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Abstract

In this paper, we investigate the Cauchy problem for the generalized
Degasperis-Procesi equation in a Besov space. Firstly, we prove that the generalized
Degasperis-Procesi equation is locally well posed in B, with s> 1+ Lors=1+ % if
r=1with p € [1,4+00)). Secondly, we prove that the generalized Degasperis-Procesi
equation possesses the peaked solitary wave which is the weak solution to the
generalized Degasperis-Procesi equation. Thirdly, we prove that the data-to-solution
map for the generalized Degasperis-Procesi equation is not uniformly continuous

in B%fo Fourthly, we prove that the data-to-solution map for the generalized
Degasperis-Procesi equation is not uniformly continuous in H(R) with s < 3/2. Finally,
we give a blow-up criterion.
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1 Introduction
In this paper, we consider the Cauchy problem for the following generalized Degasperis-
Procesi equation:

Uy — U + U1y — (ukux)xx + Q[uk”]x =0, 1.1)

u(x’ O) =Uo (x)r (12)

where Q € Ris a constant. When k=1and Q = %, (1.1) reduces to the Degasperis-Procesi
equation

Us — U + DUy = SUyllyy + Ulhyyx. (1.3)

Equation (1.3) possesses the Lax pair and bi-Hamiltonian structures and infinite many
conservation laws [1]. The Degasperis-Procesi equation [2] possesses peaked solitons
which are stable [3] and shock peakons of the form u(x, t) = —# sign(x)e™™!, k > 0. The
Degasperis-Procesi equation possesses the global weak solution and blow-up structure
[4-6]. Constantin and Lannes studied the relevance between the Camassa-Holm equation
and the Degasperis-Procesi equation [7]. The Degasperis-Procesi equation possesses the
infinite propagation speed [8]. The Degasperis-Procesi equation possesses multi-peakon
solutions [9] and multisoliton [10]. Himonas and his co-authors [11, 12] proved that the
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data-to-solution for the Camassa-Holm equation, the Degasperis-Procesi equation is not
uniformly continuous in H*(R) with s > 3/2, respectively. Himonas et al. proved the non-
uniform continuity in H' of the solution map of the CH equation [13]. Recently, Gui and
Liu [14] studied the Cauchy problem for the Degasperis-Procesi equation in Besov spaces.
Yan et al. [15] studied the Cauchy problem for the Novikov equation in Besov spaces.

Let P(D) = -9,(1-32)~" and p(x) = 3¢, x € R. By using the identity (1 - 82)7!f = p = f

for f € L2, we can rewrite (1.1)-(1.2) as follows:

up + uku, = QP(D)[uk+1], (1.4)

u(x,0) = ug(x). 1.5)

In this paper, motivated by [14], we study the Cauchy problem for (1.4) in Besov spaces.
Firstly, we use the standard iterative method to prove that the generalized Degasperis-
Procesi equation is locally well posed in B}, with s >1 + }7 (ors>1+ 117 ifr=1withpe
[1, +00)). Secondly, we prove that the generalized Degasperis-Procesi equation possesses
the peaked solitary wave which is the weak solution to the generalized Degasperis-Procesi
equation. Thirdly, we prove that the data-to-solution map for the generalized Degasperis-
Procesi equation is not uniformly continuous in Bg/go Fourthly, we prove that the data-to-
solution map for the generalized Degasperis-Procesi equation is not uniformly continuous
in H*(R) with s < 3/2. Finally, we give a blow-up criterion.

Notice that the structure of (1.4) is more complicated than that of the Degasperis-
Procesi equation. Thus, to prove that the sequence of smooth solutions (#),cy is uni-
formly bounded in C([0, T1; B;,,) N C'([0, T]; B} ) with s > 1 + }17 (ors>1+ }]; if r =1 with
p € [1,400)), we choose that

ol s,

, tel0,T]. 1.6
(1—2kClluoll§, £k 071 (10
pir

], <

In proving Theorem 1.5, we explain why we choose (1.6). It is worthy of pointing out that
we use Fatou’s lemma and the upper limit as well as Gronwall’s inequality to prove that
(u"),.en is a Cauchy sequence in C([0, T];B;jrl) with s > 1+ }9 (ors>1+ 117 if r =1 with
p € [1,+00)).

