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1 Introduction
In this paper we study the (1 + 1)-dimensional higher-order Broer-Kaup system

U + 4(uxx + U = 3uu, + 6uv)x =0, (1.1a)

Ve + 4 (Ve + 3’V + Buv, + 3v2)x =0, (1.1b)

which was first introduced by Lou and Hu [1] by considering the symmetry constraints of
the Kadomtsev-Petviashvili equation. The system (1.1a) and (1.1b) is in fact an extension

of the well-known (1 + 1)-dimensional Broer-Kaup system [2—4]

Up — Uy + 2Ulh — 2V, =0, (1.2a)

Vi + Vax — 2(MV)x =0, (12b)

which is used to model the bi-directional propagation of long waves in shallow water. In
[5], Fan derived a unified Darboux transformation for the system (1.1a) and (1.1b) with
the help of a gauge transformation of the spectral problem and as an application obtained
some new explicit soliton-like solutions. Recently, Huang et al. [6] presented a new N-
fold Darboux transformations of the (1 + 1)-dimensional higher-order Broer-Kaup system
with the help of a gauge transformation of the spectral problem and found new explicit

multi-soliton solutions of the system (1.1a) and (1.1b).
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In the latter half of the nineteenth century, Sophus Lie (1842-1899) developed one of
the most powerful methods to determine solutions of differential equations. This method,
known as the Lie group analysis method, systematically unifies and extends well-known
ad hoc techniques to construct explicit solutions of differential equations. It has proved to
be a versatile tool for solving nonlinear problems described by the differential equations
arising in mathematics, physics and in other scientific fields of study. For the theory and
application of the Lie group analysis methods, see, e.g., the Refs. [7-12].

Conservation laws play a vital role in the solution process of differential equations. Find-
ing conservation laws of the system of differential equations is often the first step towards
finding the solution [7]. Also, the conservation laws are useful in the numerical integra-
tion of partial differential equations [13], for example, to control numerical errors. The
determination of conservation laws of the Korteweg de Vries equation, in fact, initiated
the discovery of a number of methods to solve evolutionary equations [14]. Moreover,
conservation laws play an important role in the theories of non-classical transformations
[15, 16], normal forms and asymptotic integrability [17]. Recently, in [18] the conserved
quantity was used to determine the unknown exponent in the similarity solution which
cannot be obtained from the homogeneous boundary conditions.

In this paper, we use the Lie group analysis approach along with the simplest equation
method to obtain exact solutions of the (1 + 1)-dimensional higher-order Broer-Kaup sys-
tem (1.1a) and (1.1b). Furthermore, conservation laws will be computed for (1.1a) and (1.1b)
using the two approaches: the new conservation theorem due to Ibragimov [19] and the
multiplier method [20, 21].

2 Symmetry reductions and exact solutions of (1.1a) and (1.1b)
The symmetry group of the (1 +1)-dimensional higher-order Broer-Kaup system (1.1a) and
(1.1b) will be generated by the vector field of the form

B ad B 0
X = eMt, %, u,v)— + E2(t, %, u, V) — + 0 (&, %, 1, V) — + 02 (L, %, 1, v)—.
Jat 0x ou av

Applying the third prolongation pr®X [11] to (1.1a) and (1.1b) and solving the resultant
overdetermined system of linear partial differential equations one obtains the following
three Lie point symmetries:

0 0 9 0
X3=-3t— —x—+u— +2v—.

ot ox du av
2.1 One-dimensional optimal system of subalgebras
In this subsection we present an optimal system of one-dimensional subalgebras for the
system (1.1a) and (1.1b) to obtain an optimal system of group-invariant solutions. The
method which we use here for obtaining a one-dimensional optimal system of subalge-
bras is that given in [11]. The adjoint transformations are given by

Ad(exp(eX))) = X — €[, X + 2 €[, D6 X1] -
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Table 1 Commutator table of the Lie algebra of the system (1.1a) and (1.1b)

i X2 X3
X 0 0 =X
X 0 0 -3X;

Table 2 Adjoint table of the Lie algebra of the system (1.1a) and (1.1b)

Ad X; X2 X3
X Xi X5 X3 +€X
X5 Xi Xo X3 +3€Xy

X3 e X, 6736)(2 X3

Here [X;, Xj] is the commutator given by
X X1 = X, = X,X;.

