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Abstract

In the present paper, in view of the variational approach, we discuss a Ni-Serrin type
equation involving non-standard growth condition and arising from the capillarity
phenomena. Establishing some suitable conditions, we prove the existence and
multiplicity of solutions.
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1 Introduction
We study the existence and multiplicity of solutions for a Ni-Serrin type equation involving
non-standard growth condition and arising from capillarity phenomena of the following

type:

~M(L(w)) div(|VulP®-2vy + m) =f(x,u), xcS,

A 1+ Vu|2P&) ’ (P)

u=0, xe€df,

where Q C RV is a bounded domain with smooth boundary 92, p € C(2) such that 1 <
p(x) <N forany x € Q and L(u) := [, % W dx.

Capillarity can be briefly explained by considering the effects of two opposing forces:
adhesion, i.e., the attractive (or repulsive) force between the molecules of the liquid and
those of the container; and cohesion, i.e., the attractive force between the molecules of the
liquid. The study of capillary phenomena has gained some attention recently. This increas-
ing interest is motivated not only by fascination in naturally-occurring phenomena such
as motion of drops, bubbles and waves but also its importance in applied fields ranging
from industrial and biomedical and pharmaceutical to microfluidic systems.

The study of ground states for equations of the form

\Y%
—div(iu) =f(u) inRY, (L1)
V1+|Vul?
where G(u) = —=2.— is the Kirchhoff stress term and the source term f was very general,

14| V|2

was initiated by Ni and Serrin [1, 2]. Moreover, radial solutions of the problem (1.1) have
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been studied in the context of the analysis of capillarity surfaces for a function of the form
f(u) = ku, k > 0 (see [3-5]). Recently, in [6] Rodrigues studied a version of the problem (P)
for the case M(L(u)) =1 and f(x, u) = Af (x, u), . > 0.

. . ®)
We note that if we choose the functional L(u) as fﬂ [V

p)

dx in (P), then we get the
problem

_ |V . (x)-2 _ .
M([q, S~ dx) div([VulPP2Vu) = f(x,u) inQ, 12)
u=0 ondQ,

which is called the p(x)-Kirchhoff type equation [7-9]. In this case, the problem (1.2)
indicates a generalization of a model, the so-called Kirchhoff equation, introduced by
Kirchhoff in [10]. To be more precise, Kirchhoff established a model given by the equa-

tion

ou

+_ E—
P n o), |ox o2

2u (P, E (!
at2

2 2
dx) U, (1.3)

where p, Py, h, E, [ are constants, which extends the classical D’Alambert wave equation
by considering the effects of the changes in the length of the strings during the vibra-
tions. A distinguishing feature of Kirchhoff equation (1.3) is that the equation contains
a nonlocal coefficient PTO +5 fol |22 dx which depends on the average % fol 12 dx of
the kinetic energy %|% [2 on [0,], and hence the equation is no longer a pointwise iden-
tity.

The nonlinear problems involving the p(x)-Laplacian operator, that is, div(|Vu[?® 2 V),
are extremely attractive because they can be used to model dynamical phenomena which
arise from the study of electrorheological fluids or elastic mechanics, in the modeling of
stationary thermo-rheological viscous flows of non-Newtonian fluids and in the mathe-
matical description of the processes filtration of an ideal barotropic gas through a porous
medium [11-15]. The detailed application backgrounds of the p(x)-Laplacian can be found
in [16—20] and references therein.

2 Abstract framework and preliminary results
We state some basic properties of the variable exponent Lebesgue-Sobolev spaces L**)(2)
and W@ (Q), where Q c RV is a bounded domain (for details, see [21-24]).
Set
C.(Q) = {p;p € C(Q),infp(x) >1forallx € ﬁ}

Let p € C,(R2) and denote

p~=infp(x) and p":=supp(x).

xeQ xeQ

For any p € C, (), we define the variable exponent Lebesgue space by

IP9(Q) = {u | u: Q2 — R is measurable, / |u(x)|p(x) dx < oo},
Q
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then LF®(2) endowed with the norm

24| p() = inf{u >0 :f
Q

becomes a Banach space.

u(x) p(*)

dx < 1},

Proposition 1 [22, 24] For any u € [’ (Q) and v e 1P (), we have

1 1
uvdx| <[ — + — Nulpw V@),
/;2 ( p (p‘)’) p(x) VIp' (x)

where LP 9(Q) is a conjugate space of L™ () such that ﬁ + p/}x) =1

The modular of [P (), which is the mapping p : [#*(Q) — R, is defined by
ou) = / |u(x) |p(x) dx
Q

for all u € LPW().

