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Introduction
In the paper, we study the question of solution existence to a nonlinear equation

F(x)=0, (1)

where X, Y are Banach spaces and F € C(X,Y) (p > 2). Let x. be a solution to this equa-
tion, i.e., F(x,4) = 0. The above problem is called regular at the point x, if ImF'(x,) = Y.
Otherwise, problem (1) is called irregular, degenerate or singular at x,.

The construction of p-regularity [1-4] gives new possibilities for solving or describing
degenerate problems (see, for instance, [5-7]). We are going to use it to certain ques-
tions that appear in many numerical applications. Namely, we consider the equation of
rod bending and the nonlinear Laplace equation that describe many mathematical physics
problems like string oscillation, membrane oscillation and so on.

The following degenerate nonlinear boundary value problem:
F(x,¢) :x”+(1+8)(x+x2) =0, (2)

where F: C3[0, 7] x R — C[0, 7] and C3[0, ] = {x € C*[0, 7] : x(0) = x(7) = 0}, is the first
of them.
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The second one is a modification of equation (2), i.e.,
F(x,6)=a"+x+exP L+ 48 =0, (3)

where F: C3[0,7] x R — C[0, 7], p > 2.
The third one is the partial differential equation of the form

F(u,e) = Au— (¢ —10)g(u) = 0, (4)

where F: C}[Q] x R — C[Q], @ = [0,7] x [0,7], A is the Laplacian and C}[Q] = {u €
C%[R] : u|sq = 0}; moreover, g: 2 — R is a certain function such that g(0) = 0, g’(0) = 1,
g"(0) #0.

Note that the numbers —1 and -10 are the eigenvalues of the operators (-)” and A in
equations (2) and (4), respectively. Moreover, in the first example, we could take g(x) in-
stead of x + 42 such that g(0) = 0, g'(0) = 1, g”(0) # 0. It is important that the 2-regularity
condition is fulfilled for the mapping F(x, ) at the point (0,0). We chose equation (3) in
order to expose our results not only for p = 2. In equation (4) we have taken A = -10 as
an arbitrary representative element of eigenvalues of the Laplacian of the form —(k? + n?2),
k,n € N. Of course it is possible to take for example A = -2.

We begin with some notation. Suppose X and Y are Banach spaces and denote the
space of all continuous linear operators from X to Y by L£(X,Y). Let p be a natural
number, and let B: X x X x --- x X (p-copies of X) — Y be a continuous symmetric
p-multilinear mapping. The p form associated to B is the map B[-]? : X — Y defined by
B[x]? = B(x,x,...,x) for x € X. Alternatively, we may simply view B[-]” as a homogeneous
polynomial Q : X — Y of degree p, and hence Q(ax) = o’ Q(x). Throughout this paper, we
assume that the mapping F: X — Y is p-times continuously Fréchet differentiable on X
and its pth order derivative at x € X will be denoted as F?(x) (a symmetric multilinear
map of p copies of X to Y) and the associated p-form, also called a pth-order mapping, is

FP(x)[h)? = FP(x)[h, b, ..., H).
We also use the notation
Ker” F¥)(x) = {h € X : FP)(x)[n]* = 0}

and refer to it as the p-kernel of the pth-order mapping.

The set M(x,) = {x € X : F(x) = F(x,) = 0} is called the solution set for the mapping F.
We call & a tangent vector to the set M C X at x,, € M if there exist ¢ > 0 and a function
r:[0,e] — X with the property that for t € [0, ¢] we have x,. + th+r(¢) € M and ||r(¢)|| = o(t)
as t — 0 (for the sake of simplicity, the record t — 0 will be omitted in the following text
of paper). The set of all tangent vectors at x, is called the tangent cone to M at x, and is
denoted by T1M(x,). A map F: X — Y is regular at x, € X if ImF'(x,) = Y. In the regular
case, the tangent cone to the solution set coincides with the kernel of the first derivative
of the map F. Recall the following theorem.

Theorem 1 (Classical Lyusternic theorem) Let X and Y be Banach spaces and a map
F:X — Y beregular at x, € X. Then

TiM(x.) = Ker F'(x,,).
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The notion of regularity is generalized to the notion of the so-called p-regularity which
will be described in the next section.