The commutator table of the Lie point symmetries of the system (1.1a) and (1.1b) and the
adjoint representations of the symmetry group of (1.1a) and (1.1b) on its Lie algebra are
given in Table 1 and Table 2, respectively. Table 1 and Table 2 are used to construct an
optimal system of one-dimensional subalgebras for the system (1.1a) and (1.1b).

From Tables 1 and 2 one can obtain an optimal system of one-dimensional subalgebras
given by {vXq + X, X, X3}

2.2 Symmetry reductions of (1.1a) and (1.1b)
In this subsection we use the optimal system of one-dimensional subalgebras calculated
above to obtain symmetry reductions that transform (1.1a) and (1.1b) into a system of or-
dinary differential equations (ODEs). Later, in the next subsection, we will look for exact
solutions of (1.1a) and (1.1b).

Case 1. vXj + X5

The symmetry vX; + X, gives rise to the group-invariant solution
u=F(z), v==G(2), (2.1)

where z = x — vt is an invariant of the symmetry vX; + X,. Substitution of (2.1) into (1.1a)
and (1.1b) results in the system of ODEs

4F"(z) —12F(2)F"(z) + 24G(2)F (2) — vF'(2)

+12F(2)*F'(z) - 12F (2)* + 24F(2)G'(z) = 0, (2.2a)
4G"(z) + 12F (2)G (2) + 24F (2)G(2)F'(z) + 12F(2)G'(2)

+12F(2)*G'(2) - vG'(z) + 24G(2)G (2) = 0. (2.2b)

Case 2. X

The symmetry X, gives rise to the group-invariant solution of the form

u = F(z2), v=G(z), (2.3)
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where z = x is an invariant of X; and the functions F and G satisfy the following system of
ODEs:
4F"(z) —12F(2)F"(2) + 24G(2)F'(2)
+12F(2)°F'(z) - 12F'(2)* + 24F(2)G'(2) = 0,
4G"(2) + 12F (2)G (2) + 24F(2)G(2)F'(2)
+12F(2)G"(z) + 12F(2)2G (2) + 24G(2)G'(z) = 0.

Case 3. X3

By solving the corresponding Lagrange system for the symmetry X3, one obtains an

1/3

invariant z = x¢t~'/° and the group-invariant solution of the form

u=t""F(), v=t"23G(2), (2.4)
where the functions F and G satisfy the following system of ODEs:

F'(z)z - 72F (2)G(z) - 12F" (2) - 36 F (2)F (2)*
- 72G (2)F(z) + F(z) + 36 F"(2)F(2) + 36F'(2)” = 0,
-36G (2)F(2) + 2G(2) - 36F'(2)G(2) - 72G(2)G(2)
— 72F (2)F(2)G(z) + G'(2)z — 12G"(2) — 36 G"(2)F(2) = 0.

2.3 Exact solutions using the simplest equation method
In this subsection we use the simplest equation method, which was introduced by
Kudryashov [22, 23] and modified by Vitanov [24] (see also [25]), to solve the ODE system
(2.2a) and (2.2b), and as a result we will obtain the exact solutions of our (1 +1)-dimensional
higher-order Broer-Kaup system (1.1a) and (1.1b). Bernoulli and Riccati equations will be
used as the simplest equations.

Let us consider the solutions of the ODE system (2.2a) and (2.2b) in the form

M M
Fz)=) Ai(H@), G =) B(H@), (2.5)

i=0 i=0

where H(z) satisfies the Bernoulli and Riccati equations, M is a positive integer that can be
determined by balancing procedure as in [24] and Ao, ...,Aum, Bo, ..., By are parameters
to be determined. It is well known that the Bernoulli and Riccati equations are nonlinear
ODEs whose solutions can be written in terms of elementary functions.

