigated, see [–] etc. However, the existence of solutions for
p(x)-Laplacian problems with critical growth is relatively new. In , Bonder and Silva
[] extended the concentration-compactness principle of Lions to the variable exponent
spaces, and a similar result can be found in []. After that, there have been many publi-
cations for this case, see [–] etc.
In this paper, we study the existence and multiplicity of solutions for the quasilinear

elliptic problem

⎧⎨
⎩–�p(x)u = λ|u|q(x)–u + f (x,u), x ∈ �;

u = , x ∈ ∂�,
(.)

where �p(x)u = div(|∇u|p(x)–∇u), � ⊂ R
N (N ≥ ) is a bounded domain with smooth

boundary, λ >  is a real parameter, p(x), q(x) are continuous functions on �̄ with

 < p– :=min
x∈�̄

p(x) ≤ p+ :=max
x∈�̄

p(x) <N ,  ≤ q(x)≤ p∗(x), ∀x ∈ �̄, (.)
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where

p∗(x) =
Np(x)

N – p(x)
, ∀x ∈ �̄,

and

{
x ∈ �̄,q(x) = p∗(x)

} 	= ∅. (.)

Related to f , we assume that f : � × R → R is a Carathéodory function satisfying
sup{|f (x, s)|;x ∈ �, |s| ≤M} < ∞ for everyM > , and the subcritical growth condition:

(f) f (x, s)≤ C( + |s|β(x)–) for all (x, s) ∈ � ×R, where β(x) is a continuous function in �̄

satisfying β(x) < p∗(x), ∀x ∈ �̄.

For F(x, s) =
∫ s
 f (x, t)dt, we suppose that f satisfies the following:

(f) there are constants σ ∈ [,p–) and a,a >  such that for every s ∈R, a.e. in �,


p+

f (x, s)s – F(x, s)≥ –a – a|s|σ ;

(f) there are constants b,b >  and a continuous function r(x) < p∗(x), ∀x ∈ �̄, with r+ >
p–, such that for every s ∈R, a.e. in �,

F(x, s)≤ b|s|r(x) + b;

(f) there are c > , h ∈ Lp′(x)(�) and � ⊂ � with |�| >  such that

F(x, s)≥ –h(x)|s|p(x) – c for every s ∈R, a.e. in �,

and

lim inf|s|→∞
F(x, s)
|s|p+ =∞ uniformly a.e. in �.

Now we state our result.

Theorem . Assume that (.), (.) and (f)-(f) are satisfied with p+ < q–, f (x, s) is odd
in s. Then, given k ∈ N, there exists λk ∈ (,∞] such that problem (.) possesses at least k
pairs of nontrivial solutions for all λ ∈ (,λk).

Our paper is motivated by []. In [], the authors considered the multiple solutions to
problem (.) under the conditions that f has the form f (x, t) = a(x)|t|p(x)–t + g(x, t) with
a ∈ L∞(�) and g satisfies the following:

(g) there is α >  such that

∫
�


p(x)

(|∇u|p(x) – a(x)|u|p(x))dx ≥ α

∫
�


p(x)

|u|p(x) dx;
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(g) g ∈ C(�̄ ×R,R), odd with respect to t and

g(x, t) = o
(|t|p(x)–), |t| →  uniformly in x,

g(x, t) = o
(|t|q(x)–), |t| → ∞ uniformly in x;

(g) G(x, t) ≤ 
p+ g(x, t)t for all t ∈R and a.e. in �, where G(x, t) =

∫ t
 g(x, s)ds.

Moreover, they assumed that

p(x) = p+, ∀x ∈ 	 =
{
x ∈ � : a(x) > 

}
, (.)

and the result is the following theorem.

Theorem . Assume that (.), (.), (.) and (g)-(g) are satisfied with p+ < q–. Then
there exists a sequence {λk} ⊂ (,∞) with λk > λk+ such that for λ ∈ (λk ,λk+), problem
(.) has at least k pairs of nontrivial solutions.

