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Abstract

We show that systems of second-order ordinary differential equations, x” = f(t, x, x’),
subject to compatible nonlinear boundary conditions and impulses, have a solution x
such that (t, x(t)) lies in an admissible bounding subset of [0, 1] x R" when f satisfies a
Hartman-Nagumo growth bound with respect to x’. We reformulate the problem as a
system of nonlinear equations and apply Leray-Schauder degree theory. We compute
the degree by homotopying to a new system of nonlinear equations based on the
simpler system of ordinary differential equations, x” = MoL(x - v), subject to Picard
boundary conditions and impulses and using the Leray index theorem. Our proof is
simpler than earlier existence proofs involving nonlinear boundary conditions
without impulses and requires weak assumptions on f.
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1 Introduction
Let g € N, the natural numbers,

Q={ti,...,t;:0=tg <ty < -+ <ty <ty =1}

Jo = [to, 1] and Jx = (£, txs1] for 1 < k < g. We call Q a division of the interval [0, 1].

We consider the system of second-order ordinary differential equations

% :f(t,x,x/), t€[0,1]\ Q 1

subject to very general nonlinear boundary conditions of the form
go (x(o)xx(l)yx/(o),x/(l)) = (0: 0) (2)

and very general nonlinear implicit impulses of the form

& (e(), %)% (1), (1)) = 0,0), k=1,....g, ®
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where
f:00,1] x R* — R”

satisfies f|;, . g2+ has an extension to f € C(x x R¥;R") and
& = (@1 gka) € C(R2n x R21; R2")

for 0 < k < g. Our fully nonlinear boundary conditions (2) include the Picard, periodic,
and Neumann boundary conditions as special cases. We establish a general existence re-
sult for solutions lying in an admissible bounding set for the system of ordinary differential
equations (1) satisfying boundary conditions (2) and impulses (3).

Our result is closely related to those of Thompson [1] and of Kongson et al. [2]. In [1]
and [2], the authors established existence results for systems of second-order ordinary dif-
ferential equations in more general bounding sets and subject to general boundary condi-
tions (2) but not subject to impulses. Moreover, the proof in [1] is incomplete as it fails to
establish the required derivative bounds; these appear to require more assumptions on the
Hartman-Nagumo growth bound than we assume here. Although our bounding sets are
more restrictive than those in [2], our proof is much simpler than theirs. In particular, the
ideas introduced in our proof offer a fresh starting point for further work aimed at iden-
tifying the natural and most general concept of a bounding set and with this the natural
and most general existence results possible for system (1) subject to nonlinear boundary
conditions (2).

Earlier works on boundary value problems homotopies the original problem (1), plus
nonlinear boundary conditions (2), to x”(¢) = 0 plus the Picard boundary conditions; see,
for example, [3]. This requires f to be redefined for (¢, x) outside the admissible bounding
set in such a way that solutions to the associated boundary value problem lie in the admis-
sible bounding set. This in turn imposes restrictive assumptions on f and the associated
bounding set. A key to our new idea is the observation that it suffices to homotopy our as-
sociated system of nonlinear equations to a new system of nonlinear equations associated
with the simpler system x”(¢) = MoL[x — v(£)] subject to Picard boundary conditions and
impulses. This is uniquely solvable with the solution lying in the admissible bounding set.
We use the Leray index theorem and the multiplication theorem to show that the degree
of the associated nonlinear equation is not zero. Using our homotopies, we do not need to
redefine the system outside the admissible bounding set. In the current work, we require
the bounding set to be {(¢,x) € [0,1] x R" : r(¢,x) < 0}, where r: [0,1] x R” — R and r(¢, -)
is strongly convex as a function of x (see Remark 1(i)).

A further motivation for our work comes from the paper by Cabada and Thompson [4]
for a single equation with impulses. Recently, many papers devoted to the study of bound-
ary value problems for nonlinear differential equations with impulses have appeared be-
cause of their wide applicability and associated rich theory. In the literature one can find
different kinds of existence results for first-order [5, 6], second-order [7-9], and higher-
order [10, 11] ordinary differential equations with periodic boundary conditions and im-
pulses. In addition, some existence results for first-order impulsive differential equation
with nonlinear boundary conditions can be found in [12-15]. In the papers [4, 16, 17], the
¢-Laplacian and ¢-Laplacian equations with impulses are considered.
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This paper is organized as follows. In Section 2, we introduce the notation and defi-
nitions that we use in this paper. We give the definition of compatible boundary condi-
tions and introduce our definition of compatible impulses in Section 3. In Section 4, we
present the Nagumo-type condition that we use in our existence result to a priori bound
the derivative of solutions. Section 5 is principally devoted to our main result where we
prove that there are solutions to (1), (2), and (3) lying in an admissible bounding set. In

Section 6, we present an example.

2 Notation and definitions
In this section, we present the notation, definitions, and assumptions that we use to obtain
a priori bounds on solutions.