Elements of p-regularity theory

Assume that x,, € U C X, U is a neighborhood of an element .. Let a mapping F: U — Y
be p-times Fréchet differentiable in &/ and Im F'(x,) # Y (the regularity condition does
not hold). In order to define the notion of p-regularity, let us define the so-called p-factor
operator (see [1]). Assume that the space Y is decomposed into a direct sum

Y=Y1® ---BY, (5)

where Y] = cl(Im F'(x,)) (the closure of the image of the first derivative of F evaluated at
x,) and the next spaces are defined as follows. Let Z, be a closed complementary subspace
to Y, thatis, Y = Y7 @ Z, (we assume that such a closed complement exists), and let Py, :
Y — Z, be a projection operator onto Z, along Y;. Let Y = cl(spanIm Pz, F” (x.)[-]*) € Z»
(the closure of the linear span of the image of the quadratic map Pz, F”(x.)[-]?). More
generally, define

Y, = cl(spanImPZl,F(i)(x*)[~]i) CZ, i=2,...p-1,

where Z; is a closed complementary subspace to Y1 & --- @ Y; 1, i =2,...,p, with respect
to Y, and Pz, : Y — Z; is a projection operator onto Z; along Y1 @ --- @ Y1, i=2,...,p.
Finally, Y, = Z,. The order p is chosen as the minimal number (if it exists) for which the
above decomposition (5) holds.

Now, let us define the following mappings:

filx):U— Y, filx) =Py, F(x), i=1,...,p,

where Py, : Y — Y; is a projection operator from Y along V1 ® - - @Y, @Y1 ®--- B Y.
Below we recall some important definitions for further considerations.
We introduce the following operator:

Wy (s ) = fl )+ () ] + -+ +j;(p)(x*)[-]”"l~
This means that
W, (%, 1) = f{ (x4) + fy () [H] + - - +fp(”)(x*)[h]p‘l.

Definition 2 Let & € X. The linear operator W,(x., h) € L(X,Y) is called the p-factor op-
erator.

Sometimes it is convenient to use the following representation of the p-factor operator:

W (0, 1) = (f @) fy ) [A), , fP) () [P
= (Py,F'(x.), Py, " (x,)[1), ..., Py, F? (x,) [1]}" ™)

for i1 € X. In this representation, we assume that Y = Y} x --- x Y},.
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We say that F is completely degenerate at x, up to order p if F9(x,) =0,i=1,...,p - 1.
In the completely degenerate case, the p-factor operator is equal to F®) (x,)[1]7!.

Definition 3 The p-kernel of the operator W, (., -) is a set

Hy(x.) = Ker” W, (x., ) = {h € X : W, (x,, h)[] = 0}

={heX:f@)h] +f @R + - + £ () [H) =0}

Note that

p
Ker” W, (x,, ") = {ﬂKeri ﬁ“’(x*)].

i=1
In the completely degenerate case, H,(x*) is equal to

Ker” FP(x,) = {h € X : F¥)(x,)[1}? = 0}.

Definition 4 A mapping F is called p-regular at x, along &, p > 1, if In W, (x,, 1) = Y (i.e.,

the operator W, (., &) is surjection).

Definition 5 A mapping F is called p-regular at x,, p > 1, if it is p-regular along every &
belonging to the set H,(x.)\{0}.

Note that if H,(x.) = {0}, then F is automatically p-regular.

The following theorem gives a description of the tangent cone in the degenerate case.

Theorem 6 (Generalized Lyusternik theorem [1]) Let X and Y be Banach spaces, F €
CP(X,Y) be p-regular at x,, € U C X. Then

TiM(x) = Hp(xy).
Applications
The following lemma will be important in the study of surjectivity of p-factor operators
in the mentioned examples.
Lemma 7 Suppose that Y = Y1 @ Y,, where Y1, Y5 are closed subspaces in Y, A,B €
L(X,Y), ImA = Y;. Let also Py be a projection onto Y, along Y1. Then (A + P,B)X =Y &
(PzB) KerA = Yz.

This lemma is a straightforward consequence of the following simple lemma.

