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Abstract

The authors of this paper deal with the existence of weak solutions to the
homogenous boundary value problem for the equation —div(|VulP?Vu) = % with
f e M(2) and o > 1. The authors prove the existence of solutions in WA’D(Q) for
suitable m and .
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1 Introduction
In this paper, we study the existence of solutions for the following quasi-linear elliptic

problem:

~div(|Vul2vu) =2, xeq,
u=0, x €0,

(1.1)

where € is a bounded domain in RN (N > 1) with smooth boundary 9. f > 0, f # 0,
p>lLa>1

Model (1.1) may describe many physical phenomena such as chemical heterogeneous
catalysts, nonlinear heat transfers, some biological experiments, etc. [1-3]. In the case

when p =2, Lazer and Mckenna in [4] studied the following problem:

-Au=—, inQ,

u=0, on 0%2.

(1.2)

They proved that the solution to problem (1.2) was in Wé’z(Q) ifand only if @ < 3, while it
was not in C}(Q) if « > 1. Later the authors of [5—7] dealt with the existence of solutions

to

—Au=ag(u), ing,
u=0, on 0€2,

(1.3)
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where g(s) is singular at s = 0. They obtained similar results as that of [4]. Moreover, Boc-
cardo and Orsina in [8] discussed how the summability of f and the values of « affected
the existence, regularity and nonexistence of solutions. For more results, the interested
readers may refer to [9, 10]. When p € (1,0), p # 2, Giacomoni, Schindler and Tak4¢ in
[11] applied lower and upper-solution method and the mountain pass theorem to prove
that the problem

—div(|VulP>Vu) = u? + u?, in,

u=0, on 0%2,

(1.4)

where § € (0,1), g € (p — 1,p" — 1), has multiple weak solutions. And then, the authors in
[12] not only improved the results in [11] but also obtained that the solution was not in
Wé’p (Q)ifa > %. However, we need to point out that all the papers mentioned discussed
the existence of solutions by means of upper-lower solution techniques. In this paper, we
apply the method of regularization and Schauder’s fixed point theorem as well as a nec-
essary compactness argument to overcome some difficulties arising from the nonlinearity
of the differential operator, the singularity of nonlinear terms and the summability of the
weighted function f(x) and then prove the existence of positive solutions in Wé’p (2) for
suitable m and o when f(x) € L™(2) and « > 1, which implies that the summability of the
weighted function f(x) determines whether or not problem (1.1) has a solution in Wé’p (2).

2 Main results

In this section, we apply the method of regularization and Schauder’s fixed point theorem
to prove the existence of solutions. In order to prove the main results of this section, we
consider the following auxiliary problem:

T p-2 _ Jn(x)
le(lvun| Vu}’l) - (Mn+%)oz » X€ Q’ (2,1)
Uy = 0; x€ 89,

where f,, = min{f (x), n}.

Definition 2.1 A function u € W,” () is called a solution of problem (1.1) if the following
identity holds:

/|Vu|”‘2Vqu0dx:/ igoaix, Yo € C°(Q2).
Q Q u®

Since the proof of the following lemmas are similar to that in [8], we only give a sketch
of the proof.

Lemma 2.1 Problem (2.1) has a unique nonnegative solution u, € Wé’p(Q) N L*°(Q2) for
any fixedn e N, f € LY(Q).

Proof Let n € N be fixed. For any w € L?(S2), we get that the following problem has a
unique solution v € Wé'p (€2) N L*°(£2) by applying the variational method to

_di p-2 — Jn(x)
div(|Vv|P~>Vy) e x €, 22)
v=0, x € Q.
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We may refer to [2, 10] for the existence and uniqueness of the solution for problem (2.2).
So, for any w € L7(2), we may define the mapping I' : L?(2) — L?(R2) as I'(w) = v. In fact,
multiplying the first identity in (2.2) by v, and integrating over 2, we have

/|Vv|pdx:/finlvdxfn“+1/|v|dx.
Q o (wl+,)* Q

Applying the embedding theorem W?(Q) — L1(2), we obtain

1
V11 < Cn vl g,

which implies that

a+l
IvIlwir < CrrT.
compact .
Due to the embedding W?(Q) < LP(R), we get that I is a compact operator. More-
over, if u = A\T'u for some 0 < A <1, thenTu = % and hence ||u||r@) < lullwrpg < C for
a constant C independent of A. Then by Schauder’s fixed point theorem, we know that

there exists u, € Wé’p (2) such that u,, = I'(x,), i.e., problem (2.1) has a solution. Not-
S

1
(lunl+3)%

ing that > 0, the maximum principle in [13, 14] shows that u, > 0, u, € L*(R2).

