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Abstract

In this paper, we are concerned with an inverse problem for the Sturm-Liouville
operator with Coulomb potential using a new kind of spectral data that is known as
nodal points. We give a reconstruction of g as a limit of a sequence of functions
whose nth term is dependent only on eigenvalue and its associated nodal data. It is
mentioned that this method is based on the works of Law and Yang, but we have
applied the method to the singular Sturm-Liouville problem.
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1 Introduction

Inverse problems of spectral analysis imply the reconstruction of a linear operator from
some or other of its spectral characteristics. Such characteristics are spectra (for different
boundary conditions), normalizing constants, spectral functions, scattering data, etc. An
early important result in this direction, which gave vital impetus for further development
of inverse problem theory, was obtained in [1]. At present, inverse problems are studied
for certain special classes of ordinary differential operators. Inverse problems from two
spectra are the most simple in their formulation and well studied in [2, 3]. An effective
method of constructing a regular and singular Sturm-Liouville operator from a spectral
function or from two spectra is given in [4-7].

We note that the details of the inverse problem for singular equations are given in the
monographs [8—11] and references therein.

In some recent interesting works [12, 13], Hald and McLaughlin and Browne and Slee-
man have taken a new approach to inverse spectral theory for the Sturm-Liouville prob-
lem. The novelty of these works lies in the use of nodal points as the given spectral data.
In recent years, inverse nodal problems have been studied by several authors [14—21] etc.

In this paper, we deal with an inverse nodal problem for the Sturm-Liouville operator
with Coulomb potential. We have reconstructed the potential function g from the nodal
points of eigenfunctions, provided g is smooth enough. The method is based on a series
of works by Law and Yang [14, 17].

Before giving the main results, we mention some physical properties of the Sturm-
Liouville operator with Coulomb potential. Learning about the motion of electrons mov-
ing under the Coulomb potential is of significance in quantum theory. Solving these types
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of problems allows us to find energy levels not only for a hydrogen atom but also for sin-

gle valence electron atoms such as sodium. For hydrogen atom, the Coulomb potential is
2
given by U = =-, where r is the radius of the nucleus, e is electronic charge. According to

this, we use the time-dependent Schrodinger equation

AW R 92w
h— =——— —— + U(x,9,2)V, V2dxdydz =1,
ot 2m o2 (a:2) /R3| " dxdydz

where W is the wave function, 7 is Planck’s constant and # is the mass of electron. In this
equation, if the Fourier transform is applied

- 1 <
U= e ™MW dt,
A/ 27 v/—\oo

it will convert to energy equation dependent on the situation as follows:

h?2 ~ o~~~ ~
2 _
vV +UWV=EV.
2m

Therefore, energy equation in the field with the Coulomb potential becomes

If this hydrogen atom is substituted to other potential area, then the energy equation be-

comes
2, ~ &2 ~
—— VUV +|E+—+qxy2) |V=0.
2m r

If we make the necessary transformation, then we can get a Sturm-Liouville equation with
Coulomb potential

/! A
-y + ;+q(x) y =21y,

where X is a parameter which corresponds to the energy [22].
We consider the singular Sturm-Liouville problem

-y + [% + q(x)]y =iy (O<x<m),r=s% (L1)
¥(0) =0, 1.2)
¥ () = Hy(w) =0, (1.3)

in which the function g(x) € L[0, 7], A, H are finite numbers and @ € C[0,]. Next, we
denote by ¢(x,s) the solution of (1.1) satisfying the initial condition

©(0,s) =0, ¢'(0,s) =s. (1.4)

Let 1, be the nth eigenvalue and 0 <&y <x5 <--- <&’ <mw,i=1,2,...,n—1be nodal points

of the nth eigenfunction. Also, let I = [x],x7,;] be the ith nodal domain of the nth eigen-
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v

function and let [ = |I'| = x},; — x7 be the associated nodal length. We also define the

function ji,(x) by ji,(x) = max{i : x7 < x}.

2 Main results
In this section, we try to obtain some asymptotic results and a reconstruction formula for
the potential g, which has been obtained as a solution of an inverse nodal problem.

Lemma 2.1 The solution of problem (1.1)-(1.3) has the following form:

@(x,s) = sinsx + /

*sins(x—t) [A
0 S

n + q(t)}w(t, s)dt, (2.1)

where @ e C[0,x].

Proof Because ¢(x, s) satisfies equation (1.1), we get

fx sins(x — t){é + q(t)}tp(t,s) dt
0
_ / " Sins(e— 00" (6, 5) dt + 5 / " sins(e - £)p(t,s) dt.
0 0

By integrating the first term twice on the right-hand side by parts and taking the conditions
into account (1.2), we find that

* sins(x —t)

o(x,s) = sinsx + /

A
{ —+ q(t)}so(t, s)dt,
0 N t
where @ € C[0,x]. O

Lemma 2.2 The eigenvalues of problem (1.1)-1.3) are the roots of (1.3). This spectral char-
acteristic satisfies the following asymptotic expression [23]:

1 Aln(n+i 1
Sp=vAn=n+ —( 2)+ il +O(nn>, (2.2)

Z on
2 21 (n+3) (m+3) n?

