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Abstract

This paper is concerned with an optimal control problem for the phase-field
transition system with state constraint and obstacle. After showing the relationship
between the control problem and its approximation, we derive Pontryagin’s
maximum principle for an optimal control of our original problem by using one of the
approximate problems.
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1 Introduction

We consider the optimal control of solid-liquid phase transitions:

ur—y Au+83I_13(u) + p(u) =AM (u)y>0 inQ=Qx(0,7),

ve+ (Mu),—kAv=Bw inQ=Q x(0,T), @)
ulx,0) = uo(x),  v(x,0)=vo(x) ing, '
u--0 onX=0Qx(0,T),

and
F(u) CS,

where Q is a bounded domain in RN (1 < N < 3) with a smooth boundary 92, ¢(«) =
u® —u, 8,y,k >0 denote given parameters, 1|_11)(u) is the subdifferential of the indicator
function /[_11)(#) on the closed interval [-1,1], Bw is a given forcing term on Q, % is the
outward normal derivative on 92 and ug, Vo are given initial datums.

System (1.1) is a simplified model for a class of solid-liquid phase change problems. In
the context of solid-liquid phase transitions, v and u represent the absolute temperature
and the order parameter which indicates the physical situation of the system, respectively.
Therefore it is natural to assume that the range of u is bounded, say the closed interval
[-1,1] in this paper, and 8/|_11)(#) denoting the range of the order parameter u is assumed
to be a compact interval [-1,1], u(¢,x) = -1 and u(¢,x) = 1 mean, respectively, that the
physical situation at (¢, x) is of pure solid and pure liquid, while -1 < u(¢, x) < 1 means that
the physical situation at (¢,x) is mushy.
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A great deal of research has been done on the phase-field transition system, for which
we refer to the book by Temam [1] and the references therein. Without the term 91;_; 1) (u),
system (1.1) is the standard phase field model which was studied in [2, 3]. One of the most
important characteristics of our model is the nonlinear term 9I;_1;;(x) (obstacle) which
allows the coexistence of pure phases in the dynamical phase transition process. The ex-
istence and uniqueness of solution for the phase field model with obstacle were discussed
in [4-8]. In particular, the asymptotic behavior of solutions to the non-isothermal phase-
field transition system with obstacle was considered in [6] and [7]. Recently, the Caginalp
phase-field system with coupled dynamic boundary conditions, including the singular po-
tentials, was presented in [9] and [10].

Throughout this paper, the Hilbert space H = L2(Q) is equipped with the usual inner
product (-, -) and the norm |- |,. Define a closed subspace Hy of H by Hy = {z € H; fQ zdx =
0}. We put Vo = VN Ho with [[v]lv, = [VV2q) = ||VIl2, where V = {v € H}(R), 3—“: =0}.If we
identify H* and H{ with their dual space, then we have V C H C V* and V, C Hy C V],
where V{ is the duality space of V.

Throughout the paper, we suppose that the following assumptions hold.

Let U be a real Hilbert space, B: U — H be alinear continuous operator. Assuming that
Z is a Banach space with the dual Z* strictly convex, let S C Z be a closed convex subset
with finite co-dimensionality.

(Hy) F:L%*(0,T;H) — Z is in the class of C'.
(Hz) g:10,T] x H— R" is measurable in ¢ and for every o > 0, there exists L, > 0 inde-
pendent of ¢ such that g(0,«) € L*°(0, T) and
lg(t,y) - g(t,2)| < Loly—zly forany ¢ € [0, T] with [yl + |z]» < A.
(H3) 4 :U — R is lower semicontinuous and convex with the following growth property:

h(w) > c1|w|%1 +¢y; foranywe U withe >0and ¢, € R.

(Ha) A € C? and there exists a constant « > 0 such that A”(s) < « for any s € R.

We consider the following optimal control problem:
minL(w) over all w e L*(0, T; U), (P)

where
t
L(w) = / [g(tu(®) + h(w(t))] dt
0

and

(,v) is the solution of (1.1) corresponding to w, F(u) C S.
For any

(w,v,w)e Y x Y x L2(0, T; U)

satisfying (1.1) is called a feasible pair, where Y = H%}(Q) N C(0, T; V).
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The first question regarding problem (P) is if there is an admissible solution, i.e., if the
set A4 is nonempty. Taking into account [11] similarly, we may assume in the sequel that
for (u,v,w) € Y x Y x L*(0, T; U), problem (P) admits at least one admissible solution.