O

Lemma2.2 Thesequence {u,} is increasing with respectto n.u, > 0 in Q' forany Q' CC €,

and there exists a positive constant Co (independent of n) such that foralln e N,
u, >Cq >0 foreveryxe . (2.3)
Proof Choosing (1, — ty41)+ = max{u, — u,1,0} as a test function, observing that

(|Vun |pizvun - |Vun+1|pizvun+1)v(un - Mn+1)+ > 0)

1 « 1\“
|:(u,,+1 + —) - (un + —) i|(u,, —Uy1)s <0, foreverya >0,
n+1 n

0 <fu <fus1>

we get
0= / (|Vun |p_2Vu,, - |Vun+1|p_zvun+l)v(un —Upi1)+ dx < 0.
Q

This inequality yields (&, — #,,1). = 0 a.e. in , that is, u, < u,,, for every n € N". Since
the sequence u, is increasing with respect to #, we only need to prove that u; satisfies
inequality (2.3). According to Lemma 2.1, we know that there exists a positive constant C
(only depending on |2|, N, p) such that ||u; [|10@) < Cllfillze@) < C, then

A __h

—div(|Vu P2V, = .
VIVl Vi) = C e =
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Noting that (C{—ll)“ >0, (c{_ll)a # 0, the strong maximum principle implies that #; > 0 in €,

i.e., inequality (2.3) holds. O

Theorem 2.1 Suppose that f is a nonnegative function in LN(Q) and o = 1, then problem
(1.1) has a solution in Wé’p(Q).

Proof We consider the existence of solutions in the case when f(x) € L}(2). Multiplying
the first identity in problem (2.1) by u, and integrating over 2, we get

/|Vun|1’dx:ff”—””1dx§/lfnlde/Lfldx,
Q Qunﬁ'; Q Q

1
ie., ”u””Wé'p(Q) = ”f”fl(g)'

Then we know that there exist # € W?(Q) and V € LT (2, RN) such that

u, —u weakly in W(Q) and strongly in L7(2),
U, —> u a.e. inQ, (2.4)

- 2
Vi, |P2Vu, —V  weakly in LP-1(2, RN).
For every ¢ € C3°(R2), we get from inequality (2.3) that

Jn®

1
I/ln+n

lell Lo
<
= f (%),

0<

where Q' = {x: ¢ #0}. Then applying Lebesgue’s dominated convergence theorem, one

has that
lim fngol dx = / f—(pdx (2.5)
n=+00 Jo uy + 5 QU

as u, satisfies the following identity:

/ Vit P2V 14, V o dix = f”‘pl dx, Ve CP(Q). (2.6)
Q QUnt

Combining with (2.4)-(2.6), we have that
/ \7Vg0 dx = / f_go dx, Ve e Cy(RQ). (2.7)
Q QU

Next, we shall prove that V= |VulP2Vu a.e. in Q. It is easy to see that both (2.6) and (2.7)
hold for all ¢ € W?(Q) with compact support. Thus in (2.6) we choose ¢ = (u, — £)¢,
where ¢ € C°(R2), ¢ > 0, and &€ € W'?(), to obtain

/|Vun|p_zvunv§(un_g)dx+/§|Vun|p_zvunv(un_§)dx
Q Q

[ Sl-8)

1
Q un+n

(2.8)
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Noting that ¢ (|Vu,|"*Vu, — |VE[P>VE)(Vu, - VE) > 0, we obtain that
[ 1 vevtu, - ey s [ 192, Ve(w, - ) s
Q Q

< / CIV P2V 1V 11y — &) d + / Vit P2V iV (i — £) dx
Q Q

_ ;fn(un_g) dx

1
Q un+n

(2.9)
Letting n — oo in (2.9) and using identity (2.7), we get
/ CIVEP2VEV (u—£)dx + / VVE(u—§)dx
Q Q
< / de = / VV({(u —E)) dx :/ {\7V(u—§‘)dx+/ \7V§'(u—§)dx,
Q u Q Q Q
which implies that
/ t(IVEP2VE - V)V(u—§)dx < 0. (2.10)
Q

Let u—& = gy in (2.10), where ¥ is an arbitrary function in W*?(Q2) and ¢ > 0 is a constant,
we get that

f te(|Vu—eVy P2 (Vu-eVy) - V)V dx <0,
Q

/Q t(IVu— eV P2 (Vu - eVyp) - V)Vipdx < 0.
Let ¢ — 0%, we have that

/Q ¢(IVulP>Vu - \7)V1// dx<0. (2.11)
Since v is an arbitrary function, we obtain that

/Q ¢ (IVulP2Vu - V)V dx = 0.
We choose ¥ = px, where p € RV is a constant, and we have that

/Q ep(IVul’2Vu - V)dx =0,

which yields that V = |VulP2Vu a.e. in Q. This proves that u is a weak solution of problem
(1.1) when f(x) € LY(). O

The first question is what happens to the solution if the inhomogeneous function f(x)
is not in L!(£2) but a nonnegative bounded Radon measure . Since a nonnegative Radon
measure ¢ may always be approximated by a sequence f;, of L>(2) functions, we want to
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know whether the approximate solutions may converge to a nontrivial function in Wé’p ()
or whether the approximate solutions converge. The existence of solutions in this case is
still unknown, but we have the following result.