Note that (f) is a weaker version of (g). This condition combined with (f) and the
concentration-compactness principle in [] will allow us to verify that the associated
functional satisfies the (PS) condition [] below a fixed level for λ >  sufficiently small.
Conditions (f) and (f) provide the geometry required by the symmetric mountain pass
theorem []. Compared with (g), there is no condition imposed on f near zero in Theo-
rem .. Furthermore, we should mention that our Theorem . improves the main result
found in []. In that paper, the authors considered only the case where p(x) is constant,
while in our present paper, we have showed that the main result found in [] is still true
for a large class of p(x) functions.
The paper is organized as follows. In Section , we introduce some necessary prelimi-

nary knowledge. Section  contains the proof of our main result.

2 Preliminaries
We recall some definitions and basic properties of the generalized Lebesgue-Sobolev
spaces Lp(x)(�) and W ,p(x)

 (�), where � ⊂ R
N is a bounded domain with smooth bound-

ary. And C will denote generic positive constants which may vary from line to line.
Set

C+(�̄) =
{
p(x) ∈ C(�̄) : p(x) > ,∀x ∈ �̄

}
.

For any p(x) ∈ C+(�̄), we define the variable exponent Lebesgue space

Lp(x)(�) =
{
u ∈M(�) :

∫
�

∣∣u(x)∣∣p(x) dx < ∞
}

with the norm

|u|p(x) = inf

{
μ >  :

∫
�

∣∣∣∣ uμ
∣∣∣∣p(x) dx ≤ 

}
,

whereM(�) is the set of all measurable real functions defined on �.
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Define the space

W ,p(x)(�) =
{
u ∈ Lp(x)(�) : |∇u| ∈ Lp(x)(�)

}
with the norm

‖u‖,p(x) = |u|p(x) + |∇u|p(x).

ByW ,p(x)
 (�), we denote the subspace ofW ,p(x)(�) which is the closure of C∞

 (�) with
respect to the norm ‖u‖,p(x). Further, we have

Lemma . [, ] There is a constant C >  such that for all u ∈ W ,p(x)
 (�),

|u|p(x) ≤ C|∇u|p(x).

So, |∇u|p(x) and ‖u‖,p(x) are equivalent norms inW ,p(x)
 (�). Hence we will use the norm

‖u‖ = |∇u|p(x) for all u ∈W ,p(x)
 (�).

Lemma . [, ] Set ρ(u) =
∫
�

|u|p(x) dx. For u,un ∈ Lp(x)(�), we have:
() |u|p(x) <  (= ; > ) ⇔ ρ(u) <  (= ; > ).
() If |u|p(x) > , then |u|p–p(x) ≤ ρ(u)≤ |u|p+p(x).
() If |u|p(x) < , then |u|p+p(x) ≤ ρ(u)≤ |u|p–p(x).
() limn→∞ un = u⇔ limn→∞ ρ(un – u) = .
() limn→∞ |un|p(x) =∞ ⇔ limn→∞ ρ(un) = ∞.

Lemma . [] If p(x),p(x) ∈ C+(�̄) with p(x) ≤ p(x) a.e. in �, then there exists the
continuous embedding Lp(x)(�) ↪→ Lp(x)(�).

Lemma . [] If q(x) ∈ C+(�̄) and q(x) < p∗(x) for any x ∈ �, the embedding
W ,p(x)(�) ↪→ Lq(x)(�) is compact.

Lemma . [] The conjugate space of Lp(x)(�) is Lp′(x)(�), where 
p(x) +


p′(x) = . For any

u ∈ Lp(x)(�) and v ∈ Lp′(x)(�),

∫
�

|uv|dx ≤
(


p–

+

p′–

)
|u|p(x)|v|p′(x).

The energy functional corresponding to problem (.) is defined onW ,p(x)
 (�) as follows:

Iλ(u) =
∫

�


p(x)

|∇u|p(x) dx – λ

∫
�


q(x)

|u|q(x) dx –
∫

�

F(x,u)dx. (.)

