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1 Introduction
Pathak and Dixit [1] introduced continuous and discrete Bessel wavelet transformations
and studied their properties by exploiting the Hankel convolution of Haimo [2] and
Hirschman [3]. Upadhyay et al. [4] studied the continuous Bessel wavelet transformation
associated with the Hankel-Hausdorff operator.

Let L?(R) denote the class of measurable functions of ¢ on R such that the integral
[g | ()|? dt is finite. Also, let L (R) be a collection of almost everywhere bounded func-
tions, hence endowed with the norm

(Jp lo@)P dx)t'r, 1<p<oo,

esssup,p [9p(x)], p=o0.

@l =

The Hankel transformation /,, [5] of a conventional function ¢ € L'(R,), R, = (0,00) is
usually defined by

o) = (hup)(y) = /0 (xy)%]u(xy)w(x) dx, xeR,,u>-1/2, 1

and its inversion formula is given by

o) = (19()) ) = / ()} a)e0) dy,  yeR,, 2)

where J, is the Bessel function of the first kind of order p.
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The fractional Hankel transformation is the generalization of the conventional Hankel
transformation in the fractional order with parameter 6 and is effectively used in the de-
sign of lens, analysis of laser cavity study of wave propagation in quadratic refractive index
medium when the system is axially symmetric. The earliest work on the fractional Hankel
transformation was published by Namias in 1980 [6]. Recently, it has become of impor-
tance in various applications in optics [7, 8]. Kerr [9] has developed a theory of fractional
power of Hankel transforms in Zemanian spaces. We define a one-dimensional fractional
Hankel transformation (FrHT) with parameter 6 of ¢(x) for © > -1/2 and 0 < 6 < 7 as
follows:

90) = (H.0) ) = /0 K (3, 9)0 () d, )
where the kernel

cie%(x2*y2)°°‘9(xycsc9)%]M(xycs09), 0 # nm,
K (x%,9) = { (%) 2], (x9), 6=1,
3x—y), 0 =nn,Vnev,

and

o explil+ p)(mw/2-0)]
c, = .

sin 6

The inversion formula of (3) is given by

o) = (1))@ = /0 Koo ) (H9) 0) dy, @)
where

Kf(x,y) = exp[—i(l + ) /2 - 9)]9_7i("2+y2)°°t9(xycsc 0)%]M(xycsc 0)

= (c‘;) sin Oe%(’cz"yz)“’“g(xy csch) %]M (xycsch),
and

hyg=H.¢=g,
hfﬁ”(p = hi(p, 0 eR.

We assume that throughout this paper 6 # nw, n € Z.
From [10], wavelets as a family of functions constructed from translation and dilation of

a single function ¢ are called the mother wavelet defined by

1 x—b
1pl;,zz(x) = ﬁw(T)’ be R,a >0,

where a is called the scaling parameter which measures the degree of compression or scale
and b is a translation parameter which determines the time location of the wavelet. Shi et
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al. [11] defined the fractional mother wavelet as

1 x—=b\ i 2 ;2
_ 5 (x*=b") coth
x) = — ez ,
Wb,a.é( ) \/E ( P )

for all 4, b and 6 as above.
As per [2, 12], we defined the fractional Hankel convolution of functions ¢, ¥ € L'(R,)
as follows:

(0 Y)(x) = /0 o (e () dy
- fo (<20)0)y ) dy

-/ " o) ()0 (5)

0

where the fractional Hankel translation of the function ¢ € L}(R,) is defined by

(tJe) ) = ¢’ (x.9) = B0 / 9(2)D)(x,y,72) dz, (6)
0

and
. oo
Di(x,y, 2) = cieé(xzwuﬂ)com / s(—u—%)(xs CSCQ)%]M(JC%' csch)
0

X (y& csc 9)%]M(y§ csc0)(z& csc 0)%]M(z“§ cscO)de

2u—1 v2#—1 C9 e%(x2+y2+22)cot0
"

T (P aT (4 1/2) 7)

where v (x,7,z) denotes the area of a triangle with sides x, y, z of such a triangle exists and
zero otherwise. Clearly, |Dz(x, 9,2z)| > 0 and is symmetric in ¥, y, z.