Proposition 2 [22, 24] If u,u, € [’ (Q) (n =1,2,...), then the following statements are
equivalent:

(1) hmn%oo |un - u|p(x) =0;

(i) limy, o0 p(y — u) = 0;

(iil) u, — u in measure in Q and lim,_, o, p(u,,) = p(u).

Proposition 3 [22, 24] Ifu,u, € [’¥(Q) (n=1,2,...), we have
@) lulpe <1(=1L>1) & p(u) <1(=1;>1);
(i) |ulpw >1 = |M|£(x) <p(u) < |M|§(x); [ulpe) <1 = |u|§(x) <pu) =< |u|£(x);
(iii) 1limy— oo |Unlp@) = 0 < lim,_, o p(u,) = 0;
limy,, oo |14y |p(x) =00 & lim,,_, o p(u,) = 00.
The variable exponent Sobolev space W"*®(Q) is defined by
W(Q) = {u e LFY(Q) : |Vu| € LPP(Q)},

with the norm

l2ell1,p) = 128l py + |V tt]pays
for all u € WHPW(Q).

The space Wé‘p (x)(Q) is defined as the closure of C5°(£2) in WP () with respect to the

norm ||z|1,p(). For u € Wé’p(x)(Q), we can define an equivalent norm

llaell = 1V tt] p(x)

Page3of 13
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since the Poincaré inequality holds, i.e., there exists a positive constant C; > 0 such
that

|M|p(x) < C1|Vu|p(x)
for all u € W,"™(Q) [18, 24].

Proposition 4 [22, 24] If 1 < p~ < p* < oo, then the spaces [P¥(Q), W"*)(Q) and
Wé’p (x)(Q) are separable and reflexive Banach spaces.

Proposition 5 [22, 24] Let q € C,(Q). If q(x) < p*(x) for all x € Q, then the embedding
WrW(Q) < LIW(Q) is compact and continuous, where p*(x) = 1\11\?;5)(2) if p(x) < N and
p*(x) = +oo if p(x) > N.

Proposition 6 [18] Let X be a Banach space and let define the functional A = [, ‘V;(‘:)(x) d

Then A : X — R is convex. The mapping A’ : X — X* is a strictly monotone, bounded

homeomorphism of (S.) type, namely
u,—u inX and lim (A/(u,,), Uy — u) <0 implies u,—u inX.
n—0oQ0

Definition 7 Let X be a Banach space and / : X — R be a C*-functional. We say that a
functional J satisfies the Palais-Smale condition ((PS) for short) if any sequence {u,} in X,
such that {J(u,)} is bounded and J'(#,,) — 0 as n — 00, admits a convergent subsequence.

We say that u € Wé’p(x)(Q) is a weak solution of (P) if

|Vu| P02V

V1+ |Vu2®

for any v € Wg’p(x)(Q). The energy functional I : Wé’p(x)(Q) — R corresponding to the

M(L(u))/;z<|Vu|p(x)2Vu+ )Vde:/Qf(x,u)de

problem (P) is
1(u) = M(L(u)) —/ F(x,u) dx,
Q

where M(t) = fOtM(“g‘)d{-‘ and F(x, u) = fouf(x,w)d(p.

