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Abstract

The existence of the nontrivial periodic solutions for nonautonomous second-order
delay differential equation

X" () + Ax(t) =~ (t,x(0), x(t - T))

is investigated, where A > %/t2, T > 0,f € C'(R x R? R). Multiple periodic solutions
are obtained by some recent critical point theorems.
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1 Introduction
It is well known that the critical point theory is a powerful tool to deal with the multiplicity
of periodic solutions to ordinary differential systems as well as partial differential equa-
tions (see [1-6]). In 1998, Li and He [7] first applied the critical point theory to study the
multiplicity of periodic solutions for delay differential equations. Especially, in 2005, Guo
and Yu [8] established a variational framework for delay differential autonomous systems.
In the past several years, some results on the existence of periodic solutions for the func-
tional differential equation have been obtained by the critical point theory (see [7-14]).
However, most of these functional differential equations are autonomous, the results on
the non-autonomous functional differential equations are relatively few (see [12, 13]).
Motivated by the work of [11, 12], we consider a class of nonautonomous second-order

delay differential equation
x"(t) + ax(t) = —f(t,x(t),x(t -1)), (1.1)

where A > 7%/72, 7 >0, f € C'(R x R%,R).
In this paper, we have the following conditions on f.

(f1)  f(t+7,%) =f(6%), f(t, —x,—y) = -f (¢, x,) and

f (tx,y)  3f(ty,x)
dy  ox
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forallx,y e R, t€[0,1];
(f2) there exist four t-periodic and continuous functions a(¢), b(¢), c(¢t) and d(t) such that

ft,xy)=al)x+bE)y+o(r) asr=+/x>+y2—>0
and
f(t,%,9) =c(®)x+dt)y+o(r) asr=+/x%+y%>— 00

uniformly for ¢t € [0, t];
(f3%) |VE(t,z) - B(t)z| is bounded for all z = (x,) € R%, ¢ € [0, 7] and

1
F(t,z) - E(B(t)z,z) — oo as|z| > o0

uniformly for ¢ € [0, ], where

x ¥
F(t,x,y) = ,8,y) d. ,s,0)ds,
@)= [ fesydss [ fesods
A - <a(t) b(t)>’ B0 - (c(t) d(t)>'
b(t) alr) dit)  c(t)
Theorem 1.1 Assume that [ satisfies (f1)-(f37) with (A(¢)z,z) < 0, (B(t)z,z) > (A —

72/12)|z|* > 0 for z € R2\{0}, t € [0, T]. Then (1.1) possesses at least 2m pairs 2t -periodic
solutions, where

2
m= max{j eZ: (B(t)z,z) > (A - %jz) |z]? > 0 for z € R*\{0},£ € [0, 7] },

Z* is the set of all positive integers.

Theorem 1.2 Assume that f satisfies (f1)-(f3*) with (A(t)z,z) > 0, (B(t)z,z) < (A —
w2m3/t?)|z|? < 0 for z € R*\{0}, mo € Z*, t € [0,7]. Then (1.1) possesses at least 2[m; —
myg + 1] pairs 2t-periodic solutions, where

2
my = max{j e”Z": (B(t)z,z) < (A - Z—zj2> 1z)? < 0 for z € R*\{0},£ € [0, 7] }

In this paper, the main purpose is to study the multiplicity of periodic solutions for sys-
tems (1.1) via some recent critical point theorems for strongly indefinite functionals. In
order to achieve this, some preliminaries are necessary. Let X and Y be Banach spaces
with X being separable and reflexive, andset E= X @ Y.Let S C X" be a dense subset. For
each s € S, there is a semi-norm on E defined by

psiE—>R, pw)=s@)|+yl foru=x+yeXaY.

We denote by 7Ts the topology on E induced by the semi-norm family {p;}, and let w and
o denote the weak-topology and weak*-topology, respectively. Clearly, the 7s topology
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contains the product topology on E = X @ Y produced by the weak topology on X and the
strong topology on Y.