Now, setting & = 0, we have

n+1/2

R 12 (xy)
/ DS, (x,y,2)| 21 dz < . 7 (8)
0 24T (e + 1)|(sin @) 7|

for x,y,z € R,.
Applying the inverse fractional Hankel transformation of DZ (%,9,2), we obtain

@/ e%i(zz‘fsz)co‘e(zf csc@)%]ﬂ(zg csc Q)Di(x,y,z) dz
0

= e%(xzwz‘éz)comé(““%)(xé csc 9)%];4(965 cscO)(y€ csc 9)%]#()/5 csch).
Lemma 1.1 If¢ € L2(R,), then

1
I(sin@)** V2|24 (1 + 1)

[« (2l e) )] 2 < lellz2-
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Proof Since

. o0
(tJe) ) = ¢’ (x.9) =¢ R /0 92D (x,y,2) dz,

using (8), we have

](rfgz)(y)‘ 5/0 “P(Z)Z_l/z(“”/z){Di(x’y’z)}1/2z1/2<”+1/2){Di(x,y,z)}m|dz

1
(/(; z—(u+1/2) ‘(p(z)]lei(x,y, z)’ dz) > (/0 Z(M+1/2) ]Di(x,y, Z)’ dz) :

1 1

(x )u+1/2 2 oo ~ 2

S(I(sin@)’”szlzw(lul) | =P iphenaldz) s ©)
0

IA

so that

GO

ah 12 * —(u+1/2) 2 e 1/2
e S dz./o Dty 2y dy
n+1/2 n+1/2
< ’f/z / Z—(/L+1/2)|(p(z)|2 . (zlag
[(sin@)** 2124 (e + 1) Jo [(sin@)** 12T (1 + 1)
x2(u+1/2) 00 N
= 2)| dz.
(|(sin9)‘”1/2|2/’~1“(u+1))2/0 |§0( )|
Thus
x—u,—l/Z _[0 < )
|| ( x (p)(y) HL2 — |(Sin9)/t+1/2|2ur(u + 1) ||(p||L2 D
Remark 1.1 If ¢ € L2(R,), then
00 2(1u+1/2) )
6 2 Y 2
20)(x)| dx < / (2)|" dz,
/0 (o)) (o e o Jy )
and
ly () 0) @) 2 < lpllz2.

I(sin@)** V2|24 (1 +1)

2 Properties of a fractional Hankel transformation
Zemanian [5, p.129] introduced a function space H, (R, ) consisting of all complex-valued
infinitely differentiable function ¢ defined on R, = (0, 00), satisfying

Il () = sup |« (x_lD)k[x_“_l/zw(x)]’ <00, YueR,mkeN,. (10)

xeRy

Definition 2.1 (Test function space H,, 4(R.)) The space H,(R,) is defined as follows: ¢
is a member of H, 4(R,) if and only if it is a complex-valued C*°-function on R, and for
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every choice of m and k of non-negative integers, it satisfies

Th4(0) = sup|x" AL ()] <00, VO £nm,nel, .
xeR,
where
d? d (1-4p?
Apx= [ﬁ +21xc0t0d—x + (T;L) +icot0—xzcot20:|, 12)
and

where the constants 4; depend only on p and parameter 6. On H, »(R,), we consider the
topology generated by the family {Tfn,k}mskENO of seminorms.

Proposition 2.1 Let 1(3 (x,y) be the kernel of the fractional Hankel transformation. Then

(i) A7 Ky = (- csc?0) Ki(x,y), VreN,,

HoX™ " L

(i) H° (( ux) <p(x))(y) = (—y csc 9) (higo)(y) and ¢ € H,(R,),

(1 4;&

where Aﬂx = [d 5 — 2ixcotd 7 d ) —icot — x% cot? 0] and is known as a fractional

Bessel operator with pzzmmeter 0.
Proof See [13]. (I
0 * r _ 2 2 6
Example 2.1 #[(A,,)"8(x - c)](y) = (=y“ csc® 0) K} (c,9), %, ¢ € R,.
The result can be easily shown by using Proposition 2.1(ii).

