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“Geniaal BVBA, Antwerp, Belgium the wide class of domains whose boundaries are defined by the so-called
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available at the end of the article superformula introduced by Gielis. A dedicated numerical procedure based on the

computer algebra system Mathematica® is developed in order to validate the
proposed methodology. In this way, highly accurate approximations of the solution,
featuring properties similar to the classical ones, are obtained.

Introduction
Many problems of mathematical physics and electromagnetics are related to the Lapla-
cian:

+ The wave equation vy = a®Av;

+ The heat propagation v, = k Av;

+ The Laplace equation Av = 0;

« The Poisson equation Av =f;

+ The Helmholtz equation Av + kv = 0;

+ The Schrédinger equation —%Alfl + Vi =Ey.

In recent papers [1-8], the classical Fourier projection method [9, 10] for solving bound-
ary value problems (BVPs) for the Laplace and Helmholtz equations in canonical domains
has been extended in order to address similar differential problems in simply connected
starlike domains, whose boundaries may be regarded as an anisotropically stretched unit
circle centered at the origin.

In this contribution, a suitable technique useful to compute the coefficients of the
Fourier-Hankel expansion representing the solution of the Robin boundary value prob-
lem for the Helmholtz equation in complex annular domains is presented. In particular,
the boundaries of the considered domains are supposed to be defined by the so-called
Gielis formula [11]. Regular functions are assumed to describe the boundary values, but
the proposed approach can be easily generalized in case of weakened hypotheses.

In order to verify and validate the developed methodology, a suitable numerical proce-
dure based on the computer algebra system Mathematica® has been adopted. By using

such a procedure, a point-wise convergence of the Fourier-Hankel series representation
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of the solution has been observed in the regular points of the boundaries, with Gibbs-like
phenomena potentially occurring in the quasi-cusped points. The obtained numerical re-

sults are in good agreement with theoretical findings by Carleson [12].

The Laplacian in stretched polar coordinates
Let us introduce in the real plane the usual polar coordinate system

x=rcost,
. @
y =rsin?d,
and the polar equations
r= Ri(ﬁ)r (2)

relevant to the boundaries of the supershaped annulus A which is described by the fol-

lowing chain of inequalities:
R.(¥) <r=R.(¥), 3)

with 0 < ¢ <27. In (2), RL() are assumed to be piece-wise C? functions satisfying the
condition

R.(®)>R.(¥)>0, 0<v <2r. (4)

In this way, upon introducing the stretched radius o such that

e (b=0)R_() - (a-0)R.(¥)

b-a ®)

with b > a > 0, the considered annular domain .4 can be readily obtained by taking a <
o=<b.

Remark Note thatin the stretched coordinate system g, ¥, the original domain A is trans-
formed into the circular annulus of radii 4 and b, respectively. Hence, in this system one
can use classical techniques, including the eigenfunction method, to solve the Helmholtz

equation [10].

Let us consider a piece-wise Cz(fi) function v(x,y) = v(rcos 9, rsin?d) = u(r,v) and the

Laplace operator in polar coordinates

_82u 10u 1 3%u

AUz — = =, 6
Y T rar T e (6)
In the considered stretched coordinate system, A can be represented by setting
b—0)R_(V) - (a—0)R. (¥
U(g,ﬂ)=u(( 2 (Z (@ -o)R:( ),19). 7)
-a
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In this way, by denoting R, (%) as Ry for the sake of shortness, one can readily find:

ou b-a U

3 R,—R_ 30 @®
82_” - b-a 282_[’[ )
arr (R+—R_> 902’
O’u _[(b-p)2R-(R, ~R)~R_(R, ~R.)]
092 { (R, —R_)?
(a- ﬂ)[2R+(R+ - R—) _I.é+(R+ -R)] %
- (R, —R_)? } do
(b-0)R_—(a—0)R, T 0*U ,b-0R —(a—ok, °U U (10)
+[ R.—R ] 902 R.—R 9090 902"

where the dot superscript denotes the differentiation with respect to the angle . Substi-
tuting equations (8)-(10) into equation (6) finally yields