Thanks to the conditions (M) and (f;) (see below), the functional I is well defined and of
class C!. Since the problem (P) is in the variational setting, the critical points of I are weak
solutions of (P). Moreover, the derivative of I is the mapping I’ : Wé’p ) () —> (W&’p ) (2)*
given by the formula

|Vu|#®-2vy

()= m(e) [ Nenrr

<|VM|P(x)_2Vu +
Q

)Vvdx— /f(x, u)vdx
Q
for any u,v e Wé’p(x)(Q), where

\v/ 2p(x)—2v
/ <|Vu|”(x)‘2Vu + |M|7M>Vwix = (L’(u),v) =L'(u)v.
Q

V1+ | Vy|2p®
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3 Main results

Theorem 8 Assume the following conditions hold:

(Mo) M :R* — R* is a continuous function and satisfies the condition
mot* ™t < M(t)

forall t >0, where mg and « > 1 are positive real numbers;
(fo) f:9Q xR — R satisfies the Carathéodory condition and there exist positive constants
C, and Cs such that

[f(x, )] < Cy + C3t)7@

forall x € Q and t € R, where p,q € C,(Q) such that q* < ap™ < p*(x). Then (P) has
a weak solution.

Proof By the assumptions (My) and (f), we have

I(u) = M(L(u)) —/ F(x,u)dx

Q

L(u)
> my / g2l e - / F(x,u)dx
0 Q

« C
> "0 0)" - 2 [ i s -
q Ja

o

Therefore, by Proposition 3 and Proposition 5, it follows

m — —\ « C +
1) > ——— (lull”” + 1+ )" = = |u| - C,
a(p®) q
D‘Wlo ap- C4 +
> " = =2 ul ™ ~ C4 — +o00  as [|ul — oo. (3.1)
a(p)” -

By the assumption g* < ap~, I is coercive. Since I is weakly lower semicontinuous, I has a
minimum point % in W” ®)(2) and u is a weak solution of (P). O

Theorem 9 Assume the following conditions hold:

(My) M :R* — R* is a continuous function and satisfies the condition
Yt < M(t) < mpt®™

forall t >0, where my, my and « real numbers such that 0 < my < my and o > 1;
(M) M satisfies

M(t) > M(¢)t

forall t > 0;

Page 5of 13
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(f1) f:9Q x R — R satisfies the Carathéodory condition and there exist positive constants
Cs and Cg such that

[f(x,0)] < Cs + Cet|P@1

for all x € Q and t € R, where p € C.(Q) such that B(x) < p*(x) for all x € Q and
ap* < B7;

(f2) f(x,£) = o(|t|*”" ), t — O uniformly for x € Q;
(f3)  There exists t, > O such that F(x,t) > 0 for x € Q and all t > t,;
(AR) Ambrosetti-Rabinowitz’s condition holds, i.e., At, > 0,0 > Z—focp* such that

0 <O0F(x,t) <f(x,t)t, |t|>traexe Q.

Then (P) has at least one nontrivial weak solution.

To obtain the result of Theorem 9, we need to show that Lemma 10 and Lemma 11 hold.
Lemma 10 Suppose (M1), (M3), (AR) and (f,) hold. Then I satisfies the (PS) condition.
Proof Let us assume that there exists a sequence {u,} in Wé’p (x)(Q) such that

I(u,)—c¢ and I'(u,)— 0.

(3.2)
Then

1
c+ ”Mn” = I(Mn) - 51/(un)un

= M(L(un)) - %M(L(un))L’(un)un + /Q(%f(x, w,)u, — F(x, un)> dx.

Since /1 + |Vu|2® > |Vu|’™, we have L(u,,) > 1% Jo IV, |P® dx. Therefore,

Vu,|2®-2vy
L' (u,)uy, = / |Vun|19<x>—2wn+|”|—” Vu, dx
Q V1+ |V, |22W

< 2/ |V, [P%) dx < p* L(uy,).
Q
By the above inequalities and assumptions (M), (M;) and (AR), we get
p+
c+ ”Mn” = M(L(un))L(un) - ?M(L(un))l/(un) -

> <1 - %)M(L(un))L(un) —c

> (9 - ’ )L(un)alL(un) i

246 - p* _
> 20D e e
0(p*)
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This implies that {||z,]|} is bounded in W/é’p (x)(Q). Passing to a subsequence if necessary,
there exists u € Wé’p (x)(Q) such that u,, — u. Therefore, by Proposition 5, we have