Proposition 2.2 Let ¢ € L'(R,). Then {{, satisfies the following:

(i) @ € L®R,) with [|§f ]l <Apupllell,
(ii) @Z(y) — 0 asy— +00or—o0,

(iii) @Z is continuous on R,

where A, ¢ is a positive constant depending on | and 6.

Proof (i) Clearly, ¢, (y) = I K¢ (x, y)g (%) dx.
So, ||l¢ M”LOO <Auslolp-
(ii) From Proposition 2.1(ii), where r = 1, we have

1

AGIE W|(hi(AL,x¢(x)))(3’)| — 0 asy— +oo,

although @9 (y) — 0 as y — Foo for every ¢ € L'(R,).
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(iii) Let /2 > 0, consider

sup| @y, (v + 1) = ¢, )|
y

o0
Sicmsup/ eih(h¥+y°°‘9)(x(y+h)csc@)m]#(x(y+h)csce)
y 1Jo
— (xycsc G)I/ZJM(xycsc 9)‘ !go(x)| dx
o0
< Aus / lo()| dx € LI(R,),
0

and

|eih(h#+y°°t9) (x(y + h) csc G)MJM (x(y + h)cscB) — (xycsc0)], (xycsc6)|

—0 ash— 0.
So,
sup|@fh(y+h) - ¢ -0 ash— 0.
y

This proves that gbz (y) is continuous in R,. O

Proposition 2.3 (Parseval’s relation) If ®(y) = (hi(p)(y) and ¥(y) = (hZI/f)()/) denote the
fractional Hankel transformations of ¢(x) and  (x) respectively, then

fooow(x)mdx = sing /Ooo(hi‘/’)@)wdy
=sinf /(;OO qJ(Y)\IJ—()/)dy, 13)
and
/ooo|<ﬂ(x)|2dx:sin9f0w|(hz(p)(y)|2dy. "

Proof We have

(00 = /o ()T (@ dx

= /ooo o(x) ((C—Z)sine /OOO e*%("z*ﬂ)c"“‘)(xycsc9)%]M(xycsc 9)(h;‘11//)(y) dy) dx

o0
_ 0
—cﬂsm0/

0

 sing /O ) ) D) 0) dy

(Ko 4) () ( /0 h e2 (et (4 050 0) 2], (y csC 0) (%) dx) dy

=sin6 /()*00 d(y) W (y) dy.
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If ¢ = ¢, then

/ |<p(x)|2dx:sin9f (1. 0) )| dy. 0
0 0

3 Applications of the fractional Hankel transformation to generalized
differential equations
We consider the generalized nth order linear nonhomogeneous ordinary differential equa-

tion
Lo(x) = f(x), (15)

where L is the generalized nth order differential operator given by

*

L=a, (Aw)n + “n—l(Au,x

)W1 ot al(A:M) +do,

where a,,a,_1,...,a0 are constants and Aux is as given in Proposition 2.1.
Applying FrHT to both sides of equation (15), we have

/ OoKz(x, y)Lo(x) dx = / OOKE (0, 9)f (x) dx,
0 0
[an(-5 s 0)" + s (7 e 0)" 4+ an (9 esc0) + a0 ) (U 0) 0) = ()0,
and equivalently,
P(~y*csc®0) (M 0) 9) = (Kf)(9),  where P(z) = Y " a,7’.
r=0

Therefore,

VEHG)

P(—y2csc26) 1o

(h0) ) =

Now, an application of the inverse FrHT gives the solution

_ 9\—1 (hif)(y)
o= 080" 7

Example 3.1 Let us consider (1- (A, )*)¢(x) = f(x). Then we have
o(x) = (l/zz)_1 [(1 —y*esct 9)_1 (hf,f) (y)]