To introduce the main results, we define
E; (T)=C([0,T};B;,,) N C'([0, T1; B} ).
The main results of this paper are as follows.

Theorem 1.1 Let uy(x) € B,, withs>1+ 1% (ors>1+ 117 ifr=1withp € [1,+00)). Problem
(1.4)-(1.5) is locally well posed. Moreover,

- llecoll s,
S f— ’
For = (1= 2KCluo I, £)'*

Juto

te[0,T]. (L7)
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A function u : [0,7) x R is called a weak solution to (1.1) (or (1.4)) if u belongs to
L ([0, T); H') and satisfies the following identity:

loc
r 1 k* + 2k
/ / |:M¢t + —— g+ p |:—+ uk“]qu} dxdt
o Jr k+1 k+1

+ / u(x,0)p(x,0)dx =0, (1.8)
R

where p(x) = %e“x‘, for any smooth test function ¢(x,t) € C2°([0, T) x R). If u is a weak

solution on [0, T) for every T > 0, then it is called a global weak solution.

Theorem 1.2 When Q = % in (L.4), us(x,t) = ke "=l with ¢ > 0 is a weak solution of
(1.4) in the sense of (1.8).

Theorem 1.3 When Q = Kke2) (1.4), the data-to-solution map for the generalized

k+1
Degasperis-Procesi equation is not uniformly continuous in Bg/go

ists a global solution u € L°(R*; B3 ) to the Cauchy problem for (1.4) such that for any

. More precisely, there ex-

2,00
T >0 and € > 0, there exists a solution v € L®(0, T; By2 ) with
||V(0) - M(O) ||B§,/o2O S €, ||V(t) - M(t) HLOO(O,T;ngo) Z 1.

Theorem 1.4 When Q = k(,f:f) in (1.4), the data-to-solution map for the generalized

Degasperis-Procesi equation is not uniformly continuous in H*(R) with s < 3/2.

Theorem 1.5 Assume that T* is the maximal time of existence of the solution to problem
(1.4)-(1.5). If T* < o0, then

T*
/ Nl ||¥ o dT = +00. (1.9)
0

Moreover, T* > %
Chlluo %
DT
The remainder of this paper is organized as follows. In Section 2, we give some pre-
liminaries. In Section 3, we prove Theorem 1.1. In Section 4, we prove Theorem 1.2. In
Section 5, we prove Theorem 1.3. In Section 6, we prove Theorem 1.4. In Section 7, we
prove Theorem 1.5.

2 Preliminaries
In this section, we give Lemmas 2.1-2.4. The proof of Lemmas 2.1-2.4 can be seen in
[16-21].

Lemma 2.1 (Littlewood-Paley decomposition) Let B = {§ € R",|§| < %} and C = {§ €
R”, % <&l < %}. There exists a couple of smooth radial functions (x, ¢) € (C:°(B), C:°(C))
such that

VEER", x(&)+) ¢(27%)=1

geN
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and
Supp¢(271-) NSuppp(277-) =4 if|g-q| =2,
Supp x () NSupp¢(27%) =0 iflgl =1
and
3 =@+ ;qs(z-qs)z <1, VEeR". (2.1)

Then, for u € .”'(R), the nonhomogeneous dyadic blocks are defined as follows:
Au=0 ifqg<-2,
Au=x(Du=F x Fuu,
Agu=9(27D) = F'¢(279€) Fu  ifq > 0.

Thus we obtain

u=Y A in S (R),

qel
and the low frequency cut-off S is defined by

q-1
Squ = Z Apu=x (Z_qD)u - yx—lx (z—qg)yxu’ VgeN,
p=-1

as well as
ApAgu=0 iflp—ql>2,
Aq(SpfluApV) =0 lf|P -ql=5,Vu,ve y/(R);

Apullr < Cllullp,

1Squllr < Cllullr, V1 <p < +00,
where C is a positive constant independent of q.