where

Alnw +1/n¢1(t)dt>, ﬁ(x)=AM1+1/xq(t)dtr
2 Jo 2Jo

1
Co = —<AM1—H+
/4

sin &

§

. 2 1
M1=M+% and M:/ dg.
0

Lemma 2.3 Assume that q € L'(0, 7). Then, as n — oo,

;1 (o A 1
Xl = e + —/ 1 —cosant){? +q(t)} dt + o<—3>, (2.3)
0 s

Sn 282 3

o= LA 1(l—cos2snt){? +q(t)}dt+o(—3>. (2.4)
S}’I

2
N 2s n
n n xl.
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Proof By using some iterations and trigonometric calculations in (2.1), we obtain

sin * A
©(x,s) = sinsx + el / sin2st{ —+ q(t)} dt
2s 0 t

x A 1
- cossx/‘ (1—cos2st){—+q(t)}dt+o<—).
25 Jo t s2

If ¢(x,s) is equal to zero and cos Ax is not close to zero, then

1 [* A t * A 1
tansx = —/ (1—cos2st)] — +q(t) ¢ dt - ansx/ sin2st{ — + q(t) t dt + o| = |,
2s Jo t 2s Jo t s2

1 [ A 1
tansx = —/ (1—0032st){—+q(t)}dt+0(—2).
2s Jo t s

Now, we take s = 5, and x = x/. Because Taylor’s expansion for the arctangent function is

given by
[o.¢]
) (_1)k+1x2k+1
arctanx =mwi— ) ————
L i oy

k=0

for some integer i, then

1 [ A 1
snxfzm'+—/ (1—cos2st)] — +q(t)pdt +o| = ).
25 Jo t s2

n

Therefore
1 (M A 1
x?:ﬂ+—/ (1-cos2st)} — +q(t)rdt +o| = ).
s 282 Jo t s3
The nodal length is
T 1 [ A 1
i =%y — %, l;l:;JrZ_sﬁ . (1—cos2st){? +q(t)}dt+o<§).
This completes the proof of Lemma 2.3. g

Lemma 2.4 Suppose f € LY(0, 7). Then, for almost every x € (0, ) with j = j,(x),

S

lim =2 / jﬂlf (t) dt = f(x).

n—>o0 Jr

Proof Since f € L}0,7), % f: f(t)dt = f(x) almost everywhere. Thus, given any ¢ > 0,
when # is sufficiently large and for almost every x € (0, ),

Sn x7+1
&) a1

sux—x)[ 1
=

[ strde-r|

—x
X —X;
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+S"(x7“_x)[ L —f(x)} +f<x>(ﬂ—1)‘

14 X — b

Syl

ﬂj ¢ + é’[f(x)| = ([f(x)| +2+ 2{){.

=<
This proves Lemma 2.4. d

Theorem 2.1 The potential function q(x) € L*(0, ) satisfies

Syl Xy, SA [ cos2s,t
q(x) :nllngo[Zsﬁ(% —1) —snAln( ;;) + ﬂ /n’ : " dt]
; ¥

7

for almost every x € (0, ) with j = j,(x). We note that the asymptotic expression for s, in
Theorem 2.1 implies that q(x) = lim,,_, o F,(x).

Proof When we consider (2.4) in the form

1 xﬁl A 1
l’?:£+—// (1—cos2st)y — +q(t) pdt +o| =
Ssy 282 « 4 S

n

so that
Sl
2 j
ZSn <7 — 1)
Sy (Y S A [de s, [ A
N q(t)dt + = / ma cosZs,,t{— +q(t)}dt+o(1),
T Jun 1 t T Jun t
] ]
sulf X, SpA 5 cos 2s,t
253,( = —1)—SnAln( ’;1)+ : /1 —dt
b4 X T Jun t
7
S X"’:—l S x"”+l
=2 gwde - / " cos 2s,tq(t) dt + o(1).
T Jxn T Jxn
i ]
By Lemma 2.4

x}il
tim 2 [ g dt = q(x)
n—>00 Jr J.n
]
for almost every x € (0, 7).

It remains to show that for almost every x € (0, ),
s x‘,’:_l
T(x) = 2 / " cos 2s,tq(t) dt
T x/n

tends to zero as n — oo. Take a sequence of continuous functions gx which converges to
q in L}(0, ). Then g has a subsequence converging to g almost everywhere in (0, ). We

call this subsequence gi. Take any x such that gx(x) converges to g(x). Then for a given
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& >0, we can fix a large k such that |gx(x) — g(x)| < ¢. Hence

Sy x;‘“ Sy x]’."+1
Tu(x) = — / cos 2s,,t[q(t) - qk(t)] dt + — / cos 2s,,t[qk(t) - qk(x)] dt
T Jun T Jxt
]

S x;‘q+l
+ 2 / " cos 28, tqr(x) dt
T Jxn
]
=A,+B,+C,.