Let H denote finite or infinite dimensional Hilbert spaces. For a bounded subset V of H,
let V° denote its interior, 3V its boundary and V its closure. For a bounded subset U of
[0,1] x R” and ¢ € [0,1], let U(t) denote its ¢-cross section and dU (£) denote the boundary
of U(t) in R”. Thus U(¢) = {x € R" : (t,x) € U}. Let dcU denote the curved boundary of U,
so dcU = Ute[O,l] ol (t) excludes the sets {0} x U°(0) and {1} x U°(1) from dU. For x € R,
lx| denotes the absolute value of x. For x = (xy,...,%,) € R” and y = (y1,...,,) € R", xT
denotes the transpose of x while x - y denotes the scalar product of x and y. Let Z denote
the identity on H so Z(x) = x for all x. If X is a Banach space and A C H, then C"(4;X)
denotes the space of m-times continuously differentiable functions from A to X with a
finite norm. In the case of continuous functions, we omit the », while in the case of real-
valued functions, we omit the X.

LetJ C R be an interval. For r € C2(J x R"), let r,(t,x) denote the partial derivative with
respect to ¢, rx(t,x) denote the gradient, and r,(¢,x) denote the matrix of second-order
partial derivatives of r with respect to x.

The norm on C™"(J;R") is given by

lullongy = sup [u®(®)

k<m;te]

’

where ) denotes the kth derivative of u. By abuse of notation, we abbreviated C”(J;R")
to C™(J). Further we will abbreviate ||u||cm(y to ||| when the meaning is clear from the
context.

For 7 € [0,1), let ¥ (¢*) = lim,_, ;+ u®(¢) and for t € (0,1], let «®(z7) = limy— ,_ ()
for 0 < [ < m. To simplify statements of results, set #¥(1*) = «”(1) and «®(0~) = u¥(0)
for 0 < I < m, where u’(1) and ©¥(0) are the appropriate one-sided derivatives.

In order to define the concept of solution for our problem, we consider the following
sets. Let

0= {u: [0,1] = R": ul;, € Cm(]k),u(m)(t,ﬁ)
exist for k = 1,...,q}.
All our limits are assumed to be R”-valued when they exist. Thus, for u € C’Q”, u(l)(tki

exists fork=0,...,4+1,1=0,...,m. Note that Cg is defined in the obvious way. Thus we
may identify x € Cgj with x = (xo,...,%,) € HZ:O C"(Ji), where %(£) = x;(¢), for all t € Ji.
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By abuse of notation, we will denote X by x where the meaning is clear from the context.
Further we define a norm on Cf by

x||cm = max ||x .
llxll gy 2 %l )

If A is a bounded open subset of H, G(x) = x + K(x), where K € C(A,H), K(A) has com-
pact closure and p € H \ G(dA), then d(G, A, p) denotes the Leray-Schauder degree of G
on A at p. In the special case that H =R” and G € C(A,R"), p e R"\ G(dA), d(G,A,p) is
the Brouwer degree.

By a solution x we mean a function x € Cé satisfying (1) for all £ € [0,1] \ Q, (2) and (3).

We look for solutions to problem (1) together with the fully nonlinear boundary condi-
tions (2) and impulses (3) in the following admissible bounding set which provides a priori
bounds on solutions to (1).

Definition1 Let Q2 C [0,1] x R” be abounded setand v € Cé. We call (€2, v) an admissible
bounding set for (1) if it has the following properties:
(i) Thereis r:[0,1] x R” — R such that
(@) rljxrr can be uniquely extended to ry € C2(Jy x R") for all 0 < k < g;
(b) Q:={(t,x) € [0,1] x R":r(t,x) < 0};
(c) Zijl rxixi(t,x)éifj > ©||&]|? for some constants ® > 0, all £ € R” and (¢, %) € ©;
(ii) There is € > 0 such that B, (vi(£)) C Qx(t), where Q := {(t,x) € Ji x R": ri(t,%) < 0}
forall0 <k <g;
(iii) If£€(0,1)\ Q, p e R”, r(t,u) = 0 and 7' (¢, u, p) = 0, then

17 (t,u,p) > 0,

where
r(t,u,p) = ry(t,u) + r} (&, u)p, (4)
rf,/(ti u)p) = rtt(t) M) + 2’"3,;(’:’ u)p +pTrxx(t; u)p + r;(tl I/l)_f(t, M;P); (5)

(iv) |lre(t,%)|| = ¢ > 0 for all (¢,x) € 9c2 and some constant ¢ > 0.

Remark 1

(i) A function r € C%(R") is strongly convex iff for some constants © > 0,
> @ > O] (6)
ij=1

for x,& € R” (see Part 4 in [18]). If r € C?(R") satisfies (6), then r is uniformly
convex, see Appendix B.1. in [19]. Moreover, r € C*(R") satisfies (6) when ® = 0 iff r
is convex (see Appendix B.1. in [19]). From the definition of convex function, it is
easy to see that

Q) = {x eR":r(t,x) < 0}

is a convex set for ¢ € [0,1].

Page 4 of 18
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It follows from Definition 1(i)(c) that for (¢,x,p) € Q x R”,

rg(txx’p) = pTVxx(t;x)P + szrtx(trx) + rtt(trx)
> O|jp|> - 2D||p| - D
> —Kj, 7)
where D = sup(,cq {76, ®)l, 7:(£, %)} and K; > 0.
(ii) It follows from Definition 1(i)(a), (ii) and (iv) that
|re&®)] = ¢ >0,
(x - v(t)) cr(t,x%) > 1 ||rx(t,x) || and hence

(x - v(t)) re(t,x) >nec>0 (8)
for all (¢,%) € [ ¢S and some 1 > 0.