Definition (Besov spaces) Lets € Rand 1 < p < +o0. The nonhomogeneous Besov space
B;,,(R”) is defined by

B,,(R")

= e (R): Wf sy, = 270,

rap) = I (2[15||Aqlf||u’)q}1 <00},
In particular, if s = oo, then B;,, = MNecr B;,.

Lemma 2.2 LetseR,1<p,r,pj,r;<00,j=1,2, then:
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1) B, isa Banach space and is continuously embedded in %' (R").

S1 S0 . 1 1
(2) Bpiy = Bpyrys if pri <prand r <ry and sy = s, — n(p—1 ~

51 52 ;
BW2 s prrl locally compact if sy < s1.

(3) Vs>0,B,,,NL> is a Banach algebra. B, , is a Banach algebra iff B, — L> and iff
s>}9or(szllgundr:1).
(4) (i) Fors>0,

Wfellzy, < C(IFllay, gl + Il liglisy, ), Vg € B, N L™,

(i) Vs1§i<sz (szzllgifrzl)andsl+sz>(),

”fg”B;l,y = C”f”g;l‘r”gng;%r’ Vf € B;ol,r’g € B;Z,r

(5) VO €[0,1] and s =0s; + (1 —0)s,,

2 1-0
sy, < Wl IS, F € B, N B

pr

(6) If (4n)nen is bounded in B,, and u, — uin ' (R"), then u € By, and
oz, < Timin e 55,

(7) Let m € R and WV be an S"-multiplier. Then the operator V(D) is continuous from
BS, into By ™. In particular, —3,(1 - 92)™" is continuous from B;, . into B, .

Lemma 2.3 (A priori estimates in Besov spaces) Let1 < p,r < 0o and s > —min{}’, 1- 1%}.
Assume that fo € By, , F € L'(0, T; B},,) and that 9;v belongs to L'(0, T; By,)) if s > 1 + 5 or
to L1(0, T;B%f N L) otherwise. If f € L>(0, T; By,,) N C([0, TT; 7' (R)) solves the following

1-D linear transport equation:

fi+vfi=F, (2.2)
f(x» 0) :_ﬁ)’ (23)
then there exists a constant C depending only on s, p, r such that the following statements

hold:
1) ]fr:lors;:’l+}g,then

Flls, < Wollsg, + /0 [E@)],; dr+C /0 V@)

dr
B,

or

t
s, < eCV‘”(mnB;,,, + / e 0| F(r) B;,r”’f> (2.4)
A .

with V(t) = fot ||vx(17)||3117{1;;mOo drifs<1 +117 and V(t) = fot ||Vx(r)||Bls;r1 dr else.


http://www.boundaryvalueproblems.com/content/2013/1/235

Zuo et al. Boundary Value Problems 2013, 2013:235 Page 6 of 16
http://www.boundaryvalueproblems.com/content/2013/1/235

(2) Ifs<1+ 1%,f0’ €L® and f, € L*°((0, T) x R) and F, € LY(0, T; L), then

@, + 15O

t
< ecm(uﬁ)ng;,, ol + /0 e VOF@ ] + HFx(ﬂHpo]dr)
with
t
Vie) = /0 0@

(3) Iff = v, then for all s > 0, (1) holds true when V(¢) = fot lve(T)|lzo dT.
(4) Ifr< oo, then f € C([0, T];B;,,). Ifr =00, then f € C([0, T];B;l)for all s’ <s.