We consider the Bernoulli equation

H'(2) = aH(z) + bH*(2), (2.6)

where a and b are constants. Its solution is given by

H(z) - a{ cosh[a(z + C)] + sinh[a(z + C)] ] },

1-bcoshla(z + C)] — bsinh[a(z + C)

where C is a constant of integration.
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For the Riccati equation
H'(2) =aH?(z) + bH(2) + ¢, (2.7)
where a, b and ¢ are constants, we will use the solutions

H(z) = —ﬂ - 9 tanh[%@(z+ C):|

2a 2a
and
0 1 sech(&
H(z)=————tanh<—9z>+ 5 (22), 5o
2a 2a 2 Ccosh(%) — 4 sinh(5)

where 62 = b? — 4ac > 0 and C is a constant of integration.

2.3.1 Solutions of (1.1a) and (1.1b) using the Bernoulli equation as the simplest equation
The balancing procedure [24] yields M = 2, so the solutions of (2.2a) and (2.2b) are of the
form

F(z) = Ao + A1H + A, H?, G(z) = By + BiH + ByH>. (2.8)

Substituting (2.8) into (2.2a) and (2.2b) and making use of (2.6) and then equating all co-
efficients of the functions H' to zero, we obtain an algebraic system of equations in terms
of Ay, A1, Ay and By, By, B,. Solving the system of algebraic equations with the aid of
Mathematica, we obtain the following cases.

Casel

A = %(:i:Ba +3V-a?+ v),

_ bAo(8a® + v —1247)

A
! a(4a? —v)
A, =0,
By =0,
—2ab? + 3abA; — aA?
B, = ,
6b
bB;
By =—.

a

Thus, a solution of our (1 + 1)-dimensional higher-order Broer-Kaup system (1.1a) and
(1.1b) is

u(t,x) =A0+A1a{ coshla(z + C)] +sinhla(z + O)] }

1 - bcosh[a(z + C)] — bsinh[a(z + C)]

cosh[a(z + C)] + sinh[a(z + C)] }2

1-bcoshla(z + C)] — bsinh[a(z + C)] (2.9a)

+ Azdz{

Page 5 of 18
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v(t,x) =Bo + Bla{ coshla(z + C)] + sinhla(z + O)] }

1-bcoshla(z + C)] — bsinh[a(z + C)]
cosh[a(z + C)] + sinh[a(z + C)] 2
1-bcoshla(z + C)] — bsinh[a(z + C)] } ’

+ BM{ (2.9b)

where z = x — vt and C is a constant of integration.
Case 2

i
2

6abAy = \[bV? + 362202A3 ~ 12b2vA3

Al = )
V
A2 = 0)
By =0,
—2ab* + 3abA; — aA}
Bl = )

6b

B, = %(—2192 +3bA; - A}),

and so a solution of the (1 + 1)-dimensional higher-order Broer-Kaup system (1.1a) and
(1.1b) is

u(t,x) =Ag +A1ﬂ{ cosh[a(z + C)] + sinh[a(z + C)] }

1-bcoshla(z + C)] — bsinh[a(z + C)]

) coshla(z + C)] + sinh[a(z + C)] 2
+Aza { 1—bcoshla(z + C)] — bsinh[a(z + C)] } ’ (2.102)
B cosh[a(z + C)] + sinh[a(z + C)]
v(tx) =Bo+ B 1“{ 1- beoshlalz + C)] - bsinhla(z + C)] }
) coshla(z + C)] + sinh[a(z + C)] >
+ By { 1- beoshlalz + C)] - bsinha(z + C)] } ’ (2106)

where z = x — vt and C is a constant of integration.

2.3.2 Solutions of (1.1a) and (1.1b) using Riccati equation as the simplest equation
The balancing procedure yields M = 2, so the solutions of the ODE system (2.2a) and (2.2b)

are of the form
F(z) = Ao + A\H + A;H?,  G(2) = By + BiH + ByH>. (2.11)
Substituting (2.11) into (2.2a) and (2.2b) and making use of (2.7), we obtain an algebraic

system of equations in terms of Ay, Ay, Az, By, B1, By by equating all coefficients of the

functions H' to zero. Solving the algebraic equations, one obtains the following cases.