Example 3.2 Using the FrHT, we investigate the solution of the generalized differential

equation
9?2 b 1 92
—u+2ixcot8—u+ — +icotd —x*cot®6 u+—u:0, x>0,z>0, 17)
0x2 ox 4x2 072
with u#(x,z) - 0 asz— oo andx — 00, (18)

and u(x,0) = f(x), x>0. (19)
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Let 71§ (y,2) be the FrHT of order zero of u(x, z) with respect to the variable x. Then, by

definition,
ﬁg(y,z)z/ Kg(x,y)u(x,z)dx, (20)
0

where Kg (x,y) is the kernel of FrHT of order zero.
Taking the FrHT of order zero of (17), we get

T2 9 1
/ —u+2ixcot0—u+ — +icotd —x?cot®0 |u Kg(x,y)dx
o | 0x? dx 4x2

00 82
+/ —qu(x,y)dx:O,
0

022
o AUl
—y* csc? 0af + 9 -0,
dz?

(D? - y*esc?0)ilf = 0,
where D = %, whose solution is

5 (y,2) = Ae? Y 1 B c?, (21)
Taking the FrHT of order zero of (18), we have

#5(,2) >0 asz— oco. (22)

Condition (22) is satisfied if we have A = 0.
Therefore, from (21)

I:lo()/; Z) — Befzycscé‘ (23)

Taking the FrHT of order zero of (19), we have

/00 u(x, O)Kg (2, y) dx = /.Oof(x)l(g (x,y) dx,

0 0 (24)
(7,0 = ),

where fg’ (y) is the FrHT of zero order of f(x).

Putting z = 0 in (23) and using (24), we get B =f09 ).
Hence (23) reduces to

Iftg(y, z) =f09(y)e"2y“°9.

Applying the inversion formula, we have

o0 —_
ulx, 2) - / F6)e 7K (5,) d.
0
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4 The continuous fractional Bessel wavelet transformation

The continuous fractional Bessel wavelet transformation (CFrBWT) is a generalization of
the ordinary continuous Bessel wavelet transformation (CBWT) with parameter 6, that
is, CBWT is a special case of CFrBWT with parameter ¢ = 7. In this section, we define
the continuous fractional Bessel wavelet transformation and study some of its properties
using the theory of fractional Hankel convolution (5) corresponding to [10].

A fractional Bessel wavelet is a function ¥ € L?(R,) which satisfies the condition
*© 2
Cuyp = /0 x’2“72|(h7;1/f)(x)| dx <oo, u>-1/2,

where C,, y ¢ is called the admissibility condition of the fractional Bessel wavelet and (hi ¥)
is the fractional Hankel transformation of /. The fractional Bessel wavelets ‘ﬁg, , are gen-
erated from one single function v € L2(R,) by dilation and translation with parameters

a >0 and b > 0 respectively by

VL) = Dy = D 6 = v ()

Ja Ja aa
_ %ﬂ G2 “"9/00 v @D, (—,—,z> dz.

Lemma 4.1 Ify € L*(R,), then

b(/4+1/2)a—(/4+1/2)

(sin@)** Y2124 (1 + 1)

Vbl 2 < Wil

Proof We have
1 S £+ﬁ COl o b
Vi) = et [ w<z>Dz(—,f,z) d.
0

Now,

1/2(u+1/2)

. b x 1/2
Dp. ;, ;,Z z

otz [l
{w(“ >}“
a ﬂ,z
X (f °°\ (e Z)

0

(bx);ul/z 172
(aﬂ 1+112)|(sin 0)* V220 T (1 + 1)>

00 b x 1/2
</ z~ (n+1/2) |,(// )| D9 (_ _,Z) dZ> .
0 a a

dz

172
dz)

bxz
" a a

1/2
Z(/HI/Z) dZ)

xw

%\H

X
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Therefore,

IR

b,u+l/2 00 (s1/2) ) 00 . b x "
—(u+ L+
= 2042 (i 9\ 4+112 / z |‘/f(Z)| dZ/ DH(—,—,Z) x! dx
a®++2|(sin0) 24T (e +1) Jo 0 a a
p2u+112) /oo s
(2)|” dz.
az(u+1/2)(|(Sing)/t+1/2|2ur(u+1))2 o |w {
Thus,
P b(/l,+1/2)a—(/4+1/2)
[¥5all,> = 112 0