Lemma 2.4 (Existence and uniqueness) Let p, r, s, fo and F be as in the statement of
Lemma 2.3. Assume thatv € L* (0, T; B)L.) for some p > 1and M > 0 and v, € L'(0, T; Bl
ifs>1 +}7 ors=1 +1% andr =1and v, € L(0, T;B},{‘;o NL®)ifs<1+ }7. Then problem (2.1)-
(2.2) has a unique solution f € L*°(0, T B;a,r) NNy C([0, T];B;/]l)) and the inequalities of
Lemma 2.3 can hold true. Moreover, if r < 0o, then f € C([0, T]; By, ).

3 Proof of Theorem 1.1
In this section, we complete the proof of Theorem 1.1 and suppose thats > 1+ }7 (ors>1+ 1%
if r =1 with p € [1, +00)).

First step: approximate solution
By using the standard iterative process, we construct a sequence of smooth solutions
(u"),en € C(RY ;B;f’,). Assume that () := 0, by induction we define a sequence of smooth

functions (#%"),.ex by solving the following linear transport equation:

™+ [ = QPO ()] G

n+1)(

1"V (x,0) = 1§ (x) = Spao (). (3.2)

By using the fact that S,,1u49 belong to By, from Lemma 2.4, for all n € N, we can show

by induction that problem (3.1)-(3.2) has a global solution (#"),.cx € C(R*,B;f,).

Second step: uniform bounds

Fors>1+% (orszl+§ifr:lwithpe[1,+oo))andneN,weprovethat

)],

t
Eecun(t)<”u0”32,, +C/ e—Cu"(T) ||u(n)
0

k+
B;;,lr dt), (3.3)

with U = £ |u™|%; dr.
Sy N,
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From (2.3) of Lemma 2.3 and (3.1), we derive that

(1) /
C,/o 129 (¢ )”B;;rl dt

||u(”+l)(t)||32', <e llxoll55,,

t ty (1) ’
ve [ i), (3.4
0

By,
where
F(u™) = PD)[ (u)*"]. (3.5)

By using the S~! multiplier property of P(D) and the fact By, withs>1+ }7 (ors>1+ 117 if
r=1with p € [1,+00)) is a Banach algebra, we have

k+1
[F )] gyr = CIPOI (™) 1(E) [ 5,
(n) k+l/,, (n) (4 k+1
= )0 = Cla @O 66)
Inserting (3.6) into (3.4) yields (3.3).
Let us fix T > 0 such that
1
S S (3.7)
4kClluo 15,
p,r
and suppose that
[AG] P Iolz;, telo,T]. (3.8)
Bor = (1 - 2kClluoll%; £)V&’ '
pr
Since U"(t) = fot 4™ % dr, by using (3.8), we have
p,r
o y d(1-2kCllug H,:%"’H)
» " n) (4 dar T q_ " /
(LCUM@)-U" () _ eCfT flu (t)||3;’r t <e (1-2kC|| oHB;Nt)
1-2kClluolizy 7 2
= (—k) . (3.9)
1 - 2kC||u0 ||Bs t
.1
When 7 =0 in (3.9), we have
1 o
CU"0) < (—,) . (3.10)
1—2kClluolf ¢
DT
Inserting (3.9), (3.10) into (3.3) yields
_ k
Hu(’”l)(t)” - llo 15, [1 1 /t d(l ZkC“uO”B},rt) ]
By = (1= 2kClluollf, DML 2k Jo (1—2/(C||uo||1]§;’yt)“i
ll2t0l 53,
OB, (3.11)

< .
= (1-2kClluolly, BV
p,r

Page 7 of 16
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Thus, (4™),.en is uniformly bounded in C([0, T];B;,,). By using (3.9) and the fact that B,
is a Banach algebra and (3.5) and using the S'-multiplier property of P(D), we have that

Clluolls.
P el P - (312)

M(n) (n+1) Cu(")
e, < T

and
k k+ /<+
[P T gr = CHE) 1
Cllasolls.!
< —. (3.13)
(1 = 2kClluollg, £)
Consequently,
(™), c C(l0,T1;B;,) N C'([0, T}; BS,}). (3.14)

Remark Inserting (3.7) into (3.8) yields
[0 gy < 4luoll, (3.15)

for n € N. From (3.11) and (3.7), Vi € N*, we have that

., t C||M0||§s .
U < exp[f —p’k dr] <4 (3.16)
o 1-2kCluollfy ¢

and

lzeo s,
|u®ll, < 20 (3.17)

T - 2kClluollk Uk

with the aid of Fatou’s lemma. We define

L=4(luollg, +1). (3.18)
Thus,
(n)
[y +1=1L (319)
for n e N*.