Lemma 8 Suppose that Y =Y, @ Y,, where Y1, Y, are closed subspaces in Y, Ay, A, €
LX,Y), AiX C Y1, A X CYy. Then (A1 +A2)X =Y iff A1 KerAy = Y1 and Ay KerA; = Y.

The proof is obvious. Lemma 7 follows from Lemma 8 if we put A; = A and A, = P;B.
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Example 9 Now we apply the above theory to differential equation (2)
F(x,e)=x"+(1+e)(x+x%) =0,

where F: C3[0,7] x R — C[0,7] and C3[0, 7] = {x € C?[0,7] : x(0) = x(7r) = 0}. Observe
that x, = (0, 0) is a trivial solution of this equation.
The first derivative of the mapping F is

2
F'(x,€) = [F;(x,s),Fé(x,s)] = [% +(1+e)d+2x),x+ x21|.

In our case, F,(0,0) = ()" + () and F/(0,0) = 0.

Note that Ker F,(0,0) = {x € C*[0, 7] : % +x = 0}. The general solution of the equation
x” +x=0isx(t) = ¢c; cost + ¢y sint. Taking into account the boundary condition, we obtain
¢1 =0, x(t) = ¢y sint and Ker F,(0,0) = span{sin¢}.

The image of F,(0, 0) is defined as follows:

ImF,(0,0) = {y € C[0, 7] : 3x € C*[0, 1] F.(0,0)x = ,x(0) = x(rr) = 0}

= {y € C[0,7] : 3x € C*[0, ] such that x” + x = y,x(0) = x(1) = 0}.

The general solution of the above equation has the form

t t
x(t) = cycost +cysint — cost/ y(tr)sintdr + sint/ y(t)costdr.
0 0

In view of the boundary conditions x(0) = x(r) = 0, we obtain
T
Im F,(0,0) = {y e Cl0,m] :/ y(t)sintdr = 0}.
0

One can easily show that the boundary value problem x” + x = sin¢, x(0) = x() = 0
does not have a solution. Moreover, since fon sin?(£)dt # 0, it follows that y(¢) = sint ¢
ImF;(0,0). This implies that the operator F,(0,0) is not surjective, i.e., ImF;(0,0) #
Cl0,7] =Y. Then Y = Y] @ Z;, where Y; =ImF(0,0) and Z; = Ker F/(0,0).

The projector Pz, : Y — Z, along Y; can be described as

2 b1
Pzy=— sint/ y(t)sintdr, yeY.
T 0

Since

2(1 1+2 2 1
F//(x,g) - ( + 8) + 22X , F”(0,0) - )
1+2x 0 1 0

F"(0,0)[hz, h] = [2h, + h,, 1], F"(0,0)[hz, he)* = 212 + 2hh,
then
Y, = span(ImPZ2F”(0,O)[-]2)

2 T
= span{y(t) €Y :y(t) = ~ sint/ F"(0,0)[-]*sint dl’} = span{sint} = Z,
0
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and
Y =C[0,7] = Y1 ® Y, = ImF.(0,0) & Ker F.(0,0).

Consequently, [Im F/(0,0)]+ = Ker F,(0,0).

Using p-regularity theory and the generalized Lyusternik theorem, we obtain the fol-
lowing assertion. If the mapping F is p-regular (p = 2) at the point x, = (0,0) with re-
spect to the element % = [h,, h,], where h, = zsint, z € R, h, =€, then there exist solutions
x =x(t,e) = ezsint +r(e), ||r(e)|| = o(e) of equation (2) for ¢ € (-0, 0), where o > 0 is suffi-
ciently small. Below we will describe a 2-factor operator and show its surjectivity.

Let P; = Py, be a projection onto Y; = ImF,(0,0) and P, = Py, be a projection onto Y5 =
Ker F;(0,0) along Y;. The 2-factor operator has the form

2 ((07 0)r [hz: he]) =f{(0, O) + 2”(07 0)[h27 hs]
= PIF;C(O; 0) + PZF”(Oi 0)[h27 hs]

= F/(0,0) + P,F"(0,0)[hy, k]

because P, F,, = F,..
Using the second derivative of F, we obtain, for [/, ;] € C*[0,7] x R,
d*h,
\IJZ ((O: 0): [hz: he]) [hu: hA] = W + hu + P2 [2hzhu + hshu + hzhk]

B d*h,

T ode?