Set
Ao =9(0) x (1),  Ag= Q) x Qua(te) = Qt;) x (t) ©9)
for 1 < k < q, where Q(£;) = Qi (tx) and Q(;) = 2_1(f). Let
R, = sup{ Hx —1(t) H :(tx) € Q} +1; Ry =R; + supHv(t)H. (10)
We assume that f satisfies the following conditions.

Definition 2 Let (2, v) be an admissible bounding set for (1). We say that f satisfies the
Hartman-Nagumo condition on 2 if:

(i) f1j,xr2n has an extension to f; € C(Ji x Ry,

(i) If &% p)|l < @(pll) for all (¢,x,p) € @ x R”, where

/mﬁds=oo;

(iii) f (&% p)|l < Mr}/(t,x,p) + K for all (¢,x,p) € @ x R”, where M and K are
nonnegative constants and r}/ is given by (5).

Remark 2 If conditions (ii) and (iii) above are satisfied, a solution x of (1) with (¢, x(¢)) €
satisfies the Hartman-Nagumo inequality (see the second paragraph on p.702 in [20]).

3 Compatibility

Following [1], we give the definition of compatible boundary conditions and introduce the
definition of compatible impulses. These are simple, degree-based relationships between
the boundary conditions, the impulses, and the associated admissible bounding set. For
more information on compatibility of boundary conditions, we refer the reader to [1, 21],
and [4, Definition 14].

Page 5 of 18
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Definition 3 For 1 < k < g, we call the vector field Wy = (0, y}) € C(Ax; R*") strongly
inwardly pointing on Ay if for all (Cy, Dy) € Ay,

V],((tk, Cr, I/IIS(C/(,D/()) <0 forall Cy € 02 (t),

751 (t Do Wi (Ci, Di)) > 0 for all Dy € 91 (t),

where Ay, Qx(tx), Qu_1(tx) are given in (9). We call the vector field Wy = (Y3, %) €
C(Ag; R?") strongly inwardly pointing on Ag := £20(0) x 2,(1) if for all (Co, Do) € Ao,

75(0, Co, ¥ (Co, Dg)) < 0 for all Cy € 32(0),

7(1, Do, ¥5(Co, D)) >0 for all Dy € 9R,(1),
where i (k = 0,...,q) is the extension to J; of rle and r} is given by (4). From (9),
Q0(0) = Q(0); ©4(1) = Q(1). For k = 0,...,q, we call ¥; inwardly pointing on Ay if the

above inequalities are weak.

In what follows, where there is a strongly inwardly pointing vector field ¥; on Ay for all
0 <k < g, then Gy is defined by

Gi(Cr, Di) = g ((Ci, Di); Wi (Ci, Dr)) (1)

for all (Ci,Di) € Ay, 0 <k <gq.
The following definition is a variant of Definition 2.5 given in [1].

Definition 4 Let 0 < k < g and g € C(Ax x R¥;R?"). We say g is strongly compatible
with Q if

2k ((Cr Di), (i, vi)) # 0
for all (Cy, Dy, ug, vi) € Ax x R such that
Cr € 0%(tx) and  ri(ty, Cryux) <0
and/or
Dy € 0Q-1(t) and 7,y (tk, Di, vk) > 0
and
Ad(Gr Ak 0) #0 12)
for any strongly inwardly pointing vector field ¥ on Ay.
For 0 < k < g, we say that gi is compatible with Q if there is a sequence gi, € C(Ax x

R?";R?") strongly compatible with € and converging uniformly to gi on compact subsets
of Ak X RM.
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4 Nagumo-type conditions
In the literature, there are many variants of the ‘Nagumo condition” which are used to
establish a priori bounds on the derivative of bounded solutions.

We use the following variant of Lemma 4.1 in [2].

Lemmal Let ® € C([0, 00); [0, 00)) satisfy

* s
/ %ds:oo (13)

and r be given in Definition 1(i). Let x be a solution of (1) satisfying r(t,x(t)) < 0. Assume
that

If &%, p)| <M @(lpll),

If (& %,p)| < Mory (t,x,p) + K

or (t,x) such that r(t,x) < 0 and p € R", where My, M», and K are nonnegative constants
p 4
and rj’! is given by (5). Then there exists N = N(r, My, M, K, ®) > 0 such that ||x'(¢)|| < N.

Proof Since r is given in Definition 1(i), then |lx|| < R, when r(t,x) < 0, where R, is given
in (10). Thus the proof of Lemma 5.2 of Hartman [22] carries over to our case on £, and
it follows that ||x'(£)|| < Ni(r, My, Mo, K, ®) for t € J. Thus ||« (t)|| < N for ¢ € [0,1], where
N = maxg<x<g Ni(r, M1, My, K, D). O

Remark 3 The function ® =1 satisfies (13).

5 The main result

In this section, we present the main result of this paper. We prove the existence of at
least one solution to nonlinear problem (1), (2), and (3) lying in an admissible bound-
ing set. To achieve this, we turn our impulsive boundary value problem into an equiv-
alent nonlinear equation and use Leray-Schauder degree theory. We compute the de-
gree using three homotopies, the Leray index theorem and the multiplication theo-
rem.

The first homotopy involves S(x, C,D, 1) = (So; ..., S,), where

Sk = g ((Cro Dr); A(x/(0),2'(1))
+ (1= ) Wi(Cr, Dy)).