Page 6 of 18


http://www.boundaryvalueproblems.com/content/2013/1/41

Khalique Boundary Value Problems 2013, 2013:41
http://www.boundaryvalueproblems.com/content/2013/1/41

Casel

1
Ao = 2 (£3b+ V3V-b? + dac +v),

4 a(-4b* + dac + v — 12A3)
te 12bA, ’

A2:01

1
By = E(—ac + cAy),

1
B, = E(—ab +bAy),

and hence the solutions of the (1 + 1)-dimensional higher-order Broer-Kaup system (1.1a)

and (1.1b) are

u(t,x) =Ao +A1{—% - 9 tanh[%@(z + C)] }

2a

2
+A2{—£ - itanh|:%9(z+ C)“ )

2a 2a

b 0 1
v(t,x) =By +Bl{—— - — tanh|:—9(z + C)“
2a a 2

2

b 0 1 2
+Bz{—— - —tanh[—@(z+ C)“
2a 2a 2

and

b 0 1
v(t,x) =By + B} —— — — tanh( =60z ) +
2a 2a 2

b 0 1
+By{—— — —tanh| =0z
2a 2a 2

where z=x — vt and C is a constant of integration.

Case 2
0
6
v
T 18¢]
Ap-+YY

0z 2a ; 0z
7) -3 smh(7)

Ccosh(%) - %" sinh(

Ccosh(%z) - %“ sinh((;—z)

+
Ccosh(gz—z) -2

(2.12a)

(2.12b)

(2.13a)

(2.13b)

Page 7 of 18
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alo +a,/8b% + A}

Ay = ,
! 2b
A2 = 0,
_ dav — 3\)A1 + 36bAOA1
0" 1084 ’
B, = A1(3ab + (lA() - 2bA1)
1= 64 )

B, = é(—2a2 +3ad; - A3}).

In this case the solutions of the (1 + 1)-dimensional higher-order Broer-Kaup system (1.1a)

and (1.1b) are given by

0

(t,x) =Ag + A b tanh 19( Q)
,X) = —— — ——tanh| -
u\t,x 0 1 2 2 a ) zZ+

VS LA A e, : (2.14a)
T 720 T 20 27T ’ o

b 0 1
v(t,x) =By +Bl{—z ~ 5z tanh|:§9(z+ C)i”

b 6 1 2
+Bz{—i ~ 5 tanhl:ié(z + C)i|} (2.14b)

and

) sech(%) }
+
2 Ccosh(%) - 2 sinh(%)

b 0 1 sech(& 2
Az{—— - —tanh(—@z) + 5 (22 ) — } , (2.15a)
2a 2a 2 Ccosh(%) — %* sinh(%)

b 0 1 sech(&
v(t,x) =By +Bl{————tanh(—6’z) + 5 (22) — }
2 2 Ccosh(%7) — 4 sinh()

b 0 1 sech(& 2
+Bg{————tanh<—ez)+ 7 (22), 7 } ,
2a 2a 2 Ccosh(%) — 4 sinh()

(2.15b)

where z =x — vt and C is a constant of integration.

Case 3

_ 4% —v
T 16¢

Ao = 1b,

_ 2ﬂA0

1= b )

AZ = 01

3 —88ab? + 6av + 12b%A; — 3vA; + 32bAy A1
0= 3

96a
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B, = Al(gﬂb + ﬂA() — 2bA1)
1= 64 )

1
By = g(—242 + 3aA; —Af).
The solutions in this case are

b 0 1
u(t,x) =Ao +A1{_ﬂ ~ 5 tanh|:§6(z + C):H

1 2
+A2{—£ - itanh[—é?(z+ C)]} ,
2a  2a 2

b 0 1
v(t,x) =By +Bl{—z = tanh|:§9(z+ C):|}

and
sech(%)
u(t,x) =Ag + Ay —— — — tanh| =0z | + 5 BT
2 Ccosh(%) — 5 sinh(%)
sech(%z) 2
+Ay{—— — —tanh| -6z | + 7 % )
a 2a 2 Ccosh(%) — % sinh(%)

b 6 1 sech(%)
v(t,x) =By + Bj{ —— — — tanh| =0z | + 5 %
2a 2a 2 Ccosh(%) — 7 sinh(%)

b 6 1 sech(%) 2
By{—— — —tanh| =0z | + 7 % )
2a 2a 2 Ccosh(%) — 5 sinh(%)

where z =x — vt and C is a constant of integration.