For a functional ® € C!(E,R), we write ®, = {u € E : ®(u) > a}. Recall that &' is weakly
sequentially continuous if u#x — u in E, one has limy_, oo ®'(u)v — ®'(uy)v for each v € E,
ie, ® :(E,w) — (E,w) is sequentially continuous. For ¢ € R, we say that ® satisfies the
(C). condition if any sequence {ug} C E, such that ®(ux) — c and (1 + |la||) D' (ux) — O as
k — o0, contains a convergent subsequence.

Suppose that

(®9) ® € CHE,R), D, is Ts-closed for every c € Rand @' : (., Ts) — (E,w’) is continu-
ous;

(1) there exists p > 0 such that « :=inf ®(B, NY) > 0 = ®(0), where B, = {u € E : ||y =
Pt

(®y) there exist a finite dimensional subspace Yy C Y and R > p such that ¢ := sup ®(E) <
oo and sup ®(Ep\Sp) < inf &(B,NY), where Ey := X @ Yy, and Sp = {u € Ey : ||u|| < R}.

The following critical point theorem will be used later (see [6, 14]).

Theorem A Assume that © is even and (9)-(P,) are satisfied. Then ® has at least m =
dim Yy pairs of critical points with critical values less than or equal to ¢ provided ® satisfies
the (C). condition for all c € [k,c].

2 Preliminaries
In this section, we establish a variational structure which enables us to reduce the exis-
tence of 27 periodic solutions of (1.1) to a classic Hamiltonian system. First, we have the

following lemma by using similar arguments [11].

Lemma 2.1 Suppose that f € C(R x R, R) satisfies (f1), then the function

x y
H(t,x,y) = /0 f(t,s,y)ds + /0 f(t,s,0)ds (2.1)
satisfies
M:f(t,x,y), M:f(t,y,x)
ox ay

and H(t,x,y) € C2(R x R%,R).

Proof Tt is obvious that 2 = f(t,x,). By (f1), %y’”) =Y (g'z’x). Then we have

OH(t,%,y) _ / AGKILN +£(t,5,0) =£(t,,%).
0

ay s
The proof of Lemma 2.1 is complete. |

Suppose that x is a periodic solution of (1.1) with 27, let y(¢) = x(¢ — 7), then

y'(8) = ~f (£ - 1,50t = 1), x(8)) = —f (£ ¥(2), x(2)).
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We denote z = (x,7). Then
Z'(t) + Az(t) = -VH(t,2(t)), (2.2)

where H(t,z) is defined in (2.1) and VH(¢,z) denotes the gradient of H(¢,z) with respect

to the z variable. It is easy to obtain the following lemma.
Lemma 2.2 For any 2t periodic solution of (1.1), let y(t) = x(t — ©), then z = (x,y) is a 2t
periodic solution of (2.2). Conversely, for any 2t periodic solution z = (x,y) of (2.2) satisfying

y(£) =x(t — ©), x is a 2t periodic solution of (1.1).

For S' = R/(21Z), let C*°(S!,R?) denote the space of 27 periodic C* functions on R with
values in R2. For any z € C*(S}, R?), it has the following Fourier expansion in the sense

that it is convergent in the space L%(S!, R?),

ag 1 ad T, . T,
2(t) = Wit - ;[a,cos(?]t) +b; s1n<?]t):|,

where ag,a;,b; € R%,j=1,2,....
Let z € L2(S}, R?). If there exists a function y € L*(S',R?) such that, for every x €
C>(SL,R?),

2T 2T
/ (z(2), %' (t)) dt = - f (y(®),x(2)) dt,
0 0

then y is called a weak derivative of z denoted by y = z/(¢).
Let

27
H'(S',R?) = {z € LZ(SI,RZ)‘ / (’z(t)|2 + !z’(t)’2) dt < +oo}.
0
For any z,y € H'(S',R?), (-,-) and || - || can be explicitly expressed by

2t
(2,9) = /0 [(=0,5(0) + (Z(0),5/ ()] dt

and

llzll = |:|610|2 + i(1+12)(|a,~|2 ¥ |b;|2)} :

Jj=1

We define an operator L : H*(S',R%) — H'(S', R?) by the Riesz representation theorem

2T

2t
(Lz,y) = fo (2(2), 5(0)) dt — A /0 (2(2),y(1)) dt.