~ d*h,

Cdr

2
+hy, + —(2hhy, + hohy, + byl sint) sint
T

2 b/g
+h,+ — sint/ (2h,hy, + hohy, + hyhy) sint dt.
T 0
Now we describe the 2-kernel of the operator W,((0,0),-)
H(0,0) = {h = [h;,h,] € C*[0,7] x R:W,((0,0),/)[h] = 0}.

Assume that i1 = [h,, h,] € Ker F,(0,0), i.e., F(0,0)[/1;, 1] = 0. Then h, = zsint,z € R, h, €
R and

2 T
s((0,0), [z e lhzy ) = P (0,0) ey e ]* = — sim / (2K + 2h.h, ) sintdt = 0
0

s
< / (2h§ + ZhZhE) sintdt =0
0
T T
& 22/ sin® tdt + zh, f sin®tdt =0
0 0

4 bg 3
& §z2+5zh5:0 & z:Ovz=—§7rhs

3
& h,=0Vh,= —gnhg sint.

This implies that H,(0,0) = {[0,€]} U {[—%nE sint, €]}, where h, = €.
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Next we verify that the mapping W,((0, 0), [/,, k. ]) is surjective onto C[0, 7] for elements
belonging to the set H5(0,0), that is,

Vy € C[0,7] Ah,, 1] € C*[0,7] x R such that ¥, ((0,0), [hz,hg])[hu,hk] =y.

Consider the first case [/, h.] = [0,2],€ #0.
Assume that

a*h,(t 2 "
® +hu(t)+—sint/ ehy(t)sintdt =y =y + y3, (©)
dt? T 0
where
dzhu(t) /
Y1 = 2 + hu(t) = Pl_)/ € Yl = ImFx(Ox O)¢

2 T
Yo = - sint/o ghy(t)sintdt = Pry € Yp = Ker F,(0,0).

Putting y, = asin¢ and using Lemma 7, it suffices to take /, = bsint € Ker F(0,0). Then
from (6) we obtain y; = 0 and %E sintf: bsin® tdt = asin ¢t from where b = £, hy, = £sint.
The solutions of equation (6) exist, and hence W,((0,0), [/,, /.]) is surjective.

Verify the second case [h,, h] = [—%7{5 sint, €], € # 0. Consider the equation

d?h,(2) 2 . (3 . _
R +hu(t)+;smt/o |:28<—§7Z' smt)hu(t)+ehu(t)

3
+§(—§7r sint>hx] sintdt =y =y + y,. (7)
Putting y, = asint, using Lemma 7 and taking /,, = bsint € Ker F,(0,0), we have y; = 0 and
3 2 T( 3
——nh,\Esint + —Esint/ —Zwsin®t +sint |bsintdt = asint.
8 b3 0 4

Hence b = —%nhk -%,and iy, = (—%nh,\ —£)sint. The solutions of equation (7) exist, hence
W,((0,0), [A,, h.]) is surjective in this case too. Therefore the mapping F is 2-regular at the
point x, = (0,0) with respect to the element % = [h,, h].

Using the generalized Lyusternik theorem, we can describe the solutions belonging to
the tangent cone T1M(0,0). For [h,, ;] = [0,€] we have x;(¢,¢) = r1(¢) and for [h,, k] =
[—%n? sint, €] we have x,(t,¢) = —%JTS sint + ry(¢), where ||r;(¢)|| = o(e) fori=1,2 and ¢ €
(-0,0), 0 >0 is sufficiently small. Thus we obtain the following theorem.

Theorem 10 Equation (2) has two solutions x;(¢t,€), i = 1,2, such that

x1(t,€) = r(e),

3
xy(t,€) = —gne sint + (),

where ||r;(¢)|| = o(e) fori=1,2 and ¢ € (-0,0), 0 > 0 is sufficiently small.

Page 7 of 13


http://www.boundaryvalueproblems.com/content/2013/1/251

Grzegorczyk et al. Boundary Value Problems 2013, 2013:251 Page 8 of 13
http://www.boundaryvalueproblems.com/content/2013/1/251

Example 11 Equation (3), i.e.,
Flre)=x"+x+ex’ 1 +a =0,

where F : C3[0,7] x R — C[0,7], p > 2, can be investigated analogously. Similarly, we
obtain the following result.