U, —u in Wé’p(x)(ﬂ),
u, > u in LPY(Q), (3.3)

U, — u a.e.inQ.
By (3.2), we have (I'(u,,), u, — u) — 0. Thus
(I' (), 10y — 1)

- M(Liw) /

Q

|Vit,|PD 2V,

V1+|Vu,|2?®

<|Vu,, P@-27y, + )V(un —Vu)dx
- /f(x, u,)(u, —u) — 0.
Q

From (f;) and Proposition 1, it follows

ff(x, u,)(u, —u)dx
Q

<GCs +GCs

/ |40 |PD 214, — 1) i
Q

/Q(un —u)dx

< Collun P71 s it~ s + Cs / 4 — 1] .
X)— Q

If we consider the relations given in (3.3), we get

/f(x7 un)(un - Lt) dx — 0
Q

Hence,

VP2,

M(L(u,)) / <|wn|ﬂx>—2wn
Q V1+ |V, |22

)V(u,, - Vu)dx — 0.
From (M;), we get

v 2p(x)—2v
/ (|wn|1’<x>-2wn + '””|—””>(wn ~Vu)dx — 0. (3.4)
Q

V1+ |V, |2?®

Since the functional (3.4) is of type (S,) (see Proposition 3.1 in [6]), we get u, — u in
Wé’p(x)(Q). We are done. O

Lemma 11 Suppose (M), (AR) and (f;)-(f3) hold. Then the following statements hold:
(i) There exist two positive real numbers y and a such that (u) > a >0, u € Wé’p(x)(ﬂ)
with ||lul| = y;
(ii) There exists u € Wé’p(x)(ﬂ) such that ||\ul|| >y, I(u) < 0.

Page 7 of 13
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Proof (i) Let ||| < 1. Then by (M;) and Proposition 3, we have

o

I(u) (p+ )a

|| ||"‘” /F(x, u) dx.

Since ap® < B~ < p*(x), by Proposition 5 we have the continuous embeddings
Wol"’<’“)(sz) < L% (Q) and Wé’p(x)(Q) — LF'(Q) — LF (), and also there are positive
constants C;, Cg and Cy such that

tlapr < Collull, Ve WoP(Q), (3.5)
and

lulg- < Callull,  |ulgr < Collull, Vue W,"(Q). (3.6)

From (f;) and (f,), we get F(x,£) < elt|®?" + C,|t|f@ for all x € Q and t € R, where ¢ > 0 is
small enough and C; > 0. Therefore, by (M), Proposition 3 and (3.5), (3.6), it follows

1) > (p L er’ —sf 1l dx - f|u|ﬁ

o

ap* Bt BT
T ]|~ (eluleh, + CElully, + CFulf)
o
+ + - - + +
> o w2t — eC |~ CE P - CY lull?
2"‘m1 apt + - + _
—eC Vu|®?" —max{C?,C? V|ul?
_<a(p+)a )l (s, ul

.
providing that eCjj < . Since |u|| <1 and ap* < B~, there exist two positive real

20((p+ @
numbers y and a such that I(u) >a>0,u € Wép (R2) with |lu|| = y € (0,1).

(ii) From (AR) and (fs), one easily deduces

F(x;t*) 2}

for all x € Q and ¢ > ¢,. Therefore, for § > 1 and nonnegative u € Wé’p (x)(Q) such that
{xeQ:ulx)>t.), we get

[4

1)
/ F(x,8u)dx > / F(x,6u)dx > —9/ F(x, t,)u’ dx
Q Lo Jisuzt,)

{Su>t}
8 ) )
> F(x,t.)u’ dx > 6 F(x,t.)dx>0
L Juzt) (=t}

(recall that F > 0 and F(-, ;) > 0 almost everywhere). On the other hand, when ¢ > £, from
(M;) we obtain that

m m my
M) < 2 < Z2ym @,
(07 o
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Since ¢ > 1, it is obvious L(tw) < #" L(w). Hence, for w € W/é’P(x)(Q)\{O}, we have
[(tw) = M(L(ta))) —/ F(x, tw) dx