By a direct computation, L is a bounded self-adjoint linear operator on H'(S', R?).
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By (f2) and (3.6) in Section 3, there exist two continuous functions «(¢) > 0 and B(¢) > 0
such that

H(t,z) <a(t)z|* + B(t), VzeR%

By using similar arguments as in [3], we have that

1
¢(2) = §<Lz, z) + ¥ (2),

where
2t
V(z) = / H(t,2(2)) dt.
0

Thus the critical points of ¢(z) in H'(S!, R?) are classical solutions of (2.2).
Denote E = {z = (x,y) € H'(S}, R?) : y(¢) = (¢ — 7)}. By a direct computation, we have

E= {z e H' (S, R?)z(t) = \/%zzo C)
T

+ % ]X_l:<ajcos<§jt> +b; sin(%jt)) ((_11)/) ,

where ag,a;,b; €R,j=1,2,....

Note that for any z = (x,y) € E, y(¢) = x(t — v) and VH(¢t, z) = (f(¢,%,%),f (¢, ¥,%)). Due to
the fact that f (¢, x(¢ — 1), y(t — 7)) = f (¢, y(£), x(¢)), we know that VH(t, z) € E whatever z € E.
Therefore, we have the following lemma.

Lemma 2.3 Ifz(t) is a critical point of ¢ in E, then z(t) is a critical point of ¢ in H'(S',R?).

Moreover, we also denote by M*(-), M~(-) and M°(-) the positive definite, negative defi-
nite and null subspaces of the self-adjoint linear operator defining it, respectively.

Then E has an orthogonal decomposition
E=M'(L)eM (L) & M°(L).

Let

)= 2 Tit) + bsin( Zje 1 i=1,2
z —ﬁ(ajcos<?])+ jsm(?] )) )’ ji=L2,...,

where a;, b; € R. We have

1 772,2 ,
(LZj’Zﬁ:m Y/ =2 )zl j=12,....

There exists o > 0 such that

(Lzj,z) > ollz;|* forje]*,
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2
||

(Lzj,zj) < -0 ||z forjej,

2 2

where]+={131:L(1—§j2—x)>0},1-={jzl: S (5= <0L 0= =1: (57—

1+j2 m 14j2
A) = 0}. Therefore, we get
(Lz,z) > o ||z|> forze M*(L), (2.3)
(Lz,z) < —o|z||*> forze M (L). (2.4)
Remark 2.1 The condition A > 7w2/7? is to ensure J~ # .
3 Proofs of theorems
In this section, ¢; stand for different positive constants for i € Z*.
By a direct computation, (f1) and (f2) imply that H(¢,z) is even and satisfies
VH(t,z) = A(t)z +o(lz]) as|z| > 0, (3.1)
VH(t,z) = B(t)z + o(|z|) as |z| — oo (3.2)
uniformly for ¢ € [0, T].
(£3%) implies that
|VH(t, z)— B(t)z| is bounded and
(3.3%)

1
H(t,z) - E(B(t)z,z) — 400 as|z| - oo

uniformly for ¢ € [0, T].

Lemma 3.1 Suppose that f satisfies (f1)-(f3%). Then the function ¢ satisfies the (C), con-
dition for any c € R.

Proof First we define an operator

2t
(B2y) = [ (B0

for any z,y € E. By a direct computation, B is a bounded self-adjoint linear operator on E.
Thus L + B is also a self-adjoint linear operator on E. Then E has an orthogonal decompo-
sition

E=M"(L+B)®M (L+B)®M°L+B).