Theorem 2.2 Suppose that | is a nonnegative Radon measure concentrated on a Borel
set E of zero p-capacity, and that g, is a bounded sequence of nonnegative L*(Q) functions
which converges to | in the narrow topology of measures. Let u,, be the solution of problem
(2.1) with the non-homogeneous function f, = g,(x). Then

lim [ |u,lPdx=0.
n—0o0 Q

Proof By the conclusion of Theorem 2.1, we get that the solution u,, of problem (2.1) with
fu = gn is bounded in Wé’p(Q). Since the set E has zero p-capacity, by [1, Lemma 5.1], for
any real number o > 0, there exists a function W, € C§°(2) satisfying

0<vy, <1, 05/(1—\Da)d,u§a, / VU, P dx <o. (2.12)
Q Q
Noting that g, converges to x in the narrow topology of measure, one has from (2.12) that

lim /gn(l—\lla)dx:/(l—lllg)d,ufo. (2.13)
n—oQ Q Q

Define Tj(u,) = min{u,, 1}. Choosing T7(u,)(1 — ¥, ) as a test function in (2.1) with a non-
homogeneous function g,, we obtain that

/|VT1(un)|p(l—\lla)dx—/ Ty (14,) |V by P2V 1, V', dx
Q Q

=/gnT1(un)(1_qur) de/gn(l_\pn)un dx=/gn(l—‘~llg)dx- (214)
Q Q Q

Uy + % Uy,

Using ||uyl 10 @ = C, we assume that u, is any subsequence such that u, — u in W?(Q)
0

and u,, — u in LP(2). We show that the two limits in the theorem hold for any such sub-

sequence. This completes the proof. Note that

/ T1(u4)|Vuy, |p72vunV\Ijg’ dx
Q

< < IV |5 IV, llp < CIVY, [l (2.15)

/ |V, P2 Vu, VU, dx
Q

By (2.12)-(2.15) and weak lower semi-continuity, we have
/Q‘VTI(M)‘p(l—\IJU)dx§U+a%. (2.16)
Letting 0 — 0%, we have
0< /S;‘VTl(u)!pdxf 0,

which implies # = 0 a.e. in Q. This completes the proof of the theorem. d
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The above theorem shows that problem (1.1) has a solution in W/é’p (Q) when f € LX)
and o = 1. Butiff is only a Radon measure, the solution may not exist. At least, the solution
can not be approximated by the solution of problem (2.1). The second question we are
interested in is whether this problem has a solution in Wé’p (2) when f € L"™(Q2) (m > 1)
and « > 1. We have the following.

Theorem 2.3 Let f be a nonnegative function in L'"(Q2) (f #0) m>1). Ifl<a <2 - %,
then problem (1.1) has a solution u € Wé’p () satisfying

/ |Vu|p’2VuV¢dx=fjc—fdx, Vo € C°(Q2).
Q QU

In order to prove this theorem, we need the following lemma.

Lemma 2.3 The solution u; to problem (2.1) with n = 1 satisfies

/ u"dx<oo, Vr<l (2.17)
Q

Proof By %(x)al} <1, and Lemma 2.2 in [14], we know that there exists 0 < 8 < 1 such
(u1+1)

that u; € C#(Q) and ||u1]| 15 < C, which implies that the gradient of u, exists everywhere,

then the Hopflemma in [15] shows that 3%’6) > 0, in ©, where v is the outward unit normal

vector of d€2 at x. Moreover, following the lines of proof of the lemma in [4], we get

/u{dx<oo ifand only if r>-1. O
Q

Proof of Theorem 2.3 Multiplying the first identity in problem (2.1) by u,, integrating over
2, and applying Holder’s inequality and Lemma 2.3, we get

/|Vu,,|"dx:/fn$dx< f—"dx< '@dx
Q Q

e+ 2) " Jouet T Joug!

< Wfllom o™ || e < cllfllem, (2.18)
as (1-a)m’ = (1 - )" > -1 by the assumption 1 <o <2 - %; hence

1
Ilunllwé,p < cllf Il fmgy-

From (2.18), we know that there exist u € W*(2) and V € L (2, RN) such that

u, —~u weakly in Wol'p(Q) and strongly in L?(£2),
u, — u ae.in$, (2.19)

|VituP2Vu, — V  weakly in L!%(Q,RN).
For every ¢ € Ci°(2), from Lemma 2.2, we get that

Jn9

1
(un + ;)a

ol o

0<
= Céz

Page 7 of 8
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Then applying Lebesgue’s dominated convergence theorem, we have

fim [ Y g / 19 4y (2.20)
Qu¥

e Jo e

since u, satisfies the following identity:

f Vit |72V 4,V o dix = / f”i‘pl dx, Vg e CP(). (2.21)
Q

Q (up + )~

In (2.21), letting n — oo and using (2.19) and (2.20), we have

/\7V(pdx:/f—¢dx, Vo € C°(R2).
Q Q u”

Following the lines of proof of Theorem 2.1, we get that problem (1.1) has a solution in
Lp
W, (€2). O
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