(sin@)** Y2120 (1 + 1)

Theorem 4.1 Let f,r € L*(R,). Then the continuous fractional Bessel wavelet transfor-
mation B?// is defined on f by

(B?,,f)(b,u) =at sin@%/ ¢ (D@ ol i 2(bxcsc¢9)%
0

x]M(bxcsce)( C"tgf)(x)(he V) (ax) dx.
Proof We have
(B4)(b.0)
= ¥ha)
= /0 fOy, (6 de

e 1 COI
=f f(t)( o7 i m/ V¥ (2) (—,—,z)dz>dt
0
1
1 o o £(2+£)000 “;: 2 S 52 co
=CZ\/6_I i (Ci/o et t(t;csc@) ]M(t;csce>62t tGf(t)dt.‘)

x 7 (@8 oo g (n-112) <§§ csc 6)) ifu (gé csc 9) (Ko (2))(§) dE

1
2

1)g2cotd . (—pu-1/2) (P
c(’\/_ gH (;Scso&)

(® scsce)( ) (£) ) e e

by putting % = x, then the continuous fractional Bessel wavelet transformation can be writ-
ten as
oo _

— —i(L 2
(B?#f) (b, ﬂ) = 61_” sin ch e 2 (uz ~D(ax) Comx_“ 2 (bx csc 8)%
0

x Ju(bxcsc0) (Ho,e® " <M £) o) (0 ) (ax) .
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This means that

h(;{e%ib2 C"‘H(B‘?pf)(b,a)} =g sinG(x_“_%e%“z"zcom(hZe%i(')2 Cowf)(x)(hﬁl//)(ax)).

Remark 4.1 Iff € L2(R,) is a homogeneous function of degree 1, then

(B)f)(Ab,ra) = AT (BLf) (b, a).

Theorem 4.2 If Y, and v, are two wavelets and (B J (b, a) and (BY

- Sin2 0 Cllﬂhﬂ#z 0 <f’ g> ’

// B,/,1 ) (b, a)( B(’g)(ba)

where
Cunino = /0 a2 (hilﬂl)(ﬂ)(hilﬁz)(ﬂ) da < o0o.
Proof We have

_ o0
(B,f)b,a) =a™ sin@cz/ ¢ (D) oot - 3 (bxcsc)?
0

x Ju(bxcsco) (he cmgf)( )(he V1) (ax) dx.

Now,

/ / b a Bo g)(b a)dl;da

— [ =i _ 2 1
=/ / I:a_“ sin@ci/ e (D) COtQx_“_i(bxcsc@)
o Jo 0

x Ju(bxesc 8) (e ) ) (o yr ) (ax) dx]

(S

oo
X |:a“ sin6cf, o7 (D@ cotd ‘“‘%(bycsce)%
0

= — d
x Ju(bycsc 9)(hZe7(‘)2 Q) ) (h, ¥ ) (ay) dy:| dba—j

:/ / a2 gin3 g7 2-a?) cotf - 2(hie cm(’f)(x)(h@ 1) (ax)

{ / P )°°‘9(bxcs09)%lﬂ(bxcscé)

(a/ 7! +yz)c"w(bycsc@)%]#(bycsce)

% e%(2—az)y2cot€y—u—% (h(late-_fi(.)Z °°‘9g)(y)(h21//z)(ay) dy)dl’)} dxda

1,8)(b, a) denote the

continuous fractional Bessel wavelet transformations of f,g € L>(R,,) respectively, then
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/ / -2 28111 962 (2-a?)x2 cotf x 2(]’1 colOf)(x)(h() 1/[1)(6”6)
> {CH/ 2(b2+x CO[Q(beSCQ)ZJ (bxcsce)(hG)_l(e%(Z—az)yZColé) —/l.—%
" n " y