Theorem 12 Equation (3) has a nonzero solution x(t, &) such that

£
x(t,€) = ——cpsint + r(e),
p

where

~ f: sin? t dt ~
@ Jo sin?*t edt’ @] =ote)

and ¢ € (—0,0), 0 > 0 is sufficiently small.

Example 13 Consider now equation (4)
F(u,e) = Au— (¢ -10)g(u) = 0,

where F: C2[Q] x R — C[], @ = [0,7] x [0,7], A is the Laplacian, with the assump-
tion g(0) = 0, g’(0) = 1, g”(0) # 0. The point x, = (0,0) is the trivial solution of the above
equation.

We put u = u(y) = u(y1,y2).
The first derivative of the mapping F is the following:

F'(u,¢) = [F;(u,s),Fé(u, s)] = [A - (e - 10)g'(u), —g(u)].
In our case F,(0,0) = A +10.

Note that KerF/(0,0) = {u € C3[Q] : Au + 10u = 0}. This space is spanned by the L?
orthonormal functions (see [8], p.424)

2 2
uy = — sin3y; siny,, Uy = —siny; sin 3y,
T b4

(that is, (u;,u5) = [ wiw;dyr dy, and [ u? dy, dys =1, [ uiu;dyy dy, = 0 for i # j). More-

over,
C[22] =ImF,(0,0) & Ker F,,(0,0)

and
[ImF,(0,0)]" = KerF.(0,0).

From p-regularity theory and the generalized Lyusternik theorem, we obtain the following

assertion. If the mapping F is p-regular at the point x, = (0,0) with respect to the element
h = [h,, h.], where z = (z1,25), h, = ziu1 + 2o, B, = €, then there exist solutions u = u(y, &) =
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e(ziug + zouy) +1(g), ||r(e)|| = o(e) of equation (4) for ¢ € (—o,0), where o > 0 is sufficiently
small.

Let P; = Py, be the projection of Y onto ¥; = ImF,(0,0), and let P, = Py, be the projec-
tion of Y onto Y, = Ker F(0, 0) along Y;. We define the 2-factor operator:

W, ((0,0), /) = ¥5((0,0), [, 1) = £(0,0) + f;'(0,0) [, I ]
= PlF;(O, 0) + PQF”(O, 0)[1/12, hg]
= F,(0,0) + P,F"(0,0)[h;,h;] (because P,F, = F,).

Using the second derivative of F, that is,

F”(u,e) _ |:—(£ - IO)g//(u) _g/(u)j| ’ F”((),O) ) |:10g//(0) _1i| ,
-g'(u) 0 -1 0

10g'(0)

F”(O: 0)[”’2: ha] = |: 1

_01i| [hzr hs] = [log//(o)hz - hs: —hz],

we obtain, for [, ;] € C3[Q2] x R,

F"(0,0)[hy, he ][l ] = [10g" (), = he, —he | [hy, 1] = 108" (0) by, — hehy, — by,
and hence

F"(0,0)[hy, he]* = 10¢" (0)H2 - 2h, k..

From the above calculations it follows that the value of the 2-factor operator W,((0,0),
[h,, h:]) on an element x = [k, h;] € C2[Q2] x R is equal to

\IJZ ((0: O)) h) [x] = "IIZ ((01 0)’ [hzr h&]) [hur hk]
= Ahy, +10hy, + P,[10g"(0)h hy — hehy, — hohy |

2
= Ay + 100, + Y (10g"(0Vhchty, — hehy, — el wi)u;.

i=1

Now we describe the 2-kernel of the operator W,((0, 0), -), which is the set
H(0,0) = {h = [h;,h,] € C5[Q] x R: W,((0,0), ) [h] = 0}.