The second and third homotopies are constructed using one-parameter families of sys-
tems of ordinary differential equations.
We construct our first family of systems of differential equations using f; defined below.
Let ®, K;, M, and K be given in Lemma 1, Remark 1, and Definition 2, respectively.
Let

folt,x,p) = Mo min{L, ®(1|pll) } [ - v(2)] (14)
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for (t,x, p) € [0,1] x R?", where

My = inf{a >1: a[x - v(t)] 1t x) > ||rx(t,x)

(%) € 0c82}, (15)
L:= inf{b : Mob[x - v(t)] - rx(t, %) > K7 for (t,x) € 9¢2 and
Moybe > ||v”(t) H forallt e [0,1]}, (16)

and ¢ is given below. Firstly, we consider My > M > 0 where M is given in Definition 2. For
case M =0, see Remark 5. Let

KM,

Ky = inf{d > :MOL”x— v(t) || < Myry(t,x,p) +d

+ MyM, min{L, d>(||p||)}rx(t,x) . [x— v(t)],‘v’(t,x,p) eQx R”}. 17)

Remark 4
(i) It follows that fol;, «g2» has a continuous extension to Ji x R,
(ii) It follows from Remark 1 that My, K5, and L are well defined when M > 0 where M
is given in Definition 2.

For A € [0,1], we define f; : [0,1] x R?>" — R” by

f)»(trx’p) = )‘f(trx’p) + (1 - )\)fO(t’fo), (18)

where f; and f are given in (14) and (1), respectively.
We consider the system

&' =f(txx) forallze[0,1]\ Q. (19)

Lemma 2 Let (2,v) be an admissible bounding set for (1) and assume that f satisfies the
Hartman-Nagumo condition and that f;_is given by (18). Then for (t,x,p) € Q@ x R”,

Hf)\(t:x,P)” SMlq)(”p”);

It xp)| < Mory (¢,%,p) + Ko,
where ® is given in Lemma 1, Ky is given in (17) and r]// is given by (5) and My, M, are
nonnegative numbers.

If x is a solution of (19) with (t,x) € Q, then |x'(t)|| < N where N is given in Lemma 1.
Moreover, if t € (0,1)\ Q, p € R", r(t,x) = 0, and r'(¢,x,p) = 0, then r};(t,x,p) >0.

Proof 1t follows from (17) that
[fottxp)|| < MoL|x - v(t)]

< Mo{r) + 1, - Mymin{L, ®(Ip]l) } (x - v(®) } + K>

= Mzi’}(/) + K2
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for (t,x,p) € @ x R”. Since f satisfies the Hartman-Nagumo condition, thus for (¢,x,p) €
Q x R”, and R, is given in (10), it is easy to see that

A0l = |Af (& xp) + (L= N)fo(tx,p)|| < MoRi®(lpll) := M@ (llpll)-

Since M, > M > 0, it follows from (17) that

WAl = 2 &% p) + A= )fo (8%, p) |
< AMMrf + K]+ (1 - 0)[Marf, + K]
= Mzr}; + 1(2
If x is a solution of (19) with (¢,x) € €, it follows from Lemma 1 that ||x'(¢)|| < N where N
is given in Lemma 1.
From Definition 1(iii), if £ € (0,1) \ Q, p € R”, r(t,x) = 0, and 7'(t,x,p) = 0, then

rf”(t,x,p) > 0. Since f satisfies the Hartman-Nagumo condition, so ||f| < ®(||p|)). It fol-
lows from (15) that

Mo®(lipl)rs - (2 =v@®) = If llrell = re - .

If (|[pll) < L from (14), then fy = Mo®(|lpl)[x - v(¢)] and
=g T Mo®(llpll)[x - v(6)] = 7> 0.

If L < ®(||pll) from (14), then fy = MoL[x — v(¢)]. It follows from (16) and (7) that
r}(’) =7y + Iy ~M0L[x - v(t)] >ry+ K >0.

Thus

r (&,%,p) = A[rg + 1 - f(&,x,p)] + L= W)[1G + 1 ot %, p)]
= Ar}' +(1- A)rj’{) > 0. O
Now we construct the second one-parameter family of systems of ordinary differential

equations.
For A € [0,1], we define f 5 : [0,1] x R*" — R" by

S lt.2,p) = Mo(t,x,p) + (1= MMoL[x - v(D)], (20)

where fy, My, L are given in (14), (15), and (16), respectively.

We consider the system

& = fin(tx, x') forall £ € [0,1]\ Q. (21)

Page9of 18
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Lemma 3 Assume that (2,v) is an admissible bounding set for (1) and that f, , is defined
in (20). Then, for (t,x,p) € Q x R,

|lﬁ,>~(t’x’}7) H <MoLR, and

“_ﬁ,k(trx’p) H S MZ’/}/’;‘A (t;xrp) + 1<21

where Ry is given in (10).
If x is a solution of (21) with (t,x) € Q, then |x'(t)|| < N, where N is given in Lemma 1.
Moreover, ift € (0,1)\ Q, p e R", r(t,x) = 0, and r'(t,x,p) = 0, then r}ix(t,x,p) >0.