By Lemma 2.3,

C, = 51;5:) [Sin(2snx;’+1) - sin(ZS,,x;’)] = q;Ax)O(%)

and so it tends to zero as n — co. By Lemma 2.4, the first term A, satisfies, when # is

sufficiently large,
Sn T
|4,] = — 1, cos 2s,t[q(t) — qi(t)] dt
%
Sn i
=— [, la®-a®|de

%

< |qx) - qx(®)| + &

< 2¢.

On the other hand,

1Byl =

Su [ S [
= cos 2s,t[q(t) — qe(x)] dt| < = |qi(£) — qu(x)| dt.
T x]" T x;T

Because gy is continuous, this term is arbitrarily every x € (0, 7). Hence we conclude that
lim,,—, o0 Ty () = 0. This proves Theorem 2.1. O

Lemma 2.5 We take a sequence f € C[0,7] converges to f € L', then, for any large enough

n, with j = j,(x) as k — oo

— 0.
1

S;” / o -f@)ar

Proof By (2.4) and observation that the integral fx ’Z” [fx(t) — f(t)] dt is constant on any
]

nodal interval 1;’ , we obtain
b g
IRE

Sn / nj+1[ﬁ<(t) —f(0)] dt| dx
-l S,,lj” x;l+1
:% - /x}}? [fi(6) —f (1)) dt

Page 6 of 9


http://www.boundaryvalueproblems.com/content/2013/1/49

Panakhov and Sat Boundary Value Problems 2013, 2013:49
http://www.boundaryvalueproblems.com/content/2013/1/49

n-1

< 2[1 + o(lnT”)} /x:7+1[fk(t) —f(O)] dt

i=0

= [1 + o<m7n>] foﬂ Ifi(®) - £ ()| dt,

and for k — oo this term converges to zero. O
Lemma 2.6 Suppose that q € L*(0,7), then as n — oo with j = j,(x),

Su L7
;/ q(t) dt - q(x)

n
%

— 0.
1

Proof Firstly, let us show that if g is continuous on [0, ], the result is satisfied. Let M =

MaXyeo,z] |4(*)|. By using the intermediate value theorem, there exists £ € (4, x) such that

’i / a(0)dt - ()| = |a(8) - q(x)].
x-al,

If x is close enough to a, the difference can be arbitrarily small. Then, for all ¢ > 0, when n

is large enough, with j = j,(x) we get

s, [Yn Se =T 1 x
—_// q(t)dt —q(x)| < 7/[ ,,/ q(t)dt—q(x)”
T x/n T x—xj x]n
su@y -2 1 s
e [ ; /”q(t)dt—q(x)]’
i ay =% Jy
sl
o)
2snl;‘€
< —— +Ms
T

< (M+2+2¢)e.

In the above process, we assume that x # x7'. The estimate also holds if x = x. Henceif g €

Clo,n], = f;” q(t) dt converges to g(x) uniformly on (0, 7). Thus || f;_{” q(t)dt — q(x)|
] ]

can be arbitrarily small. Because C[0,7] is dense in L!(0,7), for any q € L'(0, ), there

exists a sequence g € C[0, ] convergent to g in L'(0, 7). Hence, fix # sufficiently large,

Sn

2 [ awdt-at

IAE
o / [4(®) - gx(®)] at

dx

dx

bid
=
o |

+ /O k() - q()| dx.

s
S
dx +
0 T

x;’+1
—n/ qr(t) — qr(x)
%
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From the above process and Lemma 2.5, when & is large enough, the first two terms are

arbitrarily small. Hence, as k — oo,

— 0.
1

> [ o -so]a

n
J

Theorem 2.2 F, convergesto qin L .

Proof When we consider the value of F,,, we obtain that

s, 0" X $pA Y+ cos 2s,t
Fn_25i<%—l>+5nAln< ;;)- ;’r /n/ - “ dt’
/ g

7

252" X! A (% cos2s,t
Fn—sn<#—2sn—Aln<’—;1>+—// “ dt)’.
T X; T ! t

]

It suffices to show that as n — oo

25201 X, A [%4 cos2s,t
Sn( 7 —25,,—A1n(inl>+—f} i dt)—q
T X g ! t

By using (2.4) we have

252" x A (Y cos2s,t
sn< = —2s,,—Aln( ’;1)+—/’ 2 dt)
T X 4 xln t

n

n Xisl n x(:-l A
S q(t)dt + Sn / " cos 23,,[{ — + q(t)} dt +o(1).
T T t

n n
x5 X
] ]

— 0.
1

Hence, we only need to prove that for n — oo

—-0
1

x}'ll+1
2 / " gwdi—q
T n

%

and

— 0. (2.5)
1

i A
S_”// cosant{? +q(t)}dt
X

T Sy
]

From Lemma 2.6, the first limit holds and the second limit also holds. On the other hand,

the sequence of functions
S [ A
cu(x) = —n/ ! cosant{ —+ q(t)} dt
T o t

converges to 0 for almost every x € (0, ). Furthermore,

¥
ymmgﬁf“
4 xln

A
i q(t)‘ dt = gu(x)
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and

Snln 1+l

/g,, de

_+qt)‘dt—|:1+0< ) Jia.

Then, we may apply the Lebesque dominated convergence theorem to show that (2.5) is
valid. The proof of Theorem 2.2 is completed. O
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