0
x (hge%‘f-)%ot@g)(y)(hiwz)(ay))(b) db}dxda

— sin 9/ / -2u— Ze2 (2-a%)x* cotf XM 2(]’1 coth)( )(hé) 1//1)(ax)

X H, (H0) ! (e3P conty s (o o 3 O 0t ) () (K 1) (@y)) (v) dix da

= sin 9/ / a 2y 1(h 0 Cmef)(x)(hil/fl)(ax)
(h962 ? cotf )( )(huwg)(ax)dxda
- sin39 /‘000(hie%i<,)2Colef)(x)(hie%i(.)zcoteg)(x)

X ( / oo(ax)’z“_z(hﬁwl)(ax)(hiwg)(ax)xda) dx

0

= SiIl3 Qcﬂ,wl,wz’g A (hJ)(x ( g) x) dx

=5in” 0 Cpiy o0 (ML H,8)
= Sil’l2 0 C,L,x/;l,x//z,f) (f)g>' -

Theorem 4.3 If  is a wavelet and (B?//f )(b,a) and (B?// g2)(b,a) are the continuous frac-
tional Bessel wavelet transformations of f,g € L*(R,) respectively, then

[ [ Eneabee.o s

Proof The proof of Theorem 4.3 can be easily deduced by setting v, = ¥, = ¢ in Theo-
rem 4.2. 0

= sin? O0Cuyoif 8

Remark 4.2 If f = g and vy = ¥, = ¥, then from Theorem 4.3, we have

00 poo
I

Theorem 4.4 Let f € L*(R,). Then f can be reconstructed by the formula

dbda
e OCM,(,/ _/ f)b.a )‘/’ba(f) a>0.

Proof For any g € L*(R,), we have

a
‘2 2
5— =sin” 0C,yollf 5.

dbd
sin QCHW)(fg / / f b “) llfg)(b a) aza

/ / f(ba)(/fg(t)wba(t)dr)dbd"
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=/0°°[/0°°/ B )b a2 ]g(t)dt

=<f By )b, 2L ,g(t>>
0 0

Therefore,

dbda
f0=— ecwe/ f D0 0

Theorem 4.5 Ify € L*(R,), then

/ N [(B}.f)(b,a)(B,g)(b,a)] db = a sin® 6(F, G),

0

where

F(x) —e? {((2-a2)x?) cotd —;4——(],19 e F( C"‘Of)(x)W(ax),
G(x) - 67’((212);5 )cot@x—/kz (I’lie 5 i ()2 COWE)(?C)W(&Z&C).

Proof Using Theorem 4.1 and Theorem 4.2, we have
[ (e aealdo- [ .05 el lab
- oo( / f(w)@(w)dw) ( [ g(o)vfz,a(a)da) db
LUl a2
x [/0 (o)(—ez 7o) C"“"/ ¥ (z)D (—,—,z> dz)da]db

= sin® 911’2“/0 hi (e%i((z’“ Ji2)cotd == (h9 e70 Cowf)(x)(hg ) (ax))(b)

« he( SH(2-a2)y? )coto—;L—% (hﬁe 2 cotf )(y)(ho ) ay))(b) db
= sin® Qa2 /Oo(hﬁl:)(b) (hﬁG) (b)db
0

= sin® 6a~*" (W), F, i, G)

=sin? 0a 2" (F, G).
This completes the proof of the theorem. O

Theorem 4.6 If ¢ € L2(R,) is a Bessel wavelet and f is a bounded integrable function,

then the convolution (\ x¢ f) is a fractional Bessel wavelet, where

(0 %0 f)() = /0 (29 Gly # 2 (3) dy

Page 13 0of 16
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Proof We have

W)= [ (00w )y

Therefore,
| %0 )] < /0 (@9 0y PR [0 d,
fo "1 e @)

< [C([TremrmoEoletols) e

< fom[(/omtfmuy<““’2>(rfw)<y>|2dy)%(fooowywy)%]zdx
([ vola)([([ e enora)iols)
< ( | oolf(y)!dy)z( / m\y“ﬂ“’”(r;’w)(x)\zdx>.