Third step: convergence
We prove that (1), is a Cauchy sequence in C([0, T];B;;,l). For (m,n) € N2, we have

[at + (u(n+m))kax] (u(n+1+m) _ M(n+1))

- ((u(n))k _ (u(n+m))k)axu(n+l)

k
" QP(D)|: (n+m) Z n+m ))}':|' (3.20)

Jj=0

Page 8 of 16
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Combining (2.3) with (3.20), we have that

|| [u(n+1+m) _ M(n+1)](t)

Bs—l
< eun(t)(“ugﬁhm) _ n+1 ”BS 1)
t
+/ " o-u" ”F( m e g ) )HBS L dr, (3.21)
0

where

) = /o | (Y

F(u(n), u(n+m), axu(n+1))

dr
By, 40

k
= ((u(n))k_ (u n+m) )a un+1 +QP(D)|: (n+m) _ (n) Z (n+m ]
j=0

By using (3) and (7) of Lemma 2.2, we have that

“F(l/t(n), u(n+m), axu(n+1))

Bs—l

< CJ ) = () gy ™

o
y(nrm . n+m —1

S L | L P A P T

< CL*|u™ — ylm+m) B (3.22)

Inserting (3.22) into (3.21) yields

|| [u(n+1+m) _ u(n+1)](t)

-1
By

< eun(t) ( ” uE)n+1+m) gu-l)

) + I / MO | 0) _ o)
0

g de. (323)

From (3.2) and Lemma 2.1, we can easily obtain that

||ugn+1+m) _ ugﬁl) - <2, (3.24)
Obviously,
eu”(t) < 4', eun(t)—un(f) < 4. (325)

Inserting (3.24) and (3.25) into (3.23) leads to

|| (u(n+1+m) _ M(n+1))(t)

Bs—l

<c2+crt / [ (' mm)(‘r)ngsld‘[. (3.26)
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We define

A (O = [ (" = u) | 1 (3.27)
Inserting (3.27) into (3.26) leads to

t
Agpirm(t) < C27" + CLF / Agmy(T)dr. (3.28)
0

We define

Pu(t) = sup Agym(t) = sup || (u(””") - u("))(t) B (3.29)

meN* meN+ pr

and

p(t) = limsup p,(t). (3.30)
Combining (3.30) with (3.29), (3.28), by using Fatou’s lemma, we have that

t
p(0) = limsupp,a(6) = C* [ 7). (331)
n—+00 0

Applying Gronwall’s inequality to (3.31) yields

p(t) < e 5(0) (3:32)
for t € [0, T]. According to the definition of p(¢), we can easily obtain that

p(0)=0. (3.33)
Combining (3.32) with (3.33), we have that

50 = 0. (3.34)

Hence, (#"), is a Cauchy sequence in C([0, T];B;}l).

Fourth step: existence in E; (T)
Now we prove that u € E;',(T) and satisfies (1.4)-(1.5) since (#""),en is uniformly bounded

in L*(0, T;Bfw). From (6) in Lemma 2.2, we have that u € L*°(0, T;B;,r). From (1.4), we

-1

can easily prove that u, € L*(0, T; B, ). It is easily checked that u is indeed a solution to

na

(1.4)-(1.5) by passing to the limit in (3.1)-(3.2).
Now we prove that u € E;,,(T). Since u € B;],, Ve > 0, there exists go € N* such that