Ay b ? ) (b-0)R_—(a—0o)R,*)| 9*U
”'(&—R_) <{ +[(b—Q)R——(ﬂ—Q)R+] }392
N { (b-p)[(R-—R)R, —R_) +2R_(R, — R_)]

[(b-0)R_~(a~0)R,]?
(a—-p)[(R, —R)(R, —R_) + 2R, (R, —R_)] | dU
[(6-0)R- ~(a~0)R,]2 }$
(b-0R_-(a-0)R, U
[(b-0)R_ - (a—0)R,]* 30 3V

R-R___Y 82”) )
' [(b—g)R—(a—g)&] 302 )’

As it can be easily noticed, upon setting R () = a = 0 and R,(¢) = b = 1, the classical

expression of the Laplacian in polar coordinates is recovered.

—-2(R,-R.)

The Robin problem for the Helmholtz equation
Let us consider the interior Robin problem for the Helmholtz equation in a starlike annulus
A, whose boundaries d..4 are described by the polar equations r = Ry (#) respectively:

Av(x,y) + K2v(x,y) = 0, (x,y) € A, 12)
Av(,y) + ve 2 () = fr (%)), (%)) € 014,

where k > 0 denotes the propagation constant, vy = D, (1) are the outward-pointing nor-
mal unit vectors to the domain boundaries 914, respectively, and A, y+ are given regular
weighting coefficients.

Under the mentioned assumptions, one can prove the following theorem.

Theorem Let

Page 3 of 11
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and

S (Re(¥)cos ¥, Re(9)sin®) = F(9)

Jcosm + ) sinmd), (14)

S R

where

aly) em ¥ cos mv
_m / Fe@W1+ 902 1" L ay, (15)
0 sin mv

gy | 2w

€ being the usual Neumann symbol. Then boundary value problem (12) for the Helmholtz
equation admits a classical solution v(x,y) € L*(A) such that the following Fourier-Hankel
series expansion holds true:

((b O)R_(¥) - (a—0)R.(?) (b—0)R_(¥) —(a—0)R,(?) )
v cos sin ¥

b-a ’ b-a
:u(Qrﬁ)

[m( R(9) - (@~ )R, ()
b-a

> (A1,m cosmv + By, sinm)

+HO (k(b—@ﬂ?—(ﬁ) ~(a-Q)R.(9)

2 ) (Ag,m cosmd + By, sin rm?)i|. (16)
—a

For each index m, define

‘5 @) cosm? —sinmd
U;(aim(ﬂ) | sinmy cosmd
[xin’) (KR (9))y/1+ Yre(D)? & kyLF? (kRi(ﬁ))}

(17)
Fre gt H (R (9)) 7+ ()

with HZ () denoting the Hankel function of kind p = 1,2 and order m. Hence, the coefficients
Apm> By in (16) can be determined by solving the infinite linear system

(=) (=) (=) (=) (=)
Xl 1,n,m Yl,l,n,m X1,2,n,m Y1,2,n,m Al,m n
(=) (=) (=) (=) -
f XZ 1,n,m Y2,1,n,m X2,2,;1,m Y2,2,n,m . Bl,m _ ﬁ” (18)
( (+) (+) (+) B 1’
m=0 X1+1nm Yl-,'.l,n,m XlTZ,n,m YITZ,nm A2,m Ol,,+
(+) (+) (+) (+) (+)
XZTl,n,m YZTI,n,m XZTZ 7,1 YZTZ,n,m BZ,m "+
where
2
+ € cos n
x@ o [ £50) 1" v, (19)
2],p,n,m 27 Jo sin nv
2
+ € cos n
ywm oo / i @)1 v, (20)
{2},p,n,m 27 Jo sin nv

with p =1,2 and m,n € Ny := NU {0}.
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Proof Upon noting that in the stretched coordinate system p, ¢ introduced in the x, y
plane, the considered domain A turns into the circular annulus of radii  and b, one can
readily adopt the usual eigenfunction method [10] in combination with the separation of
variables (with respect to r and ). As a consequence, elementary solutions of the problem
can be searched in the form

blr = R_()] — alr - R ()] )
, U
R.(¥) - R-(¥)

u(r,9) = LI( =P(r)O(®). (21)