Then Iλ ∈ C(W ,p(x)
 (�),R) and ∀u,φ ∈W ,p(x)

 (�),

〈
I ′λ(u),φ

〉
=

∫
�

|∇u|p(x)–∇u∇φ dx – λ

∫
�

|u|q(x)–uφ dx –
∫

�

f (x,u)φ dx.
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We say that u ∈ W ,p(x)
 (�) is a weak solution of problem (.) in the weak sense if for any

φ ∈W ,p(x)
 (�),

∫
�

|∇u|p(x)–∇u∇φ dx – λ

∫
�

|u|q(x)–uφ dx –
∫

�

f (x,u)φ dx = .

So, the weak solution of problem (.) coincides with the critical point of Iλ. Next, we need
only to consider the existence of critical points of Iλ(u).
We say that Iλ(u) satisfies the (PS)c condition if any sequence {un} ⊆W ,p(x)

 (�), such that
Iλ(un)→ c and I ′λ(un)→  as n → ∞, possesses a convergent subsequence. In this article,
we shall be using the following version of the symmetric mountain pass theorem [].

Lemma. [] Let E = V ⊕X,where E is a real Banach space andV is finite dimensional.
Suppose that I ∈ C(E,R) is an even functional satisfying I() =  and

(i) there is a constant ρ >  such that I∂Bρ∩X ≥ ;
(ii) there is a subspace W of E with dimV < dimW <∞ and there isM >  such that

maxu∈W I(u) <M;
(iii) consideringM >  given by (ii), I satisfies (PS)c for  ≤ c≤M.

Then I possesses at least dimW – dimV pairs of nontrivial critical points.

Next we would use the concentration-compactness principle for variable exponent
spaces. This will be the keystone that enables us to verify that Iλ satisfies the (PS)c condi-
tion.

Lemma . [] Let q(x) and p(x) be two continuous functions such that

 < inf
x∈�̄

p(x) ≤ sup
x∈�̄

p(x) <N and ≤ q(x)≤ p∗(x) in �.

Let {un} be a weakly convergent sequence in W ,p(x)
 (�) with weak limit u such that:

• |∇un|p(x) ⇀ μ weakly in the sense of measures;
• |un|q(x) ⇀ ν weakly in the sense of measures.

Also assume that A = {x ∈ � : q(x) = p∗(x)} is nonempty. Then, for some countable index
set K , we have:

ν = |u|q(x) +
∑
i∈K

νiδxi , νi ≥ , (.)

μ ≥ |∇u|p(x) +
∑
i∈K

μiδxi , μi ≥ , (.)

Sν/p∗(xi)
i ≤ μ

/p(xi)
i ∀i ∈ K , (.)

where {xi}i∈K ⊂A and S is the best constant in the Gagliardo-Nirenberg-Sobolev inequality
for variable exponents, namely

S = Sq(�) := inf
φ∈C∞

 (�)

‖φ‖
|φ|q(x) . (.)
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3 Proof of main results
Lemma . Assume that f satisfies (f) and (f) with p+ < q–. Then, given M > , there
exists λ∗ >  such that Iλ satisfies the (PS)c condition for all c <M, provided  < λ < λ∗.

Proof () The boundedness of the (PS)c sequence.
Let {un} be a (PS)c sequence, i.e., {un} satisfies Iλ(un) → c, and I ′λ(un) →  as n → ∞. If

‖un‖ ≤ , we have done. So we only need to consider the case that ‖un‖ >  with |un|q(x) > .
We know that

Iλ(un) =
∫

�


p(x)

|∇un|p(x) dx – λ

∫
�


q(x)

|un|q(x) dx –
∫

�

F(x,un)dx, (.)

〈
I ′λ(un),un

〉
=

∫
�

|∇un|p(x) dx – λ

∫
�

|un|q(x) dx –
∫

�

f (x,un)un dx.

From (f), we get

c +  + ‖un‖ ≥ Iλ(un) –

p+

〈
I ′λ(un),un

〉

≥
(


p+

–

q–

)
λ

∫
�

|un|q(x) dx +
∫

�

(

p+

f (x,un)un – F(x,un)
)
dx

≥
(


p+

–

q–

)
λ

∫
�

|un|q(x) dx – a|�| – a
∫

�

|un|σ dx.