Case 4
4p* —v
a= ,
4c
Ag=0,
Al = :I:ﬂ,
A, =0,

By = é(—4b2 +V +4cA,),

1
Bl = 5(—ab + bAl),

(2.162)

(2.16b)

(2.17a)

(2.17b)

Page 9 of 18
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and so the solutions are

b 0 1
u(t,x) =Ao +A1{—Z - Ztanh|§6(z+ C)i“

b 6 1 >
Ayl—-— - —tanh| =0(z+C) | ¢ ,
2a  2a 2

b 0 1
v(t,x) =By +Bl{—% = tanh|:§9(z+ C)i“

b 0 1 :
+Bz{—— - —tanh[—@(z+ C)“
2a 2a 2

and

b 0 1 sech(%)
u(t,x) =Ag + Aj} —— — —tanh| =0z | + 7 RN
2 2 Ccosh(5) — 7 sinh(%)

b 0 1 sech(%) 2
+Ay{—— — —tanh| =60z ) + 7 PN ,
2a 2a 2 Ccosh(5) — % sinh(%)

b 0 1 sech(%)
v(t,x) =By + B} —— — —tanh| =60z | + 7 PN
2a 2a 2 Ccosh(%) — 7 sinh(%)

b 0 1 sech(%) 2
Byy—— — —tanh| =6z ] + i BT
2a 2a 2 Ccosh(5) — 7 sinh(%)

where z =x — vt and C is a constant of integration.
Case 5

~ 4p% — v
T 16¢

Ag= 7 (£2b % V),

a(4b® —v +16A3%)

A= ,
! 16bA,
A2 = 0)
—8ab? + 2av + 12b*A; — 3vA; — 16cA?
0= )
96a
Bl = bAly
aB
B, = 71.

The solutions are

(t,x) =Ag + A b 4 tanh 19(z+C)
ML =0T AN T, T 20 M 2

b 6 1 >
+Ay}—— — —tanh| =0(z+C) | ,
2a 2a 2

(2.18a)

(2.18b)

(2.19a)

(2.19b)

(2.20a)

Page 10 of 18


http://www.boundaryvalueproblems.com/content/2013/1/41

Khalique Boundary Value Problems 2013, 2013:41 Page 11 0of 18
http://www.boundaryvalueproblems.com/content/2013/1/41

1 -—10

Figure 1 Profile of solitary waves (2.21a) and (2.21b).

6 1
v(t,x) =Bo +B1{—— -— tanh|:—9(z + C)i|}
2a 2
b 0 1 2
+By—— — —tanh| =0(z + C) (2.20b)
2a 2a 2
and
b 0 1 sech(%
ult, x) =Ao +A1{————tanh(—02)+ _ (22). . }
2a 2a 2 Ccosh(%) — 7 sinh(5)
b 0 1 sech(% 2
Az{—— - —tanh(—ez) + ) (22). . } , (2.212)
2a 2a 2 Ccosh(%) — % sinh(%)

b ] 1 sech( %
v(t,x) =By +Bl{—2———tanh<—0z %)
a

+
2a 2 ) Ccosh(%—z)—%—”sinh(%)}

b 0 1 sech(%Z 2
+Bz{—— - —tanh(—@z) + 7 (22 ) — } , (2.21b)
2a 2a 2 Ccosh(%) — 7 sinh(%)

where z =x — vt and C is a constant of integration.
A profile of the solution (2.21a) and (2.21b) is given in Figure 1.

3 Conservation laws of (1.1a) and (1.1b)

In this section, we derive conservation laws for the (1 +1)-dimensional higher-order Broer-
Kaup system (1.1a) and (1.1b). Two different approaches will be used. Firstly, we use the
new conservation method due to Ibragimov [19] and then employ the multiplier method
[20, 21]. We now present some preliminaries that we will need later in this section.

3.1 Preliminaries
In this subsection we briefly present the notation and pertinent results which we utilize
below. For details the reader is referred to [8-10, 19-21, 27].

