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1 Introduction
The aim of this work is to consider the following periodic problem for a quasilinear
parabolic equation:

ou

e D,-(a,»,»(x, L, u)Dju) = (m - <I>[u])u, (x,8) € Qr, 1.1)
8_u =0, (xted2x(0,T), (1.2)
on

ulx,0)=uxT), x€9, (1.3)

where Q is a bounded domain in R” with smooth boundary 9<2, dd_n denotes the outward
normal derivative on 92, Q7 = Q x (0, T), a;; satisfies some suitable smoothness and struc-
ture conditions. This model can be used to describe the models for some interesting phe-
nomena in mathematical biology, fisheries and wildlife management. The function u(x, £)
gives the number of individuals (per unit area) of the species at position x and time ¢, where
x represents the spatial variable and ¢ represents the time. The term D;(a;;(x, t, u)D;u) mod-
els a tendency to avoid high density in the habitat, m — ®[u] describes the ways in which
a given population grows and shrinks over time, as controlled by birth, death, emigration
or immigration, and the Neumann boundary condition models the trend of the biology
population who survive on the boundary.

In last decades, linear parabolic equations with nonlocal terms have been investigated
by numerous researchers [1-4]. A typical model was submitted by Allegretto and Nistri [1]
and they proposed the following equation:

W A= fltm Dl ),

with the Dirichlet boundary conditions. Also, according to the actual needs, many authors
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divert attention to nonlinear diffusion equations with nonlocal terms such as the porous
equation [5, 6] with a typical form
ou

Fri Au™ + (m - d>[u])u, (1.4)

and the p-Laplacian equation [7] with a typical form
ou . 2
Fri d1V(|Vu| Vu) + (m - d>[u])u. (1.5)

Equation (1.4) is degenerate if m > 1 and singular if 0 < m < 1. Equation (1.5) is degener-
ate if p > 2 and singular if 1 < p < 2. Only the cases m > 1 and p > 2 are considered with
a few exceptions. All these equations are considered with the Dirichlet boundary condi-
tion which describes that the boundary is lethal to the species. Moreover, the methods
in these papers are all based on the theory of Leray-Schauder degree. However, results on
the quasilinear periodic parabolic equations with nonlocal terms and Neumann boundary
conditions are few. In a recent paper [8], Wang and Yin considered the following periodic
Neumann boundary value problem:

d

a_’; —_ A" = (I’l’l _ Q)[u])u, (?C, t) € Qr,
du

— =0, (x8)edx(0,T),

on

ux,0)=ulxT), x€L,

where m > 1. By the parabolic regularized method and the theory of Leray-Schauder de-
gree, they established the existence of nontrivial nonnegative periodic solutions.

Inspired by the work of [8], we consider the periodic solutions of the Neumann bound-
ary value problem of a quasilinear parabolic equation with nonlocal terms. Compared with
the Dirichlet boundary condition, the Neumann boundary condition causes an additional
difficulty in establishing some a priori estimates. On the other hand, different from the
cases of the Dirichlet boundary condition, an auxiliary problem for (1.1)-(1.3) is consid-
ered for using the theory of Leray-Schauder degree. We prove that this problem (1.1)-(1.3)
admits a nontrivial nonnegative periodic solution, that is, the following theorem.

Theorem 1 If assumptions (Al), (A2), (A3) hold, then problem (1.1)-(3.3) admits a non-
trivial nonnegative periodic solution u € L*(0, T; H'(2)) N Cr(Qr).

The article is organized in the following way. In Section 2, we give some necessary pre-
liminaries including the auxiliary problem. In Section 3, we establish some necessary a pri-
ori estimations of the solutions of the auxiliary problem. Then we show the proof of the
main result of this paper.

2 Preliminaries
In the paper, we assume that
(A1) a;(-,u) =a;(-,-u) e Cr(Qr) and there exist two constants 0 < A < y such that

MEP < ayx t,u)Eg <ylE]> forall (x,t) € Qr,uc R and £ € R,
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where CT(GT) is the class of functions which are continuous in € x R and
T-periodic with respect to ¢. Furthermore, a;(-, -, %) is continuous with respect
to u.

(A2) ®[]:L%(R2) — R* isa bounded continuous functional satisfying

where C is a positive constant independent of &, R* = [0, +00),
L2(Q2) = {u € L*(Q)|u > 0,a.e. in Q}.
(A3) m(x,t) € Cr(Qr) and satisfies that

1 T
essinf — x,t)dt >y,
st T/O i, 0)dt > i

where 1, is the first eigenvalue of the Laplacian equation on w with zero boundary
and ¢, (x) is the corresponding eigenfunction.
Since the regularity follows from a quite standard approach, we focus on the discussion
of weak solutions in the following sense.