Optimal control problems of the phase transition system have been studied by several
authors (for instance, see [12—16]). In particular, let A() = % and 8 = 0 in (1.1), the optimal
boundary controls for a phase field model and the state-constrained optimal control for
the phase-field transition system were considered in [13] and [15], respectively. In [16],
based on the energy estimates and the compact method, Ryu and Yagi considered the
optimal control problems of the adsorbate-induced phase transition model. It is noted
that the optimal control without state constraint or without obstacle of the phase field
model was discussed in [14, 17-20].

To the best of our knowledge, there are few papers concerned with the optimal control
problems for the phase-field with obstacle although it is natural to have the obstacle in
the solid-liquid phase transitions and related physics models, since the obstacle 01[_;1;(x)
brings the essential difficulty in getting Pontryagin’s maximum principle for correspond-
ing models.

We state the maximum principle as follows.

Theorem 1.1 Suppose that (H;), (Hy), (Hs3) and (Hy) hold. Let (u*,v*, w*) be optimal
for problem (P), then there exists a tetrad (juo,p,q, o) € R x L*(0,T; V) N L®(0, T; H) x
L%(0, T; V)N L>®(0, T; H) x Z* with (o, L) # 0 and a measure n € L>(Q)* such that

—pe—yAp+n+ @B - Dp -V Wwpv* - 1 (u*)g
€ —[0F(u*)]*¢o — podg(t, u*),

1.2)
~q¢ + M (u)p, — kAg + 1" (u*)puf =0,
p(I)=0, q(T)=0
and
B*q(t) € nodh(w*(t)), (1.3)

(0,8 — 8F(u*))z*,z <0 VseS.
Moreover, if F'(u*) is injective, then (wo, p,q) # 0.

The rest of this paper is organized as follows. In Section 2, we provide existence results
and a priori estimates in the form that is required to obtain Pontryagin’s maximum princi-
ple for problem (P). Besides the existence of an optimal control in problem (P?), necessary

optimality conditions for this problem and for problem (P) are proved in Section 3.

2 The approximation problem
This section is to show the existence of the optimal control of the approximation problem
corresponding to the phase transition system. To this end, we first show some technical
lemmas, which are presented below for the sake of completeness.

In order to approximate d/|_11)(-), we define a nondecreasing function ¢ [21] on R by

[s-1]"
2

[r]
B°(r) = sign(r) / min[é, }ds VreR,
0
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where [-]* denotes the positive part of functions. Then 8¢ € C!, (8¢) € WY*®(R) and
/ 1 1 1
0=<(8) (=< > |(B5) ()| = g([r— 1Y+ [-1-r]") - 3 forany r € R. (2.1)
We fix a primitive ,38 of 8¢ such that
B°(0)=0 and B°(r)>0 for any r € R. (2.2)

Without loss of generality, we may assume § = 1, therefore, the approximation of (1.1) is

ug—yAu+ B(u) +ou) - myr=0 inQ=Qx(0,T),
Ve + A(w)u; —kAv=Bw inQ=Q x(0,T),
u(x,0) = ug(x), v(x,0) =vo(x) in £,

du _ 9
Ty =5,=0 onX=0Qx(0,7).

(2.3)

Lemma 2.1 Suppose that B(-) satisfies (2.1)-(2.2), w,, € L2(0, T; U), w, — w weakly in
L2(0, T; U) and (i, V), (,, vy,) are the solutions of (2.3) corresponding to w and w,, respec-
tively. Then there exists a subsequence of (uy, vy), still denoted by itself, such that

(V) = (i1, V)  weakly in Y?,

B¢ (u,) — 7 weakly in L*(0, T; H) as n — oo. e
Proof Replacing (#,v) and w by (u,,v,) and w,, in (2.3), respectively, we obtain
g — 7 ity + B () + 9t6) = X )V =0 in Q=2 x (0,T),
Ve + M ()t — kAv, =Bw, inQ=Qx(0,7), (2.5)

1,(x,0) = 1 (%), Vu(x,0) =vo(x) in €,

duy _ vy _ _
BLV_BLV—O on X =02 x (0,7).