Proof Clearly,
Ifir&%0) | < A|foltxp)| + (1= 1) | MoL(x — v(8)| < MoLRy

forall (¢,x,p) € Q xR", where R; is given in (10). From the proof of Lemma 2, ||fo (£, %, p) || <

Mﬂ}(’) + K, for all (,x) € Q, p € R™. It follows from (17) and (8) that

”MOL[x - V(t)] || < Mg{rg + 7y My min{L, <I>(||p||)}[x - v(t)]} + K,
< Ma{rg +ry- MoL(x —v(t))} + K,

= M2r;(,IOL(X_V(t)) + I(Z.
Thus

Ih: x| < 2o xp)] + 0 -2 [ MoL(x - v(®))|
< MMarf + Ko ]+ (1= M) [Maryy 1oy + K2
= Mﬂ}iA + K.
If x is a solution of (21) with (£,x) € Q, then it follows from Lemma 1 that ||x'(¢)|| < N,
where N is given in Lemma 1.

From the proof of Lemma 2, if £ € (0,1) \ Q, p € R”, r(t,x) = 0, r'(t,x,p) = 0, then
r}(’)(t, x,p) > 0. It follows from (15) and (16), respectively, that

Ty ~M0L(x - v(t)) > Ky for (¢,x) € 9c$2,
where Kj is given in Remark 1(i). Therefore,

i (txp) = A[rg + e folt,,p)] + (L= A)[rg + 7 - MoL(x = v(2)) ]
> Ar}(’) (&,x,p) + (1 - A)[rg(t, x,p) + Kl]
> 0. O

Remark 5 If M = 0, where M is given in Definition 2, we do not need to choose M, and
K5 in (14). We set

folt,x,p) = MOL[x - v(t)]
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for (¢,%,p) € [0,1] x R?". Moreover, we do not need the second one-parameter fam-

ily of systems of ordinary differential equations based on f;, to construct our homo-

topy.

For 0 < k < q and (t,x) € Q, let Gy : Jx X Jx = R be Green’s function for (1) restricted
to Jx together with the homogeneous boundary conditions xx(t) = A = 0 = B = x4 (¢k41),

thus
(=) (trs1-5) fort, <t<s<
— k <=5tk
Gi(t,s) = (t 1=tk (22)
’ ka1~ (s—tx)
2(4—7 fOI'tkSSStStk.ﬂ.
For 0 <k <gq,let
(ten —)Cr (= ti) Dy
wi(Ci D) (8) = — "+ - (23)

Lis1 — Lk Ly — Lk

Using the above two families of systems of ordinary differential equations, we can ho-
motopy the original problem (1), (2), and (3) to the following solvable system of ordinary

differential equations subject to Picard boundary conditions and impulses.

&' =MoL[x—v(t)] forre[0,1]\Q, (24)

x(t) =v() and x(ti,1) =v(ti), YO<k<g, (25)

where My, L are given in (15) and (16), respectively. Then (24) and (25) have a solution
Ve Cé = Cé[O,l] of the form

V() = V()
_ (e = (&) . (£ = ti)v(t,y)
Lrr1 — Lk Lrr1 — Lk

~ ML / Y Gl [Vils) - ()] ds

73

= wk(v(t,;r), V(tI:Jrl))(t)

~ ML / Gt [Vils) - ()] ds (26)

73

for t € J and 0 < k < g, where we have identified V with V = (Vj,..., V).
We show that V(¢) € Q(¢) for all ¢ € [0,1].

Lemma 4 Assume that (Q,v) is an admissible bounding set for (1) and V(t) is given by
(26). Then V(¢t) € Q(t) for t € [0,1]. Moreover, |V'(t)|| < N, where N is given in Lemma 1.

Proof Suppose (%, V(%)) ¢ Q for some £ € J. Set g(£) = [V(£) —v(£)]?. Since V(¢) is a solution
of (24) and (25), it follows that g(¢}) = q(t7,,) =0, VO <k < g, and so t # tx and f # ti1.
Therefore £ € J;. So ¢(¢) has a local maximum at ¢ € J; and (z, V(£)) ¢ 2. Hence ¢(f) > &2,
where ¢ is given below. But it follows from (15) and (16) that MoLe > ||v"(¢)|| forall £ € [0,1]
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and hence

q')
=

(VO -VE] +[VE - v MoL - [VE) - vD]V' D

> [V®-VO] + |[VO - v@) |[eMoL - |v' D]

> 0,

a contradiction. Thus (¢, V(¢)) € Q for t € [0,1]. Since V(¢) is a solution of (24) and (21) is
(24) when X = 0, it follows from Lemma 3 that || V'(¢)|| < N, where N is given in Lemma 1. (]

Now we present our main result.

Theorem 1 Assume that (2,v) is an admissible bounding set for (1) and that f satisfies the
Hartman-Nagumo condition. Suppose that the boundary conditions (2) and impulses (3)
are compatible with Q2. Then there is at least one solution x € Cé of problem (1), (2), and
(3) such that (t,x(t)) € Q for t € [0,1].

Proof Now Ay # for 0 < k < q. First consider the case that all g; are strongly compatible
with Q.

Choose ¢ € (0,1) such that B.(v(t)) C 2(¢) for all £ € [0,1]. It follows from Remark 1(ii)
that (x — v(£)) - r4(¢, %) > nc > 0, where > 0, ¢ > 0, for x € | J; 3¢ (¢) and all £ € [0,1]. Let
My, L, and K; be given in (15), (16), and (17), respectively. Let M, > M where M is given in
Definition 2.