Notice that q– ≤ q(x), ∀x ∈ �̄, then from Lemmas ., ., W ,p(x)
 (�) ↪→ Lq(x)(�) ↪→

Lq–(�), so |u|q– ≤ C|u|q(x) ≤ C‖u‖. Let α = (q– – σ )/q–, then  < α < , and from the
Hölder inequality,

∫
�

|un|σ dx ≤
(∫

�

|un|q– dx
) σ

q–

|�| q
––σ
q–

=
(∫

�

|un|q– dx
)(–α)

|�|α

≤ |�|αC(–α)q–‖un‖(–α)q– .

In addition, from Lemma .(), we can also obtain that

∫
�

|un|σ dx ≤
(∫

�

|un|q– dx
)(–α)

|�|α

≤ |�|α(
C|un|q(x)

)(–α)q–

≤ |�|αC(–α)q–


(∫
�

|un|q(x) dx
)(–α)

.

Then

Iλ(un) –

p+

〈
I ′λ(un),un

〉

≥
(


p+

–

q–

)
λ

∫
�

|un|q(x) dx – a|�| – a|�|αC(–α)q–


(∫
�

|un|q(x) dx
)(–α)

, (.)
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and

c +  + ‖un‖ ≥ Iλ(un) –

p+

〈
I ′λ(un),un

〉

≥
(


p+

–

q–

)
λ

∫
�

|un|q(x) dx – a|�| –C‖un‖(–α)q– .

So we have

∫
�

|un|q(x) dx≤ C +C‖un‖ +C‖un‖(–α)q– . (.)

From (.), (.) and (f), we have


p+

‖un‖p– ≤
∫

�


p(x)

|∇un|p(x) dx = Iλ(un) + λ

∫
�


q(x)

|un|q(x) dx +
∫

�

F(x,un)dx

≤ C +C
∫

�

|un|q(x) dx

≤ C +C‖un‖ +C‖un‖(–α)q– .

Noting that ( – α)q– = σ < p–, we have that {un} is bounded.
() Up to a subsequence, un → u inW ,p(x)

 (�).
By Lemma ., we can assume that there exist two measures μ, ν and a function u ∈

W ,p(x)
 (�) such that

un ⇀ u weakly inW ,p(x)
 (�),

|∇un|p(x) ⇀ μ weakly in the sense of measures,

|un|q(x) ⇀ ν weakly in the sense of measures,

ν = |u|q(x) +
∑
j∈K

νjδxj ,

μ ≥ |∇u|p(x) +
∑
j∈K

μjδxj ,

Sν/p∗(xj)
j ≤ μ

/p(xj)
j .

Choose a function ϕ(x) ∈ C∞
 (RN ) such that ≤ ϕ(x)≤ , ϕ(x)≡  on B(, ) and ϕ(x)≡ 

on R
N \ B(, ). For any x ∈R

N , ε >  and j ∈ K , let ϕj,ε(x) = ϕ( x–xj
ε
). It is clear that {ϕj,εun}

is bounded in W ,p(x)
 (�). From I ′λ(un) → , we can obtain 〈I ′λ(un),ϕj,εun〉 → , as n → ∞,

i.e.,

∫
�

|∇un|p(x)–∇un · un∇ϕj,ε dx +
∫

�

|∇un|p(x)ϕj,ε dx

– λ

∫
�

|un|q(x)ϕj,ε dx –
∫

�

f (x,un)unϕj,ε dx→ . (.)
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From (f), by Lemma ., we have

lim
n→∞

∫
�

|∇un|p(x)–∇un · un∇ϕj,ε dx

= λ

∫
�

ϕj,ε dν –
∫

�

ϕj,ε dμ +
∫

�

f (x,u)uϕj,ε dx. (.)

By the Hölder inequality, it is easy to check that

lim
n→∞

∫
�

|∇un|p(x)–∇un · un∇ϕj,ε dx = .

From (.), as ε → , we obtain λνj = μj. From Lemma ., we conclude that

νj =  or νj ≥ SN max
{
λ
– N
p+ ,λ– N

p–
}
. (.)