Also there exists o7 > 0 such that

((L+B)z,z) >o1llzl|> forze M*(L + B), (3.4)

(L +B)z,2) < —o1lzl|> forze M (L +B). (3.5)
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So, set
2t
D(z) = —¢(z) = —%((L + B)z,z> —fo [H(t, z) — %(B(t)z, z)] dt
and
2t
(®'(2),3) = ~{(L + Bz} - /0 (VH(t,2) - B(t)z,y) dt

for any z,y € E, ¢(z) is defined in Section 2.
Let {z} C E be any sequence such that

D(z) — ¢, (1 + llzxll)®'(zx) > 0 ask — oo.

We first prove that {z;} is bounded. For any ¢ > 0, (3.2) implies that there exists a constant
C, > 0 such that

|VH(t,z) - B(t)z| < ¢lz] + C, (3.6)
for all z € R? and ¢ € [0, 27]. Since z; € E, we have
_ - 0
Zk —Zk +Zk +Zk,

where z; € M*(L + B), z; e M~ (L + B), Z]? € M°(L + B). By (3.3%), there exists a constant
d > 0 such that

|VH(t,2) - B(t)z| < d.
Therefore we have
1+c¢) ”z,’; H > (—CD’(Zk),ZU
2t
= ((L + Bz}, z1) + / (VH(t,zi) — B(t)zx, 1) dt
0
112
> o1z |" - dz].
Thus we have that {||z; ||} is bounded. Using similar arguments, we can prove that {||z; ||}
is bounded. Consider {||z,(3||}. Arguing indirectly, we suppose {||z,?||} is unbounded, then
we have ||z,‘2 || = oo. According to the definition of M°(L + B), this implies that there are
constants dj, d, > 0 such that
dilz| < |2 < o= (37)

By (3.7), we have

el = [4f] — +00 a3 || > oo. 69)

Page 7 of 13
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Then

2c = klim [2<1>(zk) - dJ'(zk)zk]

k— 00

2T
= lim {/ (VH(t, Zx) — B(t)Zk,Zk) dt
0

2t
-2 /0 |:H(t, z) - %(B(t)zk,zk):| dt}. (3.9)

By (3.8) and (3.3%), (3.9) is a contradiction. Hence {||z,?||} is bounded. Therefore there
exists a constant d3 > 0 such that

- 0
lzill = 2] + flzic ) + 201 = .
So, we get {z} is bounded, and going if necessary to a subsequence, we can assume that
zxr — z in E and zx — z in C(S, RY). Write zx = 2z} + z; + 2 and z = z* + z~ + 2%, then

zy =~ z5inE, 22 — 2% in E and 77 — z* in C(S',RY).

In view of (3.6) and z; — 2z~ in C(S', R?), it is easy to verify

2t
/ (VH(t,zi) — B(t)zk, 2 — 27 ) dt — 0
0
and
2t
/ (VH(t,z) - B(t)z,z; —z") dt — 0.
0
But then (®'(z;) — ®'(2),z; —2z~) = 0 as k — oo, and

(®'(zx) - D' (2), 25 — 27)

= —((L + B)(Z]Z - Z7)7ZI; - Zﬁ)
2T
_ / (VH(t,20) - Btz 7 - 27) dt
0
27
. f (VH(t,2) - B®)z 5 - 27) dt
0
27
> oz -2 - / (VH(t,2¢) - B()zio 2 —27) dit
0

2t
+ / (VH(t,2) - B(t)z, 2 — 27) dt.
0

This yields z; — 2z~ in E. Similarly, z{ — z* in E and hence z; — z in E, that is, ® sat-
isfies the (C), condition. Thus ¢ satisfies the (C), condition. The proof of Lemma 3.1 is
complete. d

Proof of Theorem 1.1 Forz€ E,let X = M*(L) @ M°(L), Y =M~ (L), E=X ® Y, and
D(2) = —¢(2), U(z) =¥ (2), (3.10)

where ¢(z) and v (z) are from Section 2.

Page 8 of 13
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In order to obtain this theorem, we apply Theorem A to the functional ®(z). The proof
of this theorem is divided into the following three steps.

Step 1. @ satisfies (®y).