Substituting into the Helmholtz equation, one easily finds that the functions P(-), ©(-)
must satisfy the ordinary differential equations

d*0(9)

dv? +u?0®) =0, (22)
2
2 ddl:gr) + rdl;i”) + (k2r2 _ /,LZ)P(V) =0, (23)

respectively. The parameter p is a separation constant whose choice is governed by the
physical requirement that at any fixed point in the real plane the scalar field u(r, ) must
be single-valued. So, by setting « = m € Ny, one can easily find

(%) = a,, cosm® + b,, sinm?, (24)

where a,,,, b, € C denote arbitrary constants. The radial function P(-) satisfying (23) can
be readily expressed as follows:

P(r) = ¢, HV (kr) + dy H? (k7), (25)

with ¢, d,, € C. Therefore, the general solution of Robin problem (12) can be searched in

the form
+00
u(r, ) = Z[H,(i)(kr)(ALm cos m® + By, sinm1)
m=0
+ H? (kr)(Ay, cos m® + By, sin m®)]. (26)

Enforcing the Robin boundary condition yields

Fo(9) = hau(Ru(9),9) + yig—ff(zeiw),ﬁ)

= dst(Re(9),9) + v Vu(RL(9),9) - D.(9), (27)
where
Vu(r, ) = ?au(r, ?) + 1§‘1 dulr, 19), (28)
ar r 09
and
Dy (9) = iw (29)

VI+y: @2
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Hence, combining equations above and using the classical Fourier projection method,
equations (17)-(20) follow after some algebraic manipulations. O

Itis worth noting that the derived expressions still hold under the assumption that R (1)
are piecewise continuous functions, and the boundary values are described by square in-
tegrable, not necessarily continuous, functions, so that the relevant Fourier coefficients
ol ﬁfni) in equation (14) are finite quantities.

Numerical procedure
In the following numerical examples, let us assume, for the boundaries 3..A of the con-
sidered annulus, general polar equations of the type

1k wo k59 5\ V%
RiL(¥)= d—icos ) + d_ismT , (30)
x y

as introduced by Gielis in [11]. Very different characteristic geometries, including ellipses,

Lamé curves, ovals, and m-fold symmetric figures, are obtained by assuming suitable val-
+ o+
x vy
all two-dimensional normal-polar annular domains can be described, or closely approxi-

ues of the parameters k%, kyi, ds, dyi, v , vy in (30). It is emphasized that almost
mated, by the above-mentioned Gielis formula.

In order to assess the performance of the proposed methodology in terms of numerical
accuracy and convergence rate, the relative boundary error has been evaluated as follows:

IUn(a, ) +y 5N (a,9) - F-(9)]

en =
v IE- @)
LI Un(6,9) +y, T (b, 9) - L) 31
I E+ (D)l ’
with || - | being the usual L? norm, and where Uy (o, %) denotes the partial sum of order N

relevant to the Fourier-Hankel series expansion representing the solution of the boundary
value problem for the Helmholtz equation, namely

UN(Q» 19)

N
= Z[Hﬁ) (k (b- Q)R_w]: : E:l ~QR.(9) ) (AL, cosm® + By, sinm®)

g (k (b-0)R_(¥) — (a—0)R.(?)

o —p )(Ag,m cos m¥ + By, sin mz?)i|. (32)

Remark Itis to be noticed that where the boundary values exhibit a rapidly oscillating be-
havior, the number N of terms in expansion (32) approximating the solution of the prob-
lem should be increased accordingly in order to achieve the desired numerical accuracy.