Let

M ={xeCp: (t,xx(0)) € A,

x| <N, ¥t €Ji, 0 <k <q},

and let ¥ =TT x A, where A = HZ=0 A and Ay is given in (9) and N is given in Lemma 1.
Following [4], we interpret (C, D) = (Co, ..., C4, Do, ...D;) € A to mean (Cy, Dy) € Ay for
k=0,...,q and set Dy, = Dy. Let W(C,D) = (Wo(Co, Do), ..., ¥4(Cy, Dy)), where Wy is a
strongly inwardly pointing vector field on Ay for each k. Let G(C, D) = (Go(Co, Do), .-,
G4(Cy, Dy)), where Gi(Cy, Dy) is given in (11), for all 0 < k < g.
Let f, be given in (18). For all ¢ € J;, let

T (£, () (0) = — / Gt 9 (5,305, (9) s, 27)

73

where Gi(t, s) is given in (22). Define
T () (@) = (To (f.(x0)) (0), ..., Ty (f(x0)) (2)), (28)

where we identify x and X = (xo,...,%,).
Consider the solutions (x, C,D) € £ of

®,(x, C,D) = (x - T(f) - w(C,D),g(C,D,x'(0),5'(1))) = (0,0), (29)
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where
W(C: D)(t) = (WO(COrDl)(t)I RX3 Wq—l(Cq—lqu)(t)r Wq(Cq:DO)(t))

and wi(Cy, Dy41)(t) is given in (23) forall 0 <k <gq.

From (18) and (28), problem (1), (2), and (3) has a solution « satisfying (,x) € Q if and
only if (x, C, D) is a solution of (29) in ¥ since Cy = xx(tx) and Dy = x;_1(tz) for 0 <k < ¢
in that case.

To show that (29) has a solution, we use Leray-Schauder degree theory.

Define H;: [0,1] x £ — [, C'Uis R") x R*@*V" for j =1,2,3 by

Hi(h (x,C,D)) = (x - T(fi(x)) - w(C,D),S(x,C,D, 1))
Ha(x, (x,C, D)) = (x - T(f.(x))

—w(AC + (1= )v(0),AD + (1 - M)¥(1)),G(C, D))
Hz (A, (x, C,D)) = (x — T(fi,.(x)) — w(v(0),v(1)), G(C,D)),

where

S(x,C,D,1) = g((C,D); A(x'(0),4'(1)) + 1 = 2)¥(C,D)) and

g(C,D,u,v) := (go(Co,Do, U0, V0)s -+ -,84(Cg, Dy, tig, Vq))

for (u,v) = (o, ..., g, Vo, ... vg) € RED" £ . is given in (20).

Now H; is completely continuous since T is completely continuous. We show that either
there is a solution to our problem or the above functions H; define homotopies.

It is easy to see that (x,C,D) € £ is a solution of (1), (2), and (3) with (C,D) =
(x%0(0),x1(t1), . . ., x4 (Eg)s %0 (1), ..., %4(1)) € A if

Hl(xv C;Dr)\') = 01 (30)

when A = 1. Now if there is a solution of (30) with (x,C,D) € dX for A =1, then (C,D) =
(%0(0), x1(t1), - . ., x4(tg)s x0(t1), . . ., %4(1)) € A and x = (xg,...,%,) is the required solution, so
we assume there is no solution on dX. We show that H; is a homotopy for the Leray-
Schauder degree on X at 0, that is, there are no solutions (x,C,D) € 3% of (30) for 0 <
A < 1. We argue by contradiction and assume that there is a solution of (30) with A € [0,1)
and (x, C,D) € 0X. From the definition of H;, x is a solution of (1) such that

2((C, D); A(x(0),4' (1)) + (1 - A)W(C, D)) = 0 € R¥a D"
for A € [0,1). Suppose (C,D) € dA. Assume C; € 9(tx). Since xx(fx) = Ck, then
7i(tk, Ck) = 0 so that 7 (&, Cy, ;. (&) < 0. Since Wy is a strongly inwardly pointing vec-

tor field on A for each k and 0 < A <1, thus

1 (t Croo Mt (t) + (1= MY (Cr, Di)) < 0.
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Thus ge((Cr, Di); M (x5 (£6), %1 (81)) + (1 — M) Wi(Cr, Di)) # 0 as g is strongly compatible
with Q. Thus S(x, C,D, 1) # 0, a contradiction. Similarly, the other cases (C,D) € dA lead
to a contradiction, so (C,D) ¢ dA. Suppose x € dI1. By the choice of N, ||lx;(¢)|| < N for
all k. Assume that x(7) € 3Q(7) for some 7 € J¢. Then r(f,x(f)) = 0. Since (¢,x(t)) € Q for
t € Ji, it follows that r attains a local maximum at te Ji- Thus ¢’ (&, x(t),«'(t)) = 0. How-
ever, r}(f,x(f),x’(f)) > 0, a contradiction. Thus H; (%, (x, C, D)) # 0 for any (x,C,D) € 3%,
2 e[0,1).