3.1.1 Fundamental operators and their relationship
Consider a kth-order system of PDEs of # independent variables x = (x',%%,...,4") and m

dependent variables u = (i, u,. U™

Ey(x,u,uqy,...,uw) =0, a=1,...,m, (3.1)
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where ug), u@),.. ,u(k) denote the collections of all first, second, ..., kth-order partial

derivatives, that is, u% = D;(u%), u = D;Dy(u”), ..., respectively, with the total derivative
operator with respect to &’ given by
d d 0
Di=@+ufﬁ+u387+u', l=1,. , N, (3.2)
j
where the summation convention is used whenever appropriate.
The Euler-Lagrange operator, for each «, is given by [8—10]
B 0
)Dtl : LSa o a:L- , M, (33)
s>1 1112 s
and the Lie-Bdcklund operator is
.0 a .
X=&—+n , EneA (3.4)
oxt ou®

where A is the space of differential functions. The operator (3.4) is an abbreviated form of

the infinite formal sum

;9
X=g e Y. ’sau (3.5)

s>1 iip--is

where the additional coefficients are determined uniquely by the prolongation formulae

¢ =Di(W®) + &ug,

¢ 4 =Dy Dy (W) +Euy o, s>1, (3.6)
in which W* is the Lie characteristic function given by

W =n% - “g‘iuf‘. (3.7)
The Lie-Backlund operator (3.5) can be written in a characteristic form as

. 9 a
X:g‘Di+W“a—a+ZDil---Dix(W°‘)a — (3.8)
u
s>1 lll2 +Ig

The Noether operators associated with the Lie-Backlund symmetry operator X are given
by

)
Dy (W"‘)—auq

s>1 iiyip-is

)
=E+W'— 1) D,

5 (3.9)

where the Euler-Lagrange operators with respect to derivatives of u® are obtained from
(3.3) by replacing u* by the corresponding derivatives. For example,

3
e +Y (VD Dy i=l..,ma=1..,m, (3.10)

Js
aul/l/Z “Js

Page 12 0of 18
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and the Euler-Lagrange, Lie-Bécklund and Noether operators are connected by the oper-

ator identity

X+Dy(E") =w* ® /DN

Su®

(3.11)

The n-tuple vector T = (T%, T?,...,T"), TV € A,j=1,...,n, is a conserved vector of (3.1) if

T? satisfies
D;T'|31) = 0.
The equation (3.12) defines a local conservation law of the system (3.1).

3.1.2 Multiplier method
A multiplier Ay (%, 4, uq),...) has the property that

AoEy, =D;T'
hold identically. We consider multipliers of the third-order, that is,

Ay = Mo (85,1, V, Uy, Vi, Ui Vs Uirs Vi)

(3.12)

(3.13)

The right-hand side of (3.13) is a divergence expression. The determining equation for the

multiplier A, is

8(AgEy
$(Aaka)
Su®

(3.14)

The conserved vectors are calculated via a homotopy formula [20, 21, 26] once the multi-

pliers are obtained.

3.1.3 Variational method for a system and its adjoint

A system of adjoint equations for the system of kth-order differential equations (3.1) is

defined by [27]

E;(x,u,v,...,u(k),v(k)):O, a=1,...,m,

where
», (S(VﬁEﬂ)
E, (% u,v,..., U4, V@) = S a=1,...,mv=vx)
and v = (v},v?,...,v") are new dependent variables.

The following results are given in Ibragimov [19] and recalled here.

Assume that the system of equations (3.1) admits the symmetry generator

R
X:§@+7} aua.

(3.15)

(3.16)

(3.17)
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Then the system of adjoint equations (3.15) admits the operator

.0 d d .
Y=¢6—+n" o + nfﬁ, ne = —[A%vﬁ + V“Di(“g")], (3.18)

where the operator (3.18) is an extension of (3.17) to the variable v* and the A% are obtain-
able from

X(Ey) = M Ep. (3.19)

Theorem 1 [19] Every Lie point, Lie-Béckiund and nonlocal symmetry (3.17) admitted
by the system of equations (3.1) gives rise to a conservation law for the system consisting of
equation (3.1) and adjoint equation (3.15), where the components T* of the conserved vector
T =(T%,...,T") are determined by

, , SL 8L
T =L+ W*— +Y Dy Dy (W*)———, i=l..,n (3.20)
Suf Sul
s>1 iiig-ig
with Lagrangian given by
L=vEy(x,u,...,ugp). (3.21)

3.2 Construction of conservation laws for (1.1a) and (1.1b)
We now construct conservation laws for the (1 + 1)-dimensional higher-order Broer-Kaup
system (1.1a) and (1.1b) using the two approaches.