Definition 1 A function u is said to be a weak solution of problem (1.1)-(1.3), if u €
L*(0, T; HY(T)) N C(Q7) and satisfies

f/ <—u2—f + a;(x,t, u)DiuDjp — (m — @[u])uq)) dxdt =0, (2.1)
Qr

for any ¢ € C(Qy) with ¢(x,0) = ¢(x, T).

In order to use the theory of Leray-Schauder degree, we introduce a map by considering
the following auxiliary problem:

du,
But —Di((l — 1)y Dius + tay(x,t, u)Djug) teu. =f, (xt)€Qr, (2.2)
0
8”5 —0, (x,0)€dQ x(0,T), (2.3)
n
Uy (x,0) = u.(x, T), x€9, (2.4)

where ¢ is a sufficiently small positive constant, 7 € [0,1] is a parameter and f € C7(Qr).
Then we can define a map . = G(z,f) with G : [0,1] x Cr(Q7) — Cr(Qy). Applying classi-
cal estimates (see [9]), we can see that || u; || 10(g) is bounded by ||f || 10(q,), and u, is Holder
continuous in Qr. Then, by the Arzela-Ascoli theorem, the map G is compact. So, the map
G is a compact continuous map. Let f(u.) = (m — ®[u.])u}, where u} = max{u,, 0}, we can
see that the nonnegative solution u, of problem (2.2)-(2.4) is also a nonnegative fixed point
of the map u, = G(1, (m — ®[u,])u}). So, we will study the existence of nonnegative fixed
points of the map u = G(1, (m — ®[u.])u;) instead of a nonnegative solution of problem
(2.2)-(2.4). And the desired solution u of (1.1)-(1.3) would be obtained as a limit point of z,.

3 The proof of the main result
First, by the same method as in [4], we can obtain the nonnegativity of the solutions of
problem (2.2)-(2.4).
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Lemma 1 Ifa nontrivial function u, € C+(Qr) solves u, = G(1, (m — Olu.l)ul), then
u(x,t)>0 forall (x,t) € Q.

In the following, we will show some a priori estimates for the upper bound of a non-
negative periodic solution of problem (2.2)-(2.4). Here and below, we denote by | - |,
(1 < p < o0) the L7(£2) norm.

Lemma 2 For A € [0,1], let u(x,t) be a nonnegative periodic solution which solves u, =
G, Mm — ®lu,))ul), then there exists a constant K independent of A, & such that

|| u(t) Hoo <K, (3.1)
where u(t) = u(-, t).

Proof Multiplying (2.2) by #”*! (m > 0) and integrating over 2, we have

me2  A(m+1) m N
wm+2 dt ” Hmé (Wl + 2 2 ”V(‘ (t)| : u(t ”2 = HWI(JC, t) ||L°° (2x(0,7)) “ H:é’
and hence
d m+2 m 2 m+2
L0172+ |V (] ¥ )2 = Catm + a2 62

where C; (i = 1,2) are positive constants independent of u and m. Assume that ||u(¢)|| o # O
and set

wlt) = |u@)| T ult), me=2"-2(k=1,2,..),

then my = 2my_; + 2. For convenience, we denote by C a positive constant independent of
k and m, which may take different values. From (3.2), we obtain

% @] + €| Var(@) |2 < Clom + 2) | ()] (3.3)
By using the Gagliardo-Nirenberg inequality, we have

[u®)], = ClVa@ 3w, (3.4)
with

0=

€ (0,1).
N+2 ©.1)

By inequalities (3.3), (3.4) and the fact that ||ux(¢)||; = ||ux_1(£)||3, we obtain the following
differential inequality:

Huk(t I; < -clu@|f L@, +Cone+ D)o

< =Clu®| uwa@], "+ Come +2) 0]

Page 4 of 11
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Let
h=max {1, sup| (1) I}
we have
2 @]} < o], (-cluol] 0
b Come +2) @7}, (35)
By Young’s inequality,

/

/ -4 /
ab<ed’ +¢ Vb1,

wherep’>1,q’>1,a>0,b>0,e>0and§+%:1.Set

ﬁ 1 46-1
a= ||u/<(1.‘)||2 , b=m+2, €= E)Lk_ff ,
my + 2

- _ N +
P =itk —Wlk—l—(mk+2)T—mk—L

then we obtain

2 2(my+1)

4(0-1) et L
-1

_2 2_
(e +2) @) |, < 1Huk(;:) ls ™% 20+ Clmp+2)% Ty 7 (3.6)