Suppose that H, (%, (x, C, D)) = 0 has a solution (x, C, D) € dX. From the definition of H,,
x is a solution of (19) with G(C, D) = 0. Since G(C,D) # 0 on d A, it follows that (C,D) ¢ 0 A.
Suppose x € 9T1. By the choice of N, |lx;(¢)|| < N for all k. Assume that x(f) € 9Q(¢F) for
some £ € J¢. Then r(Zx(f)) = 0. Since (¢,x(¢)) € Q for t € J¢, it follows that r attains a local
maximum at 7 € J{. Thus (£, x(£),x'(£)) = 0. However, r (£,x(2),'(£)) > 0 by Lemma 2.
Since (Cy, Dy) ¢ Ay and B (v(t)) € Q(¢) for all £ € [0,1], so (vi(tx), vi-1(t)) € AR for 0 <
k < q. Moreover, from Remark 1(i), 2(¢) is convex for all ¢ € [0,1], it follows that x;(¢) =
ACr + (1 = Mve(tr) ¢ 092 (8) and wy_1(£c) = ADg + (1 — A)v_1(tx) € 02_1(2) for all k =
0,...,q. Thus x ¢ |, 8¢ 2. Therefore H, (A, (x, C,D)) # 0 for any (x,C,D) € 3%, 1 € [0,1].

Suppose that H3 (%, (x, C, D)) = 0 has a solution (x, C, D) € dX. From the definition of H3,
x is a solution of (21) with xx(£x) = vi(tx) € 02 (tx) and xx_1(Ex) = Vi1 () & 02_1(fx) for
all 0 < k < g and G(C,D) = 0. Since G(C,D) #0 on dA, so (C,D) ¢ dA. Suppose x € JIl.
By the choice of N, ||x(¢)]| < N for all k. Assume that x(¢) € 9S2(¢) for some 7 € J;. Then
r(t,x(f)) = 0. Since (¢, x(¢)) € Q for ¢ € J¢, it follows that r attains a local maximumat £ € J.
Thus 7' (£,x(2),%'(£)) = 0. However, r};A (£, x(8),x'()) > 0 by Lemma 3, so x ¢ | J; dcS2. Thus
Hs (A, (x,C,D)) #0 for any (x,C,D) € 9%, 1 € [0,1].

Therefore H; are homotopies for i = 1,2,3. For all A € [0,1] and i = 1,2, 3, by the homo-
topy invariance of the Leray-Schauder degree, we have

d(Hi(%,-), ,0) = constant.
In particular,

d(®,,%,0) = d(Hi(1,-), £,0) = d(Ha(2,-), £,0)
= d(H5(1,-), =,0) = d(H5(0,-), %,0)
=d(Z-MoLT,T1,W)-d(G, A,0)
€ {d(g, A,0),-d(G, A,0)}

q q
= {nd(gk’ Akr 0), - nd(gkr Akr 0)}

k=0 k=0

#01

where T is defined in (28) and W is given by

W) = wk(v(t,’;), V(t,;l))(t) +M0L/ " Gi(t, s)vi(s) ds

73

for t € (ty, txs1), where wi(v(£), v(t;,1))(¢) and Gi(¢,s) are given in (23) and (22), respec-
tively. Moreover, since V' € Il is the solution of (26), using the Leray index theorem, The-


http://www.boundaryvalueproblems.com/content/2013/1/240

Song and Thompson Boundary Value Problems 2013, 2013:240 Page 150f 18
http://www.boundaryvalueproblems.com/content/2013/1/240

orem 8.10 in [23], it is easy to show

A(T — MoLT, 11, W) = d(T — MoLT,T1 - V,0)

= d(I_MOLT)Bh 0) € {1: _l}y

where Bj is an open ball in [T - V = {x:x + V € I1}. Thus there is a solution (x,C,D) € &
of Hi(1,(x,C,D)) =0 and x € CIQ is a solution of (29). By the above argument, x is the
required solution of (1), (2), and (3).

Suppose now that gx for 0 < k < g is compatible with Q. Then there is a sequence
{gx, )55, strongly compatible with Q and converging uniformly to gi on compact subsets
of Ay x R* for 0 < k < g. Let y; be the corresponding solution. By compactness, there is a
subsequence of y;; converging in CIQ to the desired solution of integral equation (29), and

hence the differential equation, satisfying the boundary conditions and impulses. O

Remark 6
(i) Itis easy to see from the above proof that we can weaken our assumptions as
follows. We assume that f € C({[0,1] \ Q} x R”; R") and look for solutions
x € CyN C*({[0,1]\ Q} x R”;R"). Moreover, we may assume that rlje € C*(J; x R")
and has an extension ry € C1(Ji x R").

(ii) We can vary the assumptions on our admissible bounding sets. It is easy to see from
the proof that instead of assuming that p”r,,(t,x)p > ©||p||? for some constants
©>0,peR" and (£x) € Q, it suffices to assume that p 7, (t,x)p + 2pT 14 (t, %) > 0
for p € R” and (¢,x) € Q2. Indeed, we can still recover our existence result by an
approximation argument if we can weaken this further to p’r,.(¢,x)p > 0 for p € R"
and (t,x) € Q2. We apply our Theorem using r. = r + 8% noting that 7, ., satisfies (6)
and 2, = {(t,x) € [0,1] x R": r.(¢,x) < 0} C . Since solutions x, with (£,x.(£)) € Q.
satisfy (¢,x.(t)) € Q, we obtain derivative bounds independent of . Since ||, # 0
on | J; 3¢S, strongly compatible boundary conditions on € will be strongly
compatible on €2, for 0 < ¢ sufficiently small. Letting ¢ approach 0 and choosing a

subsequence if necessary, x, converges to a solution of our problem.