First example

By assuming in (30) k¥ =k =4, d;; =d; =3/4,d} =d} =5/2, v = v =6, v5 =10, the
annulus A features a strip-like shape. Let f_(x,y) = —x + y + 2iy* and f, (x,y) = cos(x/2) +
isin(x/2) be the functions describing the boundary values. Provided that the propagation
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Figure 1 Relative boundary error ey as a 0.5
function of order N of the truncated
Fourier-Hankel series expansion representing
the solution of the Robin problem for the
Helmholtz equation in the supershaped annulus
A described by the Gielis formula with
parameters ki = k}? =4,d; =d; =3/4,

d} =df =5/2, v = v} =6, vy =10.

log(ex)

2 1.6
= =
B )
S) =
~ ~—
=

=5 S ol N TN
< <

< <

+ +
- -~
EN >

S) <
= <
S = - 150
= =
0 : : : 0.4 . : :
90 180 270 360 0 90 180 270 360

Figure 2 Boundary behavior along d_.4 (a) and d,.A (b) of the partial sum Uy(g, ##) of order N=10
representing the solution of the Robin problem for the Helmholtz equation in the supershaped
annulus .A described by the Gielis formula with parameters ki = k¥ = 4, d, = d;, =3/4,d} =d} =5/2,
v;*:vyi=6,v0*=10.

Figure 3 Spatial distribution of the
Fourier-Hankel series expansion vy(x, y) of order ‘ UN(x’ y)|
N = 10 representing the solution of the Robin P
problem for the Helmholtz equation in the
supershaped annulus A described by the Gielis
formula with parameters kf = k¥ = 4,

dy =d, =3/4,d} =dy =5/2,v¥ = v} =6, vy =10.

constant is k =1, and A_ =1, A, = -1, y_ = 1/10, y, = -2 are the weighting coefficients in
the Robin condition, the relative boundary error ey as a function of the number N of terms
in truncated series expansion (32) exhibits the behavior shown in Figure 1. As it appears
from Figure 2, the selection of the expansion order N = 10 leads to a very accurate Fourier-
Hankel representation vy /(x, y) of the solution (featuring ey < 1%). The spatial distribution
of vy (x, ) is shown in Figure 3, whereas the logarithmic magnitude of the relevant expan-
sion coefficients A, ,, and B, ,, (p =1,2) is plotted in Figure 4.

Second example

In the second numerical example, we turn to the consideration of the class of annuli having
one or both boundaries featuring a polygonal contour. In this respect, it is not difficult
to show that the general k-sided convex regular polygon can be readily described by the
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Figure 4 Logarithmic magnitude of the coefficients A, m and B, m (p = 1,2) relevant to the
Fourier-Hankel series expansion vy(x, y) representing the solution of the Robin problem for the
Helmholtz equation in the supershaped annulus .A described by the Gielis formula with parameters
ki =kf =4,d, =d, =3/4,d} =d} =5/2, v = vF =6, vy =10.

following specialized version of Gielis’ formula [13]:

2(1-vlogy cos %)
+

1 sin kv (33)
d 4

V—>+00

2(1-vlog, cos ]]Z)il -1/v

) 1 )
Ri(?) = lim HECOSZ

In this way, the methodology detailed in the previous section can be used straightfor-
wardly. In particular, upon assuming in (30) k; = k; = 2, d; =1/2, d;; = 3/4, v; =2,
v, =vy =3,aswellas ki =kj =k" =5,d} =dj =9/4, and v} = v} = 2(1 - v log, cos %),
with v§ — +00, the annulus A may be regarded as the result of the Boolean subtraction of
an ovaloid from a regular pentagon. Let f_(x,y) = 1/ (ie”"* + ¥%) and f, (x, ) = 1 be the func-
tions describing the boundary values along .4, respectively. Provided that the propaga-
tion constantis k=1,and A_ =1, 1, =2, y_ = 0, y, = 1 are the weighting coefficients in the
Robin condition, the relative boundary error ey exhibits the behavior shown in Figure 5.
As it appears from Figure 6, the selection of the expansion order N = 10 results in an accu-
rate Fourier-Hankel series representation vy (x, ¥) of the solution (with error ey < 1%). The
spatial distribution of vy(x, y) is shown in Figure 7, whereas the logarithmic magnitude of

the relevant expansion coefficients A, ,, and B, ,,, (v = 1,2) is plotted in Figure 8.