GivenM > , set

λ∗ = min

{
Sp

+
,Sp

–
,
( SN ( 

p+ – 
q– )


α

(M + a|�| + a|�|αC(–α)q–
 ) 

α

) 
N
p+ – 

α ,

( SN ( 
p+ – 

q– )

α

(M + a|�| + a|�|αC(–α)q–
 ) 

α

) 
N
p– – 

α

}
,

where S is given by (.). Considering  < λ < λ∗, we have

 < SNλ
– N
p+ ,  < SNλ

– N
p– , (.)

and

(
M + a|�| + a|�|αC(–α)q–



( 
p+ – 

q– )λ

) 
α

< SN min
{
λ
– N
p+ ,λ– N

p+
}
. (.)

We claim that
∫
�
dν < SN min{λ– N

p+ ,λ– N
p– }. Indeed, if ∫

�
dν ≤ , this follows by (.).

Otherwise, taking n→ ∞ in (.), we obtain

(

p+

–

q–

)
λ

∫
�

dν ≤ a|�| + a|�|αC(–α)q–


(∫
�

dν

)–α

+ c

≤ (
M + a|�| + a|�|αC(–α)q–


)(∫

�

dν

)–α

.

Therefore, by (.), the claim is proved. As a consequence of this fact, we conclude that
νj =  for all j ∈ K . Therefore, un → u in Lq(x)(�). Then, with the similar step in [], we
can get that un → u inW ,p(x)

 (�). �

Next we prove Theorem . by verifying that the functional Iλ satisfies the hypotheses of
Lemma .. First, we recall that each basis {ei}i∈N for a real Banach space E is a Schauder
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basis for E, i.e., given n ∈N, the functional e∗
n : E →R defined by

e∗
n(v) = αn, v =

∞∑
i=

αiei ∈ E

is a bounded linear functional [, ]. Now, fixing a Schauder basis {ei}i∈N forW ,p(x)
 (�),

for j ∈ N, we set

Vj =
{
u ∈W ,p(x)

 (�) : e∗
i (u) = , i > j

}
,

Xj =
{
u ∈W ,p(x)

 (�) : e∗
i (u) = , i≤ j

}
,

(.)

thenW ,p(x)
 (�) = Vj ⊕Xj.

Lemma . Given  ≤ r(x) < p∗(x) for all x ∈ � and δ > , there is j ∈ N such that for all
u ∈ Xj, |u|r(x) ≤ δ‖u‖.

Proof We prove the lemma by contradiction. Suppose that there exist δ >  and uj ∈ Xj

for every j ∈ N such that |uj|r(x) ≥ δ‖uj‖. Taking vj =
uj

|uj|r(x) , we have |vj|r(x) =  for every

j ∈ N and ‖vj‖ ≤ 
δ
. Hence {vj} ⊂ W ,p(x)

 (�) is a bounded sequence, and we may suppose,
without loss of generality, that vj ⇀ v inW ,p(x)

 (�). Furthermore, e∗
n(v) =  for every n ∈N

since e∗
n(vj) =  for all j ≥ n. This shows that v = . On the other hand, by the compact-

ness of the embeddingW ,p(x)
 (�) ↪→ Lr(x)(�), we conclude that |v|r(x) = . This proves the

lemma. �

Lemma . Suppose that f satisfies (f), then there exist j ∈ N and ρ,α, λ̃ >  such that
I|∂Bρ∩Xj ≥ α for all  < λ < λ̃.

Proof Now suppose that ‖u‖ > , with |u|r(x) > , |u|q(x) > . From (f), we know that

Iλ(u) =
∫

�

|∇u|p(x)
p(x)

dx – λ

∫
�

|u|q(x)
q(x)

dx –
∫

�

F(x,u)dx

≥ 
p+

∫
�

|∇u|p(x) dx – λ

q–

∫
�

|u|q(x) dx – b
∫

�

|u|r(x) dx – b|�|.