Multiplying (2.5); and (2.5), by u,,, and v,, respectively, integrating over €2 and adding the
resulting equations, we end up with

7)
d—<Z|Vun|§+Ivn|§) - Iun,tI§+kIan|§+/(ﬁ5(un)+¢(un))un,tdx
t\ 2 o
5—/ Bw,v, dx. (2.6)
Q

Therefore, we conclude with the help of Young’s inequality and the properties of 8 that

d(y 1 N
E(?vm% +1valy + s + |ﬂ8|Ll) + K|V Va3 + [t

1 1
< —BwWul3 + [Val3 + = |thns)3 + = |unl3
= g BWaly + 1valy + S lttnely + Slotnly

1 1
< Z|Bwn|§ +vals + 5|un,,|§ +|unlfs + C. (2.7)

Page 4 of 13
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Here and throughout the proof of Lemma 2.1, we shall denote by C several positive con-
stants independent of n. Applying Gronwall’s inequality to (2.7), we derive
|tnlroo0,;vnrs) + ValLoo©,1m) + Vil r20,15v) + [ Unlmio,7m) + |ﬁs|Loo(0,T;Ll) <C (2.8)
Now, testing (2.5); by —Au,, we derive
1d 2 2 Y 2 2 24
2dthu,,|2+y|Au,,|2+ (,3 ) IVu,|” +3u,|Vu,|” dx
Q

:—/ N (u) v Au, dx
Q

=<

N R

|Au, |3 + c<|vn|§6 +/ ’k’(un)‘gdx>, (2.9)
Q

which together with 1" (£) < «, (2.2), (2.8), Nirenberg’s inequality and Gronwall’s inequality
implies that

[t Loo0,13v) + 18l 120, 7:2) < C. (2.10)

Next, multiplying (2.5); by 8¢, integrating over [0, 7] and invoking Young’s inequality, we
derive

%!ﬁml + 113
[ 5= )+ 0n) )
< %|,39|§ + C(|un|§6 + unl + 12 Ay 2 + /Qu/(un)|3dx+ |vn|§6>. (2.11)
Thanks to (2.8), 1”(¢) < « and Gronwall’s inequality, we derive
|/§€iLoo(o,T;L1) + |ﬂ£|L2(O,T;H) =C (212)
Inserting (2.10) and (2.12) into (2.5);, we have

[Uneli20,1:m) < C. (2.13)

Now, differentiating (2.5); with respect to ¢ and multiplying the result by u,,;, then multi-
plying (2.5), by v;, adding the resulting equations and integrating over 2 leads to

d (1 k /
d—(—!un,t(t)}i + —|an(t)!§> + ¥ Vil +f(/35) up (3, £) dox + [V
t\2 2 o
< ‘un,t(t)‘§+/ Kvn(t)u%,’t(t)dx+/Bwy,vy,,tdx
Q Q

1 1
< [una(®)]2 + / |icva(8)u? (2)| dx + §|vn,t(t)|§ + 2 1B}, (2.14)
Q

Page 5of 13
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On the other hand, with the help of (2.8), (2.10), Holder’s inequality and Nirenberg’s in-
equality, we get

kv ()., dx

t
gm/Mmmwmﬁ%m
0

= |K|<'/0' |Vn(5)|i6 ds)2 (A ‘uﬂlf(‘g)ﬁ% d5)2
<G (/(; ’Vﬂ(s)’iﬂ d5>2 X (/(; (yvuﬂ,t(s)Hun,t(S)‘g + ’Mn,t(s)|4) d3)2

< Cy sup |up(s)| x </0 (V84 (5)] |14 (5)| + [si() ) dS)2

0<s<t
t ) i
< Cj; sup |u,,,t(s)||:1+ (/ |Vt ()| ds) ]
0<s<t 0
t
<u sup |u,,,(s)|2 + /L/ ‘Vun,t(s)|2ds + Cy, (2.15)
0<s<t

where p is a small positive constant and C; (i = 1,2, 3,4) are independent of #. Inserting
(2.15) into (2.14), we derive

X
@2+ 5 [V
+(y - M)IVumt)I2 // ) (n ()12, (¢) dx s

/ |uns(s)|2ds+u sup !um(s)|2 / |Bw,,(s | ds+C. (2.16)

Taking the supremum with respect to ¢ in (2.16), choosing i > 0 sufficiently small and

applying Gronwall’s inequality, we end up with

sup |um(t)| + sup |an(t)|2 |Vuy,t(t |2 <Cr, (2.17)

0<s<t

which combined with (2.13) implies that A" (,)u,,; € L?(0, T; H). Therefore, employing the
standard parabolic theory to (2.5), leads to

Vieli2,7:0) + Valro,1;v) + Val 200,02y < C. (2.18)

Now we may combine the estimates (2.8), (2.10), (2.12), (2.13) and (2.18) to conclude the
results. This completes the proof. d