We first check that ®. is Ts -closed for any ¢ € R. Let {zx} be any sequence 7s-
converging to some z € E. Write zx =z} +2{ +z and z=z* +2z° + z7, then z; — u~ in
E and hence {z"} is bounded in the norm topology. Note that (B(¢)z,z) > A — 7%/t > 0 for
z € R\{0} and for ¢ € [0, 2], then for any z € E and small & > 0, we have by (3.10) and (3.6)

2t
Y(z) = H(t,z)dt

0
2T 1

:/ /(VH(t,Sz),z)dsdt
o Jo

2t 1 2 1
Zfo A (B(t)sz,z)dsdt—/o /0 WH(tfz)—(B(t)SZ,z)||z|d5dt

1

2t 2t 1
—/ (B(t)z,z) dt—/ / (6|sz|+C€)|z|dsdt
2 Jo o Jo

1 72 ) )
2 )»—I—Z—S lzll72 = Cellzll2 = ailizll}a = e2llzll 12,

%

IV

which implies that ¥ is bounded from below on E. Consequently, combining z; € ®. and
% (Lzf,zp) = —% (Lzi,z;) — D(zi) — W (zx) shows that {z; } is bounded in E by (2.3) and hence

1 1
W(zy) = —§<Lz,ﬁ,z,§)— E(Lz,:,z,:)— D (z1)

< —%(Lz,’;,z,’;) - %(Lz,;, ug) —c < cs. (3.11)

Moreover, since ||z¢l|?, = 1z 2, + 22117 + Iz |75, we have
2 0
W(zk) = cillzl}> - callzelle = Naxll2 —ca = |20 2 — ca

It follows from (3.11) and the above inequality that {z,?} is also bounded in E since all

norms are equivalent in a finite dimensional space. Then ||z[|? (= [z 1* + I2011* + llzz [1*)
is bounded, and hence we can assume that {z;} converges weakly to z = z* + z° + z~ in E.
Thus we have W(z;) — W(z). Note that (Ly, y)!/? is an equivalent norm on H*. By the lower

semi-continuity of the norm, we get

1

5 (Lz,z¢) - \If(zk)>

1
¢ < limsup ®(zx) = limsup <—§<Lz,’;,z,t) -

k—o00 k— 00

o1 1,
= —llkrggfi(Lz,t,ZU - §<LZ ,Z >— Y(z) < O(2),

that is, z € ®, and hence @, is Ts-closed.
Next, we prove that @' : (&, Ts) — (E,®’) is continuous. To achieve this, it is sufficient
to demonstrate that W' has the same property. Suppose zx — u in E, then {z;} converges

uniformly to z on [0, 27]. Hence, for every given y € E, we see that (VH (¢, zx(2)), y(¢)) con-

Page9of 13
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verges to (VH(¢,z(t)), y(t)) in measure on [0,27]. Moreover, by (3.6), one has

|VH(t,2(8)),y®)| < (ellzklloo + Bllzilloo + Ce)I¥lloc < c5

forall k and ¢ € [0,27], where b = maxeo,-]{|B(t)|} and || - ||« denotes the natural norm of
C(S', R?). Thus, the Vitali theorem is applicable and

27 2T
(W (2, 5) = / (VH(t,2),9) dt — / (VH(t,2),9) dt = (W' (2),9)
0 0

for any y € E. So, ® satisfies (®y).
Step 2. ® satisfies (®;).
By (3.1), there exist 0 < ¢ < 0/2, pg > 0 such that

1
H(t,z) <elz|® + E(A(t)z,z) forall |z| < po, te€[0,27]. (3.12)

By Proposition 1.1 in [3], there is a positive constant & such that ||z||, < &||z||. Set small
p < po/&, then for each z € Y with ||z|| < p, one has ||zl < po, and hence by (3.12)

2t
®(z) = —l(Lz,z) - H(t,z)dt
2 0

27
%HZHZ —/0 |:£|z|2 + %(A(t)z,z):| dt > (% - 8) llz||%.

v

Therefore,
. o 2
k:=inf®B,NY) > 5—8 0°>0,
and hence (®;) holds.