3.2.1 Application of the multiplier method
For the (1 + 1)-dimensional higher-order Broer-Kaup system (1.1a) and (1.1b), after some
lengthy calculations, we obtain the third-order multipliers

A= Al(tr Xy Uy Vy Uy Viey Uxr Ve Ues Vxxx)
and

Ao = Ao(t,%, U, V, Uy Vi, Uy Vics Ui Vi)
that are given by

Aq =C1(24tuv + 12tv,,)

+Cy (6vxu2 + AVyrlh + 2UyV + 6VV + 4Py + 12uv* + 2UyVy + Vxxx)

+C3 (Bqu +3utv+ 317 + vxx) + CeQuv + v,) + Csv + Cy, (3.22)
Ay =Ci(12tu® + 24ty — 12tu, — x)

+ Co(=6uyv — 6ugts® + Aty + 120° + U* + 6V + 31> — Unn + 2V

+ C3(=3uytt + 6uv + 1® + ) + Co(u® +2v — 1) + Csu + C, (3.23)
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where C;, i =1,2,3,4,5,6,7 are arbitrary constants. Corresponding to the above multi-
pliers, we obtain the following seven local conserved vectors of the (1 + 1)-dimensional

higher-order Broer-Kaup system (1.1a) and (1.1b):

! = 6tv,u — 6tu,v + 126 + 1280 — xv,
o =2{72tvxu3 - 14-4tuxu2v + 24-1,‘1/xxu2 — 6xVu + 144tv,uy
—120tu,viu + 48tu,uv — 3tviu — 24tux2v + 3tusv + 48tvy,v
+ 72tuv + 288tu?V? — 6xuv + 3uv + 968V — 6xV* + 2481,V
— 24UV — 248V, + 2, — 2xvxx},
1
d>§ =g {61/144 + 9qu3 +3617u% - 9vuxu2 + 81/,696142 +12vv,u
+ AUVt + 12VUh + 3Vegetd + 1203 + 6vu,? — 12020,
+ 6V — 3vuxxx},
1
D7 :g {72vu6 + 721/,¢u5 +7920%u* — 288w4xu4 + 241/xxu4
+ 864vv,u® — 240u, v, + 96vu,u® — v + 12961312
+ 216V 2u? + 216V, u? — 864V U u® + 72vittyts® + 288V, us®
- 72u,cvmu2 + 9vutu2 - 8vtxu2 + 432v2vxu + 72ux2vxu —144vu,v,u
+ 288v2umu —144vu,tupctt + 144V, Vit + 24Uy Virh + 8Vttt — 12vV41
+ 12u, vt — 12Vt — 3Vipld + 216v* + 24vuxx2 + 241/,6,62 — 24UV Uy
+ 144V2Vxx + 12v2ut + 3Vpnlly + 6V Vy — Uy Vs
— 3Velhgy — OVVyy + Sy Vyy + 3vutxx},
1
CI>§ = 3 {Zquz — DUV + Viglh + UV + 205V + 6uv2},

D3 ZE {24qu4 - 72uxu3v + 8vx,cu3 + 144vxuzv - 72uxvxu2 + 24uxxu2V

—2vu? — 72uxuv2 + 24Uy Vilh + A8V tV — 24U, Vi U + 2U UV — UV
t
+ 24uxxv2 — Vs, + 24u°v + 168u3v? + 144w + UsVy + Villy + Suxxvxx},
D =u,
&% = 4 Buu + 6uv + u® + u ),
4
t
D =uv,
®F = 4{3v, 4 — Buuv + Votd + UyeV + 30V + 61V — uv, ),
5 X XX

oL = E{vxu— ugv + 2u’v + 2v7},

1
o7 =§ {24qu3 - 48uxu2v + 81/,mu2 + 48v,uv — 40u, vy + 16U, uv

—veut — 82V + UV + 16Vy v + 24uy + 961217 + 320 + iy — 8UlyViy — 8vx2},
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t
P =,

o7 = 4{3vxu +3uv+ 317 + vxx}.