€
2 2N A Gl o ary < 5 (3.35)
q4=4q0
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From the definition of Besov spaces, we have that

et +8) — u(t) H;;,r

= Z 2‘1”” Aqu(t) — Aqu(t +6) ”Zp + Z 297 H Aqu— Aqu(t +6) HZP

q<q0 q9=90

= Z 297 Agu(e) = Aqult + ‘3)”211 +2 Z 297 || Aqu(®) “ZOO(O,T;LP)
q<4q0 q9=90

< 3729 Agult) - Agult +8)|, + % (3.36)
q<490

By using the mean value theorem, we have that

| Agu(t) = Agult+8)|, = || Ague(t +65)] 18] < || Ague(2) Hm 181, (3.37)

0,T;LP

where 0 < 6 < 1. Inserting (3.37) into (3.36) yields

(e + 8) — ut) ”;1%

= 2% Agu(t) - Agult +8)||, + Y 297 Agu(t) - Agult + )|,

a<qo q=4q0
. €
= 18] ZH Aqu(t) ”LOO(O,T;LP) 3
q<q0
< 1811l T (339
= tlreorsgh © o '

We may choose § sufficiently small such that
, €

8101y < 5 (3.39)
Inserting (3.39) into (3.38) leads to

” u(t +38) —u(t) ”BS <élr, (3.40)

pr

Thus, we derive that

ueC([0,T);B;,). (3.41)
Combining (3.41) with (1.4), we can easily obtain

u, € C([0, T); B ). (3.42)
From (3.41) and (3.42), we have that uz € E;'r(T).
Fifth step: uniqueness of solution

The uniqueness of the solution to the Cauchy problem for (1.4) can be proved similarly to
Proposition 3.1 of [14].
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Sixth step: continuity in E; (T) with s > 1 + % (ors>1+ % if r =1 with p € [1,+00))
The continuity of the solution to the Cauchy problem for (1.4) can be proved similarly
to the continuity of the solution to the Degasperis-Procesi equation which can be seen
in [14].

4 Proof of Theorem 1.2
From (6.5) and (6.7) of [22], we have that

Octhc(x, £) = —sign(x — ct)u(x, t), Ot (%, t) = csign(x — ct)u(x, t), (4.1)

where u,(x,t) = c!/*e~*=!l, By using integration by parts and (4.1), we have that

+00 1
/ /(ucatqb + —uk”axqb) dxdt + f u.(x,0)p(x,0) dx
0 R k +1 R

—/ / ¢>[8tuc + ufaxuc] dxdt
0 R

=— /+oo /qu sign(x — ct)[cuc - u'c”l] dxdt. (4.2)
0
Since u.(x, t) = c/ke"<!l we have that when x > ct,
sign(x — ct)[cu - uk“] Ak [e“ * (k+1)(””‘)] (4.3)
and when x < ct,

. 1
sign(x — ct)[cu, — ul™] = M r [l — gkrDE=e], (4.4)

c

By using (1 - 82)7}f = p * f and (4.1), we have that

oo kK + 2k
a(1-92) uk | dxdt
/ /¢ [k 1 ]
oo k% + 2k
:/ /¢axp*[< * <uf”:| dxdt
k+1

k + 2k

+00
_ 1+% . _ —|x—yl —(k+1)\y—ct\d dux dt. 4.5

Now, we compute

K2+ 2k
2(k +1)

Cl+%/ Sign(x_y)e—\x—y\e—(k+1)|y_ct| dy
R

Yy

= 11 +12 +13. (46)
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When x > ct, we have that

L= k2 +2k CH% /Ct e—(x—y (k+1)(y—ct) dy
2(k +1) oo

__ k* + 2k C1+%e—(x+(k+1)ct) /Ct k2 dy
2(/( + 1) —00
_ k 1+% ct—x
2k +1)
and
5 - K +2k e / ¥ g59) gDt dy
2(k +1) ct
- k2 + 2k ok ke / " o~ SRy dy
2(/( + 1) ct
k+2 .1
__ E ect—x _ e(k+1)(5f*x)
2(k +1) [ ]
and

2

I kK= +2k 1,1 / = ) g kD=<t) g,
2(k +1) x

k* + 2k A

00
i (x+(k+1)ct) / —(k+2)y
ke e d
20+ 1) ; ‘

k C1+% ok Dlet—x)
2(k +1)

Thus, when x > ct, from (4.7)-(4.9), we have that

11 +12+13

1+% Ct—% _ k+2

1+L1 ct—x (k+1)(ct—x)
R — c k|e —e
2k +1) 2(k +1) [ ]

+ k C1+% ke D(ct—x)
2k +1)

1+% [e(k+1)(ct—x)

= —c ct—x].