Lemma 2.2 Suppose that B¢(-) satisfies (2.1)-(2.2), let w, € L*(0, T; U) with w, — w*
weakly in L*(0, T; U) as ¢ — 0, (u,v;) be the solution of (2.3) corresponding to w,. Then,
on some subsequence (u,, ve,) of (ue,ve), there exists a quad (u,v,n) € Y x Y x L2(0, T; H)
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such that
nedl_(u) ae L*(0, T; H),
while

(they, Ve,) = (V) weakly in (L0, T; V) N L*(0, T; HA(RQ))),
(Ue,r Ve,) = (u,v)  strongly in (LZ(O, T; V)N C(0, T;H))z,
(u;n,v;n) — (u,v') weakly in (LZ(O, T;H))z,

B%(ue,) > n  weakly in L*(0,T;H)

as €, — 0 and (u,v,n) is a solution of (1.1) satisfying the following estimates:

|M|%/ + |V|§/ + |U|%2(QT) S C;
where C > 0 is independent of ¢, n.

Proof Rewrite (2.3) as follows:

Ugt — yAue + ,Bg(us) + (p(us) - M(ug)ve =0 in Q=Qx 0,7),
Ver + A (ue)ugy —kAv, =Bw, inQ=Q x(0,7T),

u:(x,0) = up(x), Ve(x,0) =1vp(x) in L,
%:%:0 on X =02 x (0,T).

(2.19)

(2.20)
(2.21)
(2.22)

(2.23)

(2.24)

(2.25)

Employing almost exactly the same arguments as in the proof of Lemma 2.1, we conclude

the results (2.20)-(2.22). Furthermore, by a standard argument in [22], we get ) € 01[_1,1;(1)

a.e.in L%(0, T; H). This completes the proof.

O

Now, we assume that (&%, v*, w*) is optimal for problem (P). For each € > 0, let (&}, v}, w)

be the solution to

u—yAu+ B(u) +o(u) - A (m)r=0 inQ=Qx(0,T),
Ve + A(uw)u; —kAv=Bw* inQ=Q x(0,T),
u(x,0) = uj(x), v(x,0) = vj(x) in L,

du _ 0
ﬁ:ﬁ:O onX =0Q x (0, 7).

It follows from Lemma 2.2 that

8(e) = !u — 0.

k *
e U |L2(O,T;H)
Now, the approximating optimal control problems (P?) are as follows:

Minimize L.(w) over w € L*(0, T; U),

(2.26)

(2.27)

Page 7 of 13
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where L, : L2(0, T; U) — R, by

T
Lo(w) = /0 [g: (¢, e) + h(w)] dt + %|w—w*|iz(0mu)+%(S)[dg(l-"(ug))+8(8)]2 (2.28)

and (u, v) is the solution of (2.3). Here, ds(F(u)) denotes the distance of F(«) to S,
g9 - [ gepy-enopdr (229)
RVI

is the approximations of g [23], where n = [%], on is a mollifier in R", P, : H — X,, is the
projection of H on X, which is the finite dimensional space generated by {e;}};, {e;}73
is an orthonormal basis in H, A, : R” — X,, is the operator defined by A, (1) = >, te;,
T=(T1, T2, Tn)-

First of all, we show the existence of optimal solutions for (P?).

Lemma 2.3 (P°) has at least one optimal solution.

Proof Let ¢ > 0 be fixed. It is clear that inf L, (w) > —00. Let d, = inf{L.(w) : w € L?(0, T; U)}
and w,, be a minimizing sequence such that

1
de <Lc(wy) <d. + —, (2.30)
n

which together with (H,), (H3) and (2.28) implies that w, is bounded in L%(0, T; U). With-
out loss of generality, we may assume that w,, — w in L2(0, T; U). Let (u,, v,) and (i1, ) be
the solutions of (2.3) corresponding to w,, and w, respectively. It follows from Lemma 2.1
that on some subsequence of (i, v,), still denoted by itself,

(t4n, V) = (1, V)  weaklyinY x Y and

strongly in (C(0, T; H'(Q)) N L*(0, T; H))”. (2.31)

With the help of (H,), (2.29) and (2.31), we also obtain

T T
/ |G (6 1) — e (8, 0)| At < C/ |y — it 2 dt — 0 asn— oo. (2.32)
0 0
On the other hand, due to (2.31) and (H;), we have that

lim F(u,) = F(i) (2.33)

n— 00
and therefore

2 1

lim L[dS(F(u,,)) + 8(8)] = m

n—o00 28(g) [ds(F(z})) + 6(8)]2. (2.34)