Remark 1 Higher-order conservation laws of (1.1a) and (1.1b) can be computed by in-

creasing the order of multipliers.

3.2.2 Application of the new conservation theorem

The adjoint equations of (1.1a) and (1.1b), by invoking (3.16), are given by

249y — 12¢,1% — 12¢sett — 24V — By — 12V, s — dépr = O, (3.242)

“12 1 + 12Vt — 241t — 280,V — Yy + 120, Wy — 4 = O, (3.24b)

where ¢ = ¢(t,x) and ¥ = ¥ (¢, x) are the new dependent variables. By recalling (3.21), we
get the following Lagrangian for the system of equations (1.1a) and (1.1b) and (3.24a) and
(3.24b):

L=¢(t, ) {uy + 4 (thx + t° — Buisy + 6uv) |}

+ (e, x){vt + 4(vxx +3u%v + 3uv, + 3v2)x}. (3.25)

Because of the three Lie point symmetries of the (1 + 1)-dimensional higher-order Broer-
Kaup system (1.1a) and (1.1b), we have the following three cases to consider:

(i) We first consider the Lie point symmetry generator X; = 9, of the (1 + 1)-dimensional
higher-order Broer-Kaup system (1.1a) and (1.1b). Corresponding to this symmetry, the
Lie characteristic function is W = —(u, + v,). Thus, by using (3.20), the components of the

conserved vector are given by

Tlt = —Upp — Vxl/f!

Tf = 12Vx1//xu - 12Mx¢xu + ut¢ + Vﬂ//(t7 x) + 4uxx¢x - 4ux¢xx + 4Vxx1//x - 4‘wa.xx'

(ii) The Lie point symmetry generator X, = 9, has the Lie characteristic function W =

—(u; +v¢). Hence using (3.20), one can obtain the conserved vector whose components are

TS =4(3vatl® Y + 6ugtviy + 3Vaatttfr + BucVsr + 6V, + 61,V
+ 3Ua1%§ = Bttt — 314D + Uaxp + 6VVY + Viax ),

Ty =— 4(3vtu21ﬁ + 6u vy — v + 3u vy, + 3u vy + 6viug
+ 6u v + 3utu2¢ + 3uspeth — 3udUsy — Uity + Uy + VLV
+ Y Viw + Ui — Pulhen + VW — Wthx)«

(iii) Finally, we consider the symmetry generator X3 = —3t9; — x9, + ud, + 2vd,. For this

case, the Lie characteristic function W = u +2v + 3tu, + 3tv, + xu, + xv,, and by using (3.20),
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the components of the conserved vector are given by

T = — 36tu u® — 361y v,u® + dpu — 72tV — 72t vt + 36tPu U
— 36ty v u + 36tq)ux2 + 2V + xPu, — 72tvuy, + XY vy — 7280 v,
=36t vy — 12t Uypy — 1280 Virns

¥ =12¢u® + 48viru* + 12¢u* + 36tpuu® + 36ty v,u* + 72vPu — 36¢u,u

+ 48y veu + 120ttt — 24V — 12XVt + Aurts + 72tV ks + 36t U U
+ 72tpviu — 36t v — 36tpunu + 36t vy, u
+ 48V — 8y — 12V, + 1201y,
— Ax Pty + 16U Vi — AXVViy + XU Prx + 8V iy + AXV Wy — XUy + 72tV 14
— 36tpu,us + 36t Vel + 12ttty — XYV + 72801,
+ 128 Ve — 128 pythyy — 1280, Vg

+ 12Uy + 1280 V.

Remark2 The components of the conserved vectors contain the arbitrary solutions ¢ and

¥ of adjoint equations (3.24a) and (3.24b), and hence one can obtain an infinite number

of conservation laws.

4 Concluding remarks
In this paper we have studied the (1 + 1)-dimensional higher-order Broer-Kaup system

(1.1a) and (1.1b). Similarity reductions and exact solutions, with the aid of the simplest

equation method, were obtained based on optimal systems of one-dimensional subalge-

bras for the underlying system. We have verified the correctness of the solutions obtained

here by substituting them back into the system (1.1a) and (1.1b). Furthermore, conserva-

tion laws for the system (1.1a) and (1.1b) were derived by using the multiplier method and

the new conservation theorem.
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