Assuming that [/, k] = [z141 + z3u2,€] € Ker F},(0,0), we have
FL(0,0)[z, ] = 0

and

v, ((07 O)r [hz: hs]) [hzr hs]

2
= PZF//(O’O)[hz’he]z = Z<F”(O: 0)[h21 hs]z! ui)ui

i=1
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10g”(o V2 = 2h.he )u; dy, dys

u
\

/ 10g"(0)(z1u1 + zzuz) - 2(z1uq + zguz)E]ui dy, dy;

2
= Z u; |:10g/,(0)/ bli(lell + 22u2)2 dyl dyz — 25/ l/li(le/ll + Z21/l2) dyl dyz]
i=1 Q2 §

2
=Y u [IOg”(O)/ ui(ziuy + zouz)? dyy dy, — 2§zi].
i=1 2
Next, introducing the quadratic forms
Qi(h;,%) = Qi(z1,22,€) = 10g”(0)/ ui(zi + zou)* dyn dys — 28z, i=1,2,
Q

we obtain the following system of equations for elements belonging to the set H>(0, 0):

i Qu(h,8) = Qu(z1,22,%) =10g"(0) [, ur (21141 + zou2)* dyr dy, — 2821 = 0, (8)

Qa(hz, %) = Qa(z1,22,8) =10g"(0) [, ua (211 + 2o14)* dyy dys — 282, = 0

or, equivalently,

10g"(0) [o(uiz} + 2z120uf s + 23w u3) dyy dy, — 2821 = 0,
10g"(0) [o(mu3z; + 2z1z0mu3 + z5u3) dyy dy, — 2825 = 0.

Simple calculations give us

16 8

3 3
= dy, dy, = dydy, = — - —,
a /;2”1 Y14y /Quz V1Y 27 73

48 8
_ 2 _
b= [ undndre= [ i<~

and we obtain the following form of system (8):

10g"(0)(az? + 2bz125 + bz3) — 287 = 0,
10g"(0)(bz? + 2bz1zy + az3) — 282, = 0,

or putting ka =10g"(0) [, winjux dy dy,, we get

2

ik _ .
Z Clzjzk —282;=0, i=1,2.
k=1

Note that if M(z;,2,) is the 2 x 2 symmetric matrix whose (i, /) entry is

2

a; = Z(/Q Wity dyr dy2>zm,

m=1
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that is,

azy +bzy bz + bz
M(ZI:ZZ):|:1 2 2]

bzy + bzy bz +az,

then system (9) is equivalent to the following equation:

[10¢(0)M(z) - 21] [zl]:o, where1:|:(l) O].

V4) 1

Thus we get the following condition: elements [z + zyuy, €] € H(0,0) (that is, ele-
ments (z3,2»,€) are the solutions of system (9)) if and only if either (z;,z,) is an eigenvec-
tor of 10g”(0)M(z) corresponding to the eigenvalue 2% or (z1,%z2) = (0,0). We will prove
that for [Ou; + Ouy, €] € H(0,0), the mapping F is always 2-regular and for any other
[z1u1 + Zous, €] € H3(0,0), F is 2-regular if € is not an eigenvalue of 10g”(0)M(z).

Note that Q(z1, 22, €) = (Qi(z1,22, ), Q2(21, 22, %)) is a quadratic mapping associated to the
2-factor operator W, ((0,0), 4). If [z141 + Zous, €] € Hy(0,0), then the first differentiation of
Q gives us the matrix form of the operator W,((0,0), %). Consider the calculations:

O e 20,5) = 10g7(0)(2z1a + 22ob) =28 10g"(0)2z1b +2z,b) -2z
DI 10g7(0)2ab + 2206)  10g7(0)(221b + 220a) — 28 22

[[10g7(0)2a 10g"(0)2b -2
10g”(0)2b  10g"(0)2b 0
2 0 0
[10¢”(0)2b  10g"(0)2b 0
10g”(0)2b  10g”(0)2a —2

0 -2 0

Q//(Zl’ 22, E) =

z
and W,((0,0),1) = Q"(z1,22,¥) H
It follows that

((0,0),1) = |:10g”(0)(221a +22,b)—28  10g"(0)(2z1b + 22,b) —221:| )

10g"(0)(2z1b + 2z,b) 10g"(0)(2z1b + 2z0a) — 28 -2z,

that is, W, ((0,0),/4) = Q'.
For an arbitrary element /1 = (21,2, %) € H2(0, 0), we examine the surjectivity of the map-
ping W,((0,0), /1), that is, the following condition:

v € C[Q] 3¢ € C5[] x R such that ¥, ((0,0),4)[£] = 1.