Q

= ™2 (1) " - /Q Flx, tw) dx

my "2+ my
< 2 (L)) - ¢ / F(x, ) dx.
o {o>ty}
From the assumption on 6 (see (AR)), we conclude I(tw) — —00 as t — +0o. O

Proof of Theorem 9 From Lemma 10, Lemma 11 and the fact that 1(0) = 0, I satisfies the
mountain pass theorem (see [25, 26]). Therefore, I has at least one nontrivial weak solu-
tion. The proof of Theorem 9 is completed. O

In the sequel, using Krasnoselskii’s genus theory (see [25, 27]), we show the existence of
infinitely many solutions of the problem (P). So, we recall some basic notations of Kras-
noselskii’s genus.

Let X be a real Banach space and set

R = {E C X\{0} : E is compact and E = —E}.
Definition 12 Let E € R and X = RX. The genus y (E) of E is defined by
y(E) = min{k > 1; there exists an odd continuous mapping ¢ : E — Rk\{O}}.

If such a mapping does not exist for any k > 0, we set y(E) = co. Note also that if E is a
subset which consists of finitely many pairs of points, then y (E) = 1. Moreover, from the
definition, y (@) = 0. A typical example of a set of genus £ is a set which is homeomorphic
to a (k — 1) dimensional sphere via an odd map.

Now, we will give some results of Krasnoselskii’s genus which are necessary throughout
the present paper.

Theorem 13 Let X = RN and 9 be the boundary of an open, symmetric and bounded
subset Q@ C RN with 0 € Q. Then y(3Q) = N.

Corollary 14 y(SN-1) = N.

Remark 15 If X is of an infinite dimension and separable and S is the unit sphere in X,
then y(S) = 0.

Theorem 16 Suppose that M and f satisfy the following conditions:

(M3) M:R* — R* is a continuous function and satisfies the condition
mst® ™t < M(t) < mut®

for all t > 0, where ms, my, 8§ and o are real numbers such that 0 < ms < my and
1<6<a;
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(fa) f:Q xR — Risacontinuous function and there exist positive constants Cyy, Ciz, Ci3
and Cig such that

Cn + Cio |t ™1 < f(x, ) < Cp3 + Cra|t]7®!

forallx € Qandt >0, wheres,q € C(Q) such that 1 < s(x) < q(x) < p*(x) forall x € Q;
(f5) f is an odd function according to t, that is,

S, t) = —f(x, 1)

forallxe QandteR.

Ifp(x) < g(x) < p*(x) for all x € Q and q* < 8p~, then the problem (P) has infinitely many
solutions.

The following result obtained by Clarke in [28] is the main idea which we use in the

proof of Theorem 16.

Theorem 17 Let ] € CY(X,R) be a functional satisfying the (PS) condition. Furthermore,
let us suppose that:

(i) J is bounded from below and even;

(ii) There is a compact set K € R such that y(K) = k and sup,; J(x) < J(0).
Then ] possesses at least k pairs of distinct critical points and their corresponding critical

values are less than J(0).

Lemma 18 Suppose (M3), (f4) and the inequality q* < Sp~ hold.
(i) Iis bounded from below;
(ii) 1 satisfies the (PS) condition.

Proof (i) By the assumptions (M3) and (f4), we have
I(u) = M(L(u)) —/ F(x,u)dx
Q

L(u) C
> ms / L / | dx - C13
0 q Q

251’}’13

8(py

=

G
" - 2 / 4] dx - Cos.
Q

By Proposition 3 and Proposition 5, we get

251’1’13 — C14 - +
I(u) > 57 R ?max{|u|z(x),|u|z(x)} - Ci3
m - C e
> W; R —q—l_‘*max{cq e, CT "} - Cis
)
m3 S~ C14 + +
= 5(p") [|]|°P —ch lull? - Ci3 (3.7)

for ||u|| large enough. Hence, I is bounded from below.
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(ii) Let us assume that there exists a sequence {u,} in Wé’p (x)(Q) such that
I(u,)—c¢ and I'(u,)— 0. (3.8)

From (3.8) we have |I(u,)| < Ci¢. This fact combined with (3.7) implies that

2‘3m3 5p~ q+
Cie > 1(uy) > I = Cisllull® = Cy,

Ty

where ||u, | > 1. Since g* < 8p~, we obtain that {||u,||} is bounded in Wé‘p(x)(Q).