Consequently, considering δ >  to be chosen posteriorly by Lemma ., we have, for all
u ∈ Xj and j sufficiently large,

Iλ(u) ≥ 
p+

‖u‖p– – λC
q–

‖u‖q+ – bδr
+‖u‖r+ – b|�|

≥ ‖u‖p–
(


p+

– bδr
+‖u‖r+–p–

)
– b|�| – Cλ

q–
‖u‖q+ .

Now taking  < ‖u‖ = ρ(δ) such that bδr
+
ρr+–p– = 

p+ and noting that r+ > p–, so ρ(δ) →
+∞, if δ → . We can choose δ >  such that ρp

–

p+ – b|�| > ρp
–

p+ . Next, we take λ̃ >  such

http://www.boundaryvalueproblems.com/content/2013/1/223
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that for  < λ < λ̃,

Iλ(u) ≥ ρp–

p+
–
Cλ

q–
ρq+ > 

for every u ∈ Xj, ‖u‖ = ρ , the proof is complete. �

Lemma . Suppose that f satisfies (f), then, given m ∈ N, there exist a subspace W of
W ,p(x)

 (�) and a constant Mm >  such that dimW =m and maxu∈W I(u) <Mm.

Proof Let x ∈ � and r >  be such that B(x, r) ⊂ �, and  < |B(x, r) ∩ �| < |�|
 .

First, we take v ∈ C∞
 (�) with supp(v) = B(x, r). Considering � = � \ [B(x, r) ∩

�] ⊂ �̂ = � \ B(x, r), we have |�| ≥ |�|
 > . Let x ∈ � and r >  such that

B(x, r) ⊂ �̂, and  < |B(x, r) ∩ �| < |�|
 . Next, we take v ∈ C∞

 (�) with supp(v) =
B(x, r). After a finite number of steps, we get v, v, . . . , vm such that supp(vi)∩supp(vj) = ∅,
i 	= j, and | supp(vj) ∩ �| >  for all i, j ∈ {, , . . . ,m}. Let W = span{v, v, . . . , vm}, by con-
struction, dimW =m, and for every v ∈ W \ {},

∫
�

|v|p+ dx > .

Since

max
u∈W\{}

I(u) = max
t>,v∈W∩∂B()

(∫
�

(t|∇v|)p(x)
p(x)

dx –
∫

�

F(x, tv)dx
)
,

consider the case that t > , then I(tv) ≤ tp
+

p– –
∫
�
F(x, tv)dx = tp+ ( 

p– – 
tp+

∫
�
F(x, tv)dx).

Now it suffices to verify that

lim
t→∞


tp+

∫
�

F(x, tv)dx >

p–

.

From condition (f), given L > , there is C >  such that for every s ∈R, a.e. x in �,

F(x, s)≥ L|s|p+ –C.

Consequently, for v ∈ ∂B()∩W and t > ,

∫
�

F(x, tv)dx≥ Ltp
+
∫

�

|v|p+ dx –Ctp
+
∫

�\�

h(x)|v|p(x) dx –C

and

lim
t→∞

∫
�
F(x, tv)dx
tp+

≥ L
∫

�

|v|p+ dx –C
∫

�\�

h(x)|v|p(x) dx≥ Lr –CR,

where r =min{∫
�

|v|p+ dx, v ∈ ∂B()∩W } and R =max{∫
�\�

h(x)|v|p(x) dx, v ∈ ∂B()∩
W }. Observing that W is finite dimensional, we have R < +∞, r > , and the inequality is
obtained by taking L > 

r (

p– +CR). The proof is complete. �
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Proof of Theorem . First, we recall that W ,p(x)
 (�) = Vj ⊕ Xj, where Vj and Xj are de-

fined in (.). Invoking Lemma ., we find j ∈ N, and Iλ satisfies (i) with X = Xj. Now, by
Lemma ., there is a subspaceW ofW ,p(x)

 (�) with dimW = k + j = k + dimVj such that
Iλ satisfies (ii). By Lemma ., Iλ satisfies (iii). Since Iλ() =  and Iλ is even, we may apply
Lemma . to conclude that Iλ possesses at least k pairs of nontrivial critical points. The
proof is complete. �
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