6 Example
In this section we present an example to illustrate the power of our existence result. This

example is modeled on that in [2] and we have added impulses.

Example 1 Letx = (x1,%;) and f = (f1,f2) and consider the problem

/2

x
"o . 3 !l N3 ad 1 2,72
x) = 2x1 +SIn2wt —x1x; — w(t, xl,xg,xl,xz)xle + T + X5%0

=fi(tx%),

/" 2 oA /
Xy =%y + COS 27 + 27 + w(t, %1, %0, &, %5 ) %1%]

=fo(t,x,%") (B31)
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for t € [0,1] \ {1/2}, where w is a bounded continuous function. Let Q2 = Q¢ U 1, where

1 X2 X 1
Qo={tx)e|0,= | xR2:rp(t,x) =L + 2 - —<0¢,
o= femefof | xminem -1 20

1 2 4
Q= {(t,x)e <§,l:| x R2: (8, %) = % + %—2<0}.

Let v(t) = (0,0) for all £ € [0,1], and let the Sturm-Liouville boundary conditions be given
by

x'(0) = x(0), x'(1) = —x(1). (32)

Let the impulses be given by
1- 1* 1- 1*
(3 )0(G) vz )-=()
/ l_ / 1+ ) l_ 1 l_ ’ =0
X1 3 — X ) + 0X1 5 + (X1 5 =V,
(17 (17 1- 17\
)42 ob

where § > 0.
To see that (2, v) is an admissible bounding set, first we note 7 (t,x, p) = x1p; + x3p, and

r}’(t, x,p) = x1(2x1 +sin27t) + xg(xg +cos27t)
X1 2 2.2 2.2
gt 1)p; + (mx3p3 + 3%5p3),

fort € (0,1)\{1/2}.1f £ € (0,1/2), (¢, x) = 0 and ¥/ (¢, x, p) = 0, then Kongson et al. [2] proved
that rf” > 0 for (¢,x) € 3c2p. We prove rf” > 0 for (¢,x) € 3¢ 2.
2.,2,2 -
Now (3 + 1)p} + (x123p3 + 3x3p3) > (pl%zpz) > 0 for all (¢,%, p) € ; x R? since ||| <2,

1
[l%2]] < 8%. Moreover, it is not difficult to show that

2x7 + % SIN 27Tt + X5 + x5 coS 27t

> Z(ﬁ + x_%) - |:_x_§‘ + x_g + (sin2 27t + cos> 2n't)i| >0
2 4 2 4

for (t,x) € 9c£2;. Thus r}’(t, x,p) >0 for (¢,x) € 9c2.

It is not difficult to prove that f satisfies the Hartman-Nagumo condition. Some details
are similar to those in the analysis of Example 1 given in Kongson et al. [2].

To show that the impulses given in (33) are compatible with Q, let W;(C;,D;) =
(1//1°(C1,D1), I/fll(cl,Dl)) = ((-C11,—C12),(D11,D12)) be a strongly inwardly pointing vec-
tor field on A; = Q({) X Q(%f). Then

/ 1 0 1
r E’Cl’wl(cl’Dl) <0 forCleE)Q 5 y

e 1 1~
Ty E’Dlr‘/ﬁ(Cth) >0 forDleaQ 5 .


http://www.boundaryvalueproblems.com/content/2013/1/240

Song and Thompson Boundary Value Problems 2013, 2013:240 Page 17 of 18
http://www.boundaryvalueproblems.com/content/2013/1/240

Let g1 = (g11,81,2) be given by

21(Cy,Dy) = 2Dy — Ciy, vV/2Dy 5 = Cip) = 0,
812(Ci, Dy, up,v1) = (viq — i1 +8D14[1 + [Dyyl?],
vip = ~2u1, + 8Dio[1 + |D1p*]) = 0

for (Cy,Dy,u1,v1) € Ay x R? so that the boundary conditions (33) are given by g| (x({),
x(37),4/(37),4'(37)) = 0. Therefore

Gi(C,Dy) = (gl,bng)(Cth YL (Cy,Dy), 1ﬁ11(C1,D1))

= ((2Dy1 - G, V2Dy; - Crp), ((L+8[1+[D1a1*])D1a
+ Cl,l: (1 + (3[1 + |D1,2|2])D1y2 + «/ECLZ)),

and so

1
Gi(C, D) - <<—5C1,1, —C1,2>, (D1,1;D1,2)>> 0
for (Cy,D;) € 0A;. Thus
1
Hi(x, C1, D) = 2Gi(Cy, D) + (1 - }»)<<—§C1,1,—C1,2), (D1,1,01,2)>

is a homotopy for the Brouwer degree and

d(Gr, A1,0) = d(Ha(L,-), A1, 0) = d(Hi(0,+), A1,0)

= d(HLl(O, ), Q(%Jr), 0)d<7‘l1,2(0, ), Q(%), 0)

=(-1)?%=1

Therefore, the impulses are strongly compatible with € and hence compatible. Using a
similar proof, we can show that the boundary conditions given in (32) are strongly com-
patible with © and hence compatible.

Therefore our impulsive boundary value problem satisfies the conditions of Remark 6
(ii) and therefore has a solution x € C{zl/z} with x(¢t) € Q(¢) for all £ € [0,1].
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