—é
Similarly, when x < ct, we can obtain

11 +12 +13 _ C [ (k+1)(x—ct) ex—ct]'

From (4.3), (4.4) and (4.10) as well as (4.11), we have that

+00 2
/ / [c¢t+—uk+l¢x [% "“]%}dxdt

+ /Ruc(x, 0)p(x,0)dx = 0.

Page 13 0of 16

4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)


http://www.boundaryvalueproblems.com/content/2013/1/235

Zuo et al. Boundary Value Problems 2013, 2013:235 Page 14 of 16
http://www.boundaryvalueproblems.com/content/2013/1/235

1/k l/ke—\x—ct\.

Thus, u, = ¢/ e~*=<! is the solution in the sense of (4.12). For ¢ > 0, let u.(x,£) = ¢

Thus u.(x, t) is the solitary wave for (1.1) (or (1.4)).

5 Proof of Theorem 1.3
k(,f:f) in (1.4), (1.4) possesses the peaked solitary wave cMkelr=ctl Theo-

rem 1.3 can be proved similarly to Proposition 4 of [19].

Since when Q =

6 Proof of Theorem 1.4

k(k+2)
k+1

rem 1.4 can be proved similarly to Theorem 3 of [23].

Since when Q = in (1.4), (1.4) possesses the peaked solitary wave c'/¥e*=l, Theo-

7 Proof of Theorem 1.5
In this section, we always assume that s >1 + 117 (ors>1+ :—7 if r =1 with p € [1, +00)).

Proof of Theorem 1.5 Applying A, to (1.4) yields

k% + 24
(at + ukax) Aqu= [uk, Aq]axu + QP(D)Aq[%uk”} (7.1)

From (2.54) of page 112 in [24], since s > 1 + 117 (ors>1+ % if r =1 with p € [1, +0)), we
have that

27T, AqJosa]

k k+1
o = Clluxllze 1l < Cllullg - (7.2)

By using (4) of Lemma 2.2 and P(D) is an S~'-multiplier, since s > 1 + 117 (ors>1+ 117 ifr=1

with p € [1, +00)), we have that

k2+2k k+1
HP‘D)[W“ }

k k+1
< Clluxllpoo lullg, < CllullBg,. (7.3)
B, ’

Going along the lines of the proof of Proposition A.1 of [18], from (7.2) and (7.3), we have

that
t
lullsy, < luollzy, +C / e[ N2 35, T (7.4)
0
t
< lluollzy, +C / lullks! de. (7.5)
. o 5
Solving (7.4) yields
¢ [ Nl X o d
lullgy, < e follioe 47 g s (7.6)
Solving (7.5) yields
ll4o Il 55,
lullgy, < b (7.7)

(1 - Ckeluollfy V%
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Assume that T* is the maximal time of existence of the solution to problem (1.4)-(1.5). If
T* < 00, we claim that

Tk
/ ||ux||]Zoo dt = +00. (7.8)
0
We prove the claim (7.8) by contradiction. If (7.8) is untrue, then from (7.8), we have that
||u(T*) ||B;” < 00, (7.9)

which contradicts the fact that 7* is the maximal time of existence of the solution to prob-

lem (1.4)-(1.5). Consequently, (7.8) is true. From (7.7), we know that T* > W More-
uo B,
over, (7.7) ensures the validity of (3.8). v
The proof of Theorem 1.5 is completed. O
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