Step 3. @ satisfies (D).
Let

tomswleo(Fe) ( Ly ) () ( Ly 2202
0 = spanj cos{ —/ 1) sin{ —J 1) jeZtj<my.

Obviously, Yy C Y and dim Y, = 2m. In order to obtain the desired conclusion, it is suffi-
cient to prove that ®(z) - —oo as ||z|]| > coon Ey :=X @ Y.
LetI'=Xx- ’T’—j By the definition of m, there exists a constant 0 < § < o such that
Bit)>T +$ (3.13)
for t € [0, 7]. Clearly, for any y € Yy,

(Ly,y) = =T llyll%,. (3.14)

Let F(t,z) = H(t,2) — %(B(t)z, z). We claim that

2T
”2”-2/ F(t,z)dt — 0 as|z|| — oc. (3.15)
0
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Indeed, for 0 # z € E, by (3.6), one has

2T~
/ F(t,z) dt‘
0

2T 1
/ / (VH(t,sz) - B(t)sz, z) dsdt
0 0

)
ll=ll

-2
= |zl

2T
<|lz|| f (elzl + C;) Izl dt
0
-2
<zl (ellzl?; + Celizll2)

<e+—,
lIzI|

which implies that (3.15) is true by the arbitrariness of . Then, for z = z* + 2° + z~ € Ey, by
(2.3), (3.13) and (3.14), one has

27
®(2) —%(Lz’,z’)—%(Lz*,z*)—/ F(t,2)dt
0
r S 1 2t 2r~
- 2oL [ s R

2t

Ty 2 8., 1 ~
Sl -5 ||2—5(F+5)||z||§2—f0 Fit,2)de

r 2 1) 2 1 2 02 2,
- S - s ol B 121 - [ Feeae
0

Iy 2t
<3 I+ 121 - [ Feaar

Since M° and Y} are finitely dimensional, (3.15) and the above estimate imply that ®(z) —
—o0 as ||z|]| = 00, z € Ey := X @ Yy. Hence (®;) holds.
The proof of Theorem 1.1 is complete. d

Proof of Theorem 1.2 Forz€ E,let X =M (L) ® M°(L), Y =M*(L), E=X® Y, and

D(z2) = ¢(2), W(z) = -y (2)

and

Y = i) (Ot ) s Ze) (Ot ) - 1
o—span{cos<?]> 1y ,sm<?]> 1y j = mo, mo + ,...,ml}.

Then the conclusion is obtained by the same argument as in the proof of Theorem 1.1. The

proof of Theorem 1.2. is complete. O

Example 3.1 Consider the following equation:

x(t)

X (8) + 2x(t) = —a(t)x(t) — B(Ox(t — ) — P L

(3.16)
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where x(£) > 0. Let

flm) =@ BOY + 5 —sos.
Then
WExy) gy 2xy _ S (byx)
dy @2 +y% +y2(0)? dx
Let

1 1 1. 22 +92+92(¢
Ht,3,y) = ()’ + BBy + 50y’ + 5 1n %&)”()

Then

oH

oH
a :f(t'xfy)’ 5 =f(t,y,x).

By a straightforward computation, we have

ft,x,y) = ( 1 +a(t))x+ B@)y+o(r) asr=/x2+y>—0
y2(@)
and
ft,x,y)=a(t)x+ B(E)y+o(r) asr=+/x2+y>—> o0
uniformly for ¢ € [0, 7].

Take A = 6, a(t) = -5 +sinwt, B(t) = 1 —sinmt, y2(t) = é. By Theorem 1.2, we have a(f) =
ﬁ +a(t)>0,b(t)=d(t)=1-sinnt>0,c(t) =5 +sinntfort € [0,7], z=(x,9), x > 0,
y=0,

G D06

= c(z,‘)(x2 +y ) +2d(t)xy < c(t) +d(t )](x2 +y2)
)

:—4(x2+y) (6 3? (x +y)

Then we have m( = m; = 3. By Theorem 1.2, (3.16) possesses at least two pairs 27 -periodic
solutions.
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