Here we have used the fact that p’ = [y > r > 1 for some r independent of k. In fact, it is easy
to verify that

lim [; = +o0.
k—o00
Denoting

4
-1

- lk
T -1

ak

’

1-6
b= ——
k=7

and combining (3.5) with (3.6), we have

2(my+1) 2 20mp+l)

d s 07 Tmy+ 40-1)
Zu@]; < @[, (=Clu@], ™ x g+ Comer 2k} B)
Then
d m2+2 %72371(321) 461 b
(my + 2)5 @) |, < =Clluc@® ||, ™ a0 { + Clmg +2)% 0%, (3.8)

From the periodicity of u(t), we know that there exists ¢, at which |lux(¢)|» reaches its
maximum and thus the left-hand side of (3.8) vanishes. Then we obtain

4(1-6) 1

@], = {Clome + 257 T,
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where

2 Z(mk+1) 2lk
o =—— = .
k 0 myg +2 my +2

Therefore, we conclude that

2(1-6)(my+2)

4(1-6) my+2 5

TN = {Clomy +2)%) e a KD

| (®], < {Clomy + 2% %

Since 6:’:—529 = 11> and m#:Z and oy are bounded, we get
|u(®)], < CA*AZ,,
where A > 1 is a positive constant independent of k. Then we have

Infuc(®)]|, <Inix <InC + kInA + 2In Ay,

thus

k=2 k=2
1n|| u(t) ||2 <InC Z 20+ 25 Inx; +InA (Z(k —j)27>

i=0 j=0
< (2'{’1 -1)InC+ 25 na; + f(k)InA,
or
_ _ _2
@], = (€27 Ar (0} 752,
where
Fk) =k —2(k +1) = 2571 4 2K+,
Letting k — 0o, we obtain

”u(t) Hoo <CMm < C(max{l, SI:p”u(t) ||2}> (3.9)

Now, we just need to show the estimate of ||u(t)||.. Multiplying (2.2) by u# and integrating
by parts over Qr, by the periodicity of u, we have

// M|Vul* + eu didx < // kuz(m—qb[u])dtdx,
Qr Qr

which implies that

/f uz(m - ¢>[u]) dtdx > 0.
Qr

Page 6 of 11
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Let M = max, <, m(x, t), by assumption (A2), we have

05// uz(m—¢[u])dtdx§M// uZdtdx—// W plu) dt dx
Qr Qr Qr
T
§M// uzdtdx—C/ ll2c|13 dt,
Qr 0

that is,

T T
f lulld de < cf ull2 dt,
0 0

where C is a positive independent of A. By Young’s inequality, we have

r 2 T 1 2 4
ull5dt < — + &7 ||\ul|, dt.
/0 llze]l5 _/0 222 Izl

Combining with the above inequality, we have
Ju@],=¢
which together with (3.9) implies (3.1), and thus the proof is complete. g
Corollary 1 There exists a positive constant R independent of € such that
deg(] - G(l, (m - @[ug])u;),BR, 0) =1,
where By is a ball centered at the origin with radius R in L*°(Qr).

Proof It follows from Lemma 2 that there exists a positive constant R independent of , ¢
such that

u#G(1, (m—®u))ul), VuecdBgie[0,1].

So, the degree is well defined on Bg. From the homotopy invariance of the Leray-Schauder
degree and the existence and uniqueness of the solution of G(1,0), we can see that

deg(1- G(1, (m — @luc])uf), Br,0) = deg(1 - G(1, A (m — ®[uc])u;), Br, 0)
= deg(l - G(1,0),Bg, 0)

=1
The proof is completed. O

Lemma 3 There exist constants ro > 0 and & > 0 such that for any r < ry, € < &y, U =
G(t,(m — ®[u])u* + (1 - 1)) admits no nontrivial solution u satisfying

0 < |lullzoo@p) <1

where r is a positive constant independent of ¢.
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Proof By contradiction, let # be a nontrivial fixed point of u = G(z, (m — ®[u])u* +1-1)
satisfying O < ||| () < 7. For any given ¢(x) € C§°(Bs(xo)), multiplying (2.2) by % and

integrating over Q; = B;(xo) x (0, T), we have

2 2
// a”<¢ >dtdx+/ (l—r)yDiuDi<¢—)dtdx
QT Qr u
/f Ta(x, t, u)DuD( )dtdx
Qr
¢2
=/f (¢2(m—8—d>[u]) 1 —r)—)dtdx. (3.10)
Qr