Finally, (2.28) and (2.32)-(2.34) imply that (i, v, w) is the optimal pair for problem (P°).
This concludes the proof of Lemma 2.3. g
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Lemma 2.4 Let w, be optimal for problem (P°) and (ue,v.) be the solution of (2.3) corre-
sponding to w,. Then, on some subsequence ¢,

(Ue,» Ve,) = (u*,v*) strongly in (LZ(O, T; V)N C(0, T;H))Z, (2.35)

we, — w*  strongly in L*(0, T; U). (2.36)

Proof Since w;, is a solution to (P;), we have

T 1
Le(w,) < /O [g: (&, u?) + h(w*)]dt + m[dg(l’(u:)) +8)], (2.37)

which together with (2.27) implies that

1 1
25(¢) [dS(F(u:)) + 8(8)]2 = T(g)HF(u:) _F(u*)|Z + 6(8)]2
1
= 25(¢) [Closz = 2070 * se)]
< a+ o 3(e)—>0 ase—0, (2.38)

which combined with (2.37) implies that

T
limsup L(w,) < / [g(tu*) + h(w*)]dt, (2.39)
0

e—0

which implies that (2.39), that w, is bounded in L2(0, T; U). Without loss generality, we
may assume that w, — w weakly in L?(0, T; U), which together with Lemma 2.2 implies
that there exists a sequence of ¢, such that

(they ve,) = (&) strongly in (L2(0, T; V) N C(0, T; H)). (2.40)
On the other hand, (2.28) and (2.39) imply that

lim ds(F(u.,)) =0, (2.41)

ep—0

and therefore

lim ds(F(i)) = 0. (2.42)

en—0

Thus, we conclude from (2.28), (2.40) and (2.42) that

T
liminfL,, (we,) > / [g(t, i) + h(v~v)] dt. (2.43)
0

en—0

Finally, it follows from (2.39), (2.43) and Lemma 2.2 that

(eys Vepr We,) = (4", v, W)

strongly in (L*(0, T; V) N C(0, T; H))2 x L*(0, T; U). (2.44)

This completes the proof. g
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3 The optimality condition for (P*) and (P)

In the following we derive the optimality condition for problem (P) by showing the rela-
tion between approximation problem (P°) and problem (P). We start this section with the
necessary conditions for w, to be optimal for (P°).

Lemma 3.1 Suppose that (H;), (Hy), (Hs) and (Ha) hold. Let w, be optimal for problem
(P?) and (u,,v.) be the solution of (2.3) corresponding to w,. Then there exists a tetrad
(Ue» PerGe, &) € R X L2(0, T; V)N C(0, T; H) x L2(0, T; V) N C(0, T; H) x Z* such that

—Pet — Y Ape + B'(ue)pe + (314? - 1)178 - }V//(us)psvs - }\/(us)qs
= —[0F (u*)]*¢o — poog(t, u®),

(3.1)
~qes + N (Ue)pes — kKAGe + V' (ue)pette,s = 0,
p(T)=0, q(T)=0
B*q. = ¢ [Vh(ws) + W, — w*] a.e te[0,T] (3.2)
and
¢e € 0ds(F(u)), (3.3)

where 0ds is the sub-differential of ds.

Proof Letw € L*(0, T; U), wX = w, + xwand (uX, v) be the solution of (2.3) corresponding
to wX. Then it is clear that

(ué‘,vif) — (ug,ve) strongly in C(0, T; H) N L*(0, T; V) as x — O. (3.4)

Now, owing to the fact that w, is optimal for problem (P;), we have W > 0 (for
all x > 0), hence

T
0< ,uS/ (Vae(t, ue),3e) + (VR(We) + we — w', w),, dt +((F' ()" 5o ye), (3.5)
0
where (¥, y.) is the solution to

Veu =V AYe + B'(e)ye + Bu = 1)ye — 1 (ue)yeve — ' (ue)ye = 0,
Vet + }\/(us)ya,t - kAj’s + )‘”(ua)ysus,t =0, (3.6)
yF(O) = 0’ 5’5(0) = 0.