For & = (&§1,&,A), n = (1, 172), we have

&
¥, ((0,0),4) | &
A

_ [10g”(0)(22111 + 22219) — 25]&1 + [10g”(0)(221b + 22219)]52 — 221)\ _ m
| 10g7(0)(221b + 22,b)&, + [10g7(0)(221b + 2Z2a) — 286, — 2Zoh | ’

Page 11 0f 13
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or

log,,(o) Zﬂfl + 2b€2 2b§1 + 2b%2 9% 1 0 51 o %1 _ m
21721 + 2b22 2b21 + 26122 0 1 %'2 Z n2
and

2[10g"(0)M(z) - 1] [Z] -2 Ej + {Zj . (11)

Observe that for [Ou; + Ouy, €], € # 0, F is always 2-regular (since the matrix (10) has the
maximal rank). Now put € = 0 in (9). Then we get z; = zo = 0. This means that in this case
H(0,0) = {0} and then F is 2-regular (in this trivial case, the equation F(u, &) = 0 has the
unique solution u = 0). Consider the other [zju; + Zyuy,€] € H2(0,0). Then equation (11)
has the solution if det[10g”(0)M(z) — €I] # 0. This means that ¢ is not an eigenvalue of
10g” (0)M(2).

From the above consideration, we obtain the following sufficient condition for 2-regular-
ity: the matrix 10g”(0)M(z) has no eigenvalues € and 2€. This condition can be tested using
the notion of resultant. We evidently have 10g”(0) # 0. Let A and 2\ be the eigenvalues,
and let A # 0. Then we obtain

bz bz +b 10
det[M(Zl,Zz)—M]=det|:|:ﬂzl+ 2 oar zz}_x[o 1“

bzy + bzy bz +az,

=22+ A0+ A5 =0, (12)

where A; = —(a + b)(z1 + zp) and A; = (ab — b?)z? + (a® — b*)z12 + (ab — b*)z3.

Likewise,
det[M(z1,25) — 2A1] = 42> + 2411 + Ay = 0. (13)

Subtracting equation (12) from (13) gives 31 + A; = 0 (because A # 0). The condition that
an eigenvalue multiplied by two is not an eigenvalue means that the polynomials f = A% +
A1) +A;yand g = 31 +A; do not have a common root. This is equivalent to the nonvanishing
of the resultant:

1 A A
R(f,g)=[3 A 0|=Az +2Bziz, + Az
0 3 A

This resultant is a quadratic form with A = 9(ab — b?) — 2(a + b)*, B= 1[9(a® - b*) — 4(a +
b)*]. Thus a sufficient condition of 2-regularity is that this form is positively or negatively
defined. Therefore one obtains A> —B% > 0. In our case, one finds A? = [2a® —5ab +11b*]? ~
5.49- (%)4, B? = 1[13b*-5a” + 8ba)* ~ 0.07 - (%)4 and A2 > B?, so the test with resultants
is effective.

Summing up we conclude from the generalized Lyusternic theorem: the tangent cone
coincides with the 2-kernel H,(0,0) and this gives the solutions.
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Theorem 14 Equation (4) has a nonzero solution u(e) such that
u(e) = e(zyuy + zouz) + r(e), ||r(£) || =o(e)
fore € (-o,0), where o > 0 is sufficiently small.

Conclusion

The paper was inspired by Buchner, Marsden and Schecter’s article [8]. The authors con-
sider the bifurcation problem F(x, 1) = Lx + (A — X¢)x + R(x) = 0, where L is the elliptic self-
adjoint operator on a suitable Banach space Y of functions, with another suitable Banach
space of function X - the domain of L C Y, R: X — Y is a smooth map with R(0) = 0 and
R'(0) =0, &g - is an eigenvalue of L of multiplicity n, x € X and A € R. They use Lyapunov-
Schmidt procedure to examine the above equation and show that (0, 0) is a bifurcation
point and that there exist solutions different from (0, ). Our examples are special cases of
the above problem, and we use p-regularity theory to prove the existence of solutions and
give an approximative description of the solution set. The structure of the solution set is
reduced to a study of the system of homogeneous algebraic equations.
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