By the periodicity of i, the first term on the left-hand side is zero. The second term on the
left-hand side can be rewritten as

// 1-1)yD;ub; < )dtdx
Qr
¢
= (1 — ‘L'))/DiI/lDi ¢ - — | dtdx
Qr u
=/ (1—r)y|D¢|2dtdx—// A-1)yu? D(f)
Qr Qr u
The third term of the left-hand side of equation (3.11) can be rewritten as
// tay(x, t, u)DjuD; < )dtdx
_ ¢
= tay(x, t,u)DjuD;( ¢ - — | dtdx
Qr u
2
:// Ta;(x, t, u)ZD,uDi<g> dtdx—// Ta(x, t,u)<£> D;(u)Dj(u) dt dx.
Qr u Qr u
Then from (3.10), we obtain
¢
1-1)y|D¢|* dtdx — 1-1)yu?
QT QT
2
+// Ta;(x, t, u)ZD,uDl(g) dtdx—// Ta(x, t,u)<£> D;(u)Dj(u) dt dx
Qr u Qr u

¢2
= 2(m—e - dtd. —17)—dtdx.
//;T¢ (m—e— ul)dt x+/QT(1 r)u tdx

From assumption (A1), we can see that

// (l—r)y|D¢|2dtdx+// ra,,(x,t,u)zD,uDi<9)dtdx
Qr Qr u
—// ¢2(m—8—d>[u])dtdx
Qr

2
dtdx.

dt dx

Page 8 of 11
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2
dt dx

2
=/ (1—r)¢—dtdx+/ (1-1)u? D(?)
Qr u Qr u
2
+//QT Ta(x, t, u)(%) Di(u)Dj(u) dt dx
2
2/ (1—1)%dtdx+/QT(1—t)yu2 D(%)

Qr
o\ 2
+// Al — |D(u)| dtdx
Qr u
> 0.

2
dt dx

Since T € [0,1], we have

// y|D¢|2dtdx—// ¢2(m—e—d>[u])dtdx20.
Qr Qr

By an approaching process, we choose ¢ = ¢1, where ¢, is the eigenvector of the first eigen-

value A; in (A3), and then we obtain

0 5//QT)/|D¢1|2dtdx—//QT¢12(m—8—CD[u])dtdx
—//QT y¢1A¢1dtdx-//QT¢f(m—e—c1>[u])dtdx
// yqublzdtdx—// ¢12(m—8—d>[u])dtdx

Qr Qr

T
:/qblz/ (yA1—m+e+ ®ul)dtdx. (3.11)
o Jo

Thus, there exists xy € 2 such that fOT()q — m(xg, t) + ®u(xg,t)]) dt > 0, then

1 [T 1 (7
— / m(xg,t)dt < yr +&+ — / d>[u(x0,t)] dt.
T Jo T Jo

From assumption (A2), we can see that

1 (7
T/ m(xo, t)dt <y + & + Cr?|Q|
0

holds for any sufficiently small r and ¢, which is a contradiction to assumption (A3). The

proof is complete. d

Corollary 2 There exists a small positive constant r < R which is independent of ¢, T such
that

deg(I - G(1, (m — ®[u.))u}),B,,0) =0,

where B, is a ball centered at the origin with radius r in L*°(Qr).

Page 9 of 11


http://www.boundaryvalueproblems.com/content/2013/1/34

Hameed et al. Boundary Value Problems 2013, 2013:34 Page 10 of 11
http://www.boundaryvalueproblems.com/content/2013/1/34

Proof Similar to Lemma 3, we can see that there exists a positive constant 0 < r < R inde-
pendent of ¢ such that

U, #G(r, (m - CID[ME])M; +1- r), Yu € 0B,, A € [0,1].

So, the degree is well defined on B,. By Lemma 3.3, we can easily see that u = G(0, (m —
®[u])u* + 1) admits no solution in B,. Then, by the homotopy invariance of the Leray-
Schauder degree, we have

deg(l - G(l, (m - CID[uE])u;),B,, 0) = deg(l - G(O, (m - CID[ME])M; + 1),B,, 0)

=0.
The proof is completed. d
Now, we show the proof of the main result of this paper.

Proof of Theorem 1 Using Corollaries 1 and 2, we have
deg(1-G(f(-)), Bz \ B,0) =1,

where R and r are positive constants and R > r. Problem (2.2)-(2.4) admits a nonnegative
nontrivial solution u, with r < ||u,| < R. Combining with the regularity results [9] and
a similar argument as in [10], we can prove that the limit function of u, is a nonnegative
nontrivial periodic solution of problem (1.1)-(1.3). |
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