Next, employing the same arguments as in the proof of [23], we conclude that

T T

tim =~ [ g (6ur) - (e de - / (Ve (t, ue), y) dt, (37)
x~>0 x Jo 0

tim L [ ) = ) + 2 (w2 == = w2 | at

x=>0 x Jo ‘ ’ 2 ’ “ ’ “

T
= / (Vh(we) + we —w*, w)dt (3.8)
0
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and

lim ([dSF(u;() + 8]2 — [dSF(ME) + 8]2) = %(CE’F/(MQ)/)Z*,ZI (39)

x—>0
where Vg, (¢, u.) denotes the gradient of g, to the second variable at &, and VAi(w,) denotes
the gradient of /1 at w,. Here, ¢, € dds(F(u.)) and dds is the sub-differential of ds, which

implies (3.3). Thanks to S being convex, closed and Z* being strictly convex, we may also
infer that

1 ifF(u,) ¢S,
[Celzx = (3.10)
0 ifF(u,)€ES.

Let
5(e)
. (3.11)

M7 5e) + ds(F(u,))

and (ps, g.) be the solution of (3.1). It follows from (3.1), (3.5) and (3.6) that
T
0< / —(B*qg,w) + MS(Vh(wg) + W, — w*,w)u dt, (3.12)
0

which implies (3.2). This completes the proof. d

The proof of Theorem 1.1 By using the properties of «® and 8¢ and Lemma 2.2, we have

that, on a sequence of ¢ still denoted by ¢,

(te,ve) = (u,v) weakly in (L°°(O, T; V)N L? (0, T;HZ))Z, (3.13)

(t4e,ve) = (,v)  strongly in (C(0, T; H) N L*(0, T; V))®, (3.14)

(u,,v,) = (V') weaklyin (L*(0, T;H))2, (3.15)

B'(ue)ye — n  weakly star in (L"O(QT))*. (3.16)
It follows from (3.10) and (3.11) that

1< pte +|8|z+ <2 foranye > 0. (3.17)
Therefore, there exist generalized subsequences of . and ¢, such that

e —> o ase— 0 (3.18)
and

Le — Lo weakly star in Z* as ¢ — 0. (3.19)

Using Lemma 2.2, we may pass to the limit in (3.2) and derive (1.3);.
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On the other hand, due to Lemma 2.2 and the same argument as in [23], we can conclude
that

Vg.(t,u;) — p(t) weaklyin L*(0, T;H) as ¢ — 0, (3.20)
where p(t) € dg(¢, u*) for all most ¢ € (0, T). Thanks to (H;) and Lemma 2.2, we also infer

[F’(us)]*g“g — [F/(u*)]*g“o weakly in L2(0, T; H) as ¢ — 0. (3.21)
Now we claim that

(314? - l)pg — (3(14*)2 -1)p weakly star in L? (0,T;V*) ase — 0. (3.22)

Indeed, let w € L*(0, T; V) and v = max{|p|;2(o 7.vy + L [t*|12(0,7:v) + L [Wl12(0, 721}, then we
derive

fo T!(3u§ ~1)p: - 3(u*)* ~1)p, w)| dt
= /0 TI(B(u? — () )p + [3(ue)? = 1](pe — p), w)| dt
< /0 (30 + ) e ?)pe + [30e ~ 1)~ ), W)

T
<2(v°+1) |:0maxT|u5 - u*|§ + / |ps —pl%dt] —-0 ase— 0. (3.23)
=s< 0

With the help of (3.13), (3.16), (3.18)-(3.23), we can pass to the limit in (3.1) to derive that
(»,q) € (L*(0,T; V) N C(0, T; H))* and satisfies (1.2). On the other hand, observing that
Ce € 0ds(F(u.)), we derive

(Cs: w— F(u*)>Z*,Z =< (CE,F(M*) - F(Ms)>z*,z: (3.24)

which together with (3.19) and Lemma 2.2 implies (1.3), (the second inequality of (1.3)).
Finally, we are in a position to prove that (1o, {o) # 0. To this end, we suppose that (o = 0.
It follows from (3.17), (3.19) and (3.24) that there exist &1 > 0 and § > 0 such that

3 <|&lz+ <2 foranye<g (3.25)
and
(Ca, w— F(u*))z*,z < <CS,F(M*) — F(u8)>z*z — 0 uniformlyinw e S. (3.26)

Since S C X is a closed convex subset with finite co-dimensionality, so is S — F(u*), which
together with (3.25) and (3.26) implies that (o, o) # 0 [24].

Assuming that F'(1*) is injective and (i, p, q) = 0, thanks to (1.2), we derive (F'(u*))*¢o =
0, which yields ¢p = 0 and (10, &o) = 0. This is a contradiction with (19, o) # 0. Thus, if
F'(u*) is injective, then (g, p) # 0. We complete the proof. d
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