Hence, we may extract a subsequence {u,} C Wé’p (x)(Q) and u € Wé’p <x)(§2) such that

U, — uin Wé’p (x)(Q). In the rest of the proof, if we consider similar relations given in (3.3)

and growth conditions assumed on f and apply the same processes which we used in the
proof of Lemma 10, we can see that I satisfies the (PS) condition. O

Proof of Theorem 16 Set (see [7, 25])

Ri= {E CR:y(E)> k},

¢ = inf supl(u), k=1,2,...,

E€Ry yeE

then we have
—0< == S S =

Now, we will show that ¢, < 0 for every k € N. Since W/é’p (x)(Q) is a reflexive and sepa-
rable Banach space, for any k € N, we can choose a k-dimensional linear subspace X of
Wé’p =) (€2) such that X; C C5°(€2). As the norms on X are equivalent, there exists rx € (0,1)
such that u € X with || u|| < ry implies |u|~ < 3.

Set Sy,? = {u € Xy : ||u|| = r}. By the compactness of sif) and the condition (f;), there
exists a constant 7 > 0 such that

F(x,u) = Cpy + Cpa|t'™,
C12 s(x)
Fx,u)dx> — | [ul*"dx+Cy | dx>ni+Cig (3.9)
Q st Ja Q

forall u € Sf«],:). If we consider (M3) and (fy), for u € Sy,:) and ¢ € (0,1), we have

I(tu) = M(L(tu)) - /QF(x, tu)dx < %(L(tu))a — £ e - Cis

N / |VEulP® + /1 + |Viu| 2@
o Q

px)

dx) _ts+77k_C18

My p- = P -\ +
= 2 (& ul? +1+& ull? )" = n—Cis
< el (28 ull?) 1) - £ e — Cg
T ap)
ma 20—1 ap~ AP~ + my a—1
< 2% - N+ 271 — Cyg, 3.10
= ) Ty Nk a(p)* 18 ( )

Page 11 0f 13
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mg

alpm)®

providing that Cyg > 271 Since s* <q~ <g* <8p~ <ap~, we can find t; € (0,1) and

&r > 0 such that

I(txu) < —ex <0 forallue S’(”,I:)’

I(u) <-er<0 forallue Sg:lk.

(k)
17343

orem 17 to obtain that the functional / admits at least k pairs of distinct critical points, and

It is clear that y(S;,,, ) = k, so cx < —&x < 0. Finally, by Lemma 18 above, we can apply The-
since k is arbitrary, we obtain infinitely many critical points of I. The proof is completed.
O

Theorem 19 Suppose (M3), (1) and (f5) hold. If q(x) < p(x) < p*(x) for all x € Q, then the
problem (P) has a sequence of solutions {£uy 1k =1,2,...} such that I(£uy) < 0.

Proof In the beginning, we will show that [ is coercive. If we follow the same processes
applied in the proof of Theorem 8 and consider the fact g* < p~, it is easy to get the coer-
civeness of I. Since I is weak lower semi-continuous, I attains its minimum on Wé’p =) (R2),
i.e., (P) has a solution. By help of coerciveness, we know that [ satisfies the (PS) condition
on Wé’p (x)(Q). Moreover, from the condition (f5), I is even.

In the rest of the proof, since we develop the same arguments which we used in the proof
of Theorem 16, we omit the details. Therefore, if we follow similar steps to those in (3.9)
and (3.10) and consider the inequalities s* < g~ < g* <p~ <ap~, we can find € (0,1) and
& > 0 such that

I(u) < —&<0 forallue S,Elgk‘
(k)
7343

of I, hence there is a sequence of solutions {Fu; : k =1,2,...} such that I(£u;) < 0. O

Obviously, y(S;,;,) =k, so cx < —&x < 0. By Krasnoselskii’s genus, each ¢ is a critical value
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