Remark It has been observed that L2 norm of the difference between the exact solution
and the relevant approximation is generally negligible. Point-wise convergence seems to
be verified in the considered domains, with the only exception of a set of measure zero
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Figure 5 Relative boundary error ey as a function 0
of order N of the truncated Fourier-Hankel series
expansion representing the solution of the Robin
problem for the Helmholtz equation in the
supershaped annulus A described by the Gielis
formula with parameters k; = k; =2,d,=1/2,

- — - — - —_ = + — Lt — [t —
;S 3 5 <301 -5 oot

x — Yy — ’ x ~ Yy~ “Yo 92C°Sk+)r

vy — +o0.
-2
N
1.8 2 T

= = 3
= D :

3 < :
= Z . ;

S LG

5 S :

N S :
) [5e) :

| + :

3 I g T .
+ + :
= = 3

S) <
= <

=
b‘ )
=< ~<

0.2 : : : 0 : : :
0 90 180 270 360 0 90 180 270 360
v [] v []

Figure 6 Boundary behavior along d_.4 (a) and 9.4 (b) of the partial sum Uy(0, #) of order N=10
representing the solution of the Robin problem for the Helmholtz equation in the supershaped
annulus A described by the Gielis formula with parameters k, =k, =2, d, =1/2,d; =3/4, v, =2,

v;=va=3,k;=k;=k+=5,d;=d;=9/4,andv;=v;=2(1—vglogzcosk%),vg—>+oo.

Figure 7 Spatial distribution of the
Fourier-Hankel series expansion vy(x, y) of order
N = 10 representing the solution of the Robin
problem for the Helmholtz equation in the
supershaped annulus A described by the Gielis
formula with parameters k; = k; =2,d,=1/2,
d;,=3/4, v, =2, v;=v5=3,k;=k;=k+=5,

dy =dj =9/4,and vg = v; =2(1-vg log, cos %),
Vg — +00.

lon(2,9)]

consisting of quasi-cusped points. In the neighborhood of these points, oscillations of the
truncated order solution, recalling the classical Gibbs phenomenon, usually take place (see
Figure 6).

Conclusion

A Fourier-like projection method, in combination with the adoption of a suitable stretched
coordinate system, has been developed for solving the Robin problem for the Helmholtz
equation in supershaped annuli. In this way, analytically based expressions of the solution
of the considered class of BVPs can be derived by using classical quadrature rules, so over-
coming the need for cumbersome numerical techniques such as finite-difference or finite-
element methods. The proposed approach has been successfully validated by means of a
dedicated numerical procedure based on the computer-aided algebra tool Mathematica®.
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Figure 8 Logarithmic magnitude of the coefficients A, , and B, m (p =1, 2) relevant to the
Fourier-Hankel series expansion vy(x, y) representing the solution of the Robin problem for the
Helmholtz equation in the supershaped annulus A described by the Gielis formula with parameters
k;:k;=2,d;= 1/2,d;=3/4, vy =2, v;=v6=3,k;=k;=k+=5,d;=d;=9/4,and

vy = v;’ =2(1-vg log, cos k%), vy — +o0.

A point-wise convergence of the expansion series representing the solution seems to be
verified with the only exception of a set of measure zero consisting of the quasi-cusped
points along the boundary of the problem domain. In these points, Gibbs-like oscillations
may occur. The computed results are found to be in good agreement with the theoretical

findings on a Fourier series.
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