This implies that

| %6 N> <

112 1f 1l < oo.
|(sin@)** Y2124 (1 + 1) Yl

We have (1 x¢ f) € L*(R,). Moreover,

Ame4Mﬂ¢mﬂmFm
<|csch| /0 Do|x"3“"5/2(h,,f)(xcsc9)(hul/f)(x0509)|2dx
< lescO]sup (x| () wescO)])
x /o Oox_z”“‘2|(h,L1/f)(xcsc9)|2dx

=Cl 0 sup(x’“’m|(h,,f)(xcsc9)|2) < 0.

Thus, the convolution function (v ¢ f) is a fractional Bessel wavelet. O

Theorem 4.7 Iff,v € L*(R,) and (Bj'}/f )(b,a) is the continuous fractional Bessel wavelet
transformation, then

(i) (B?/[f)(b, a) is continuous on R, x R,,

b(u+1/2)a—(u+1/2)

(i) | (Bu)ba), < | )ufannwan.

(sin®)* V2|20 (1 + 1
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Proof (i) Let (bo,ap) be an arbitrary but fixed point in R, x R,. Then, by the Holder in-
equality,

|(BYf) (b, @) ~ (BL.f) (o, ao)|

ol [l () ()
0 0

_i —(4+1/2 * u+1/2

-ﬁ(/o el ]

x (/ z"(’“l/2)|1//(z)|2dz/ x’“l/2|:
0 0

Since
b b
D‘)( X ) D9<—0,i,z)j|dz
a a aog Ao

oo
/ Z/l.+1/2 |:
0
x(u+1/2) b(u+l/2) bf)#+1/2)
< —
~ |(sin€)" 20T ( + 1) [ }

a2(u+1/2) a(2)(,u+1/2) ?

b b
DZ(—, f,z) —DZ(—O, i,z) H dx
a a ag ao

Z(/,L+1/2)

and

00
/ xu,+1/2 |:
0

<
T |(sin®)*“ 2|21 (1 + 1)

[ﬂb(le/Z) _ aObE)MH/Z)]’

by the dominated convergence theorem and the continuity of Dz(s, 2,2) in the variable b
and a, we have

lim lim |(B}f)(b,a) — (B}f)(bo,a0)| = 0

b—by a—ag

This proves that (BY f )(b,a) is continuous on R, x R,.
(ii) We have

*© 1 ;i(ﬁ+ﬁ)cotg & b x
B La) = = 2l a2t 2 Do =, =, )
(BLf) (b, a) /0 f(x)<ﬁe /(; ¥ (z) u(a . z) dz) dx
Therefore, by the Holder inequality, we have
|(Bef)(b,6l)i < i /w/wx—(u+l/2) lf(x)i2z(;t+1/2) DE) é’ E,Z
¥ = va\l Jo H\a a
L ot o)
o Jo a a
1 > 1+1/ 2 > 0 b x +1/
:ﬁ</o x(’ 12)lf(x)| dx_/o Du(;'a’z)zu 1/2)
o0 o0 b
X (/ z‘(”*1/2)|¢(z)|2dz/ (— Q—C,z) x )
0 0 a a

dx dz>

dxdz

D (u+1/2) dx

0
N
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IA

1 12 1/2 00 ) 1/2
[ x)|" dx
Ja <a2</‘+1/2)|(sin0)’“1/2|2/41“(u + 1)) </0 il )

bl’v+1/2 1/2 o , »
8 z)| dz
<”1|(Sin9)“+l/2|2f‘f‘(u +1)> (/(; Wf( )| )

b(u+1/2)ﬂ—(u+1/2)

= )||f||L2 1Y 1l 2. (I

[(sin@)** Y221 (1 + 1
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