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1 Introduction
In this paper, we consider a family of Schrédinger operators P(1) which are the perturba-
tion of Py in the form

P(\)=Py+ ALV forr>0

on L*(R%),d > 2. Here Py = —A + &2’). (r,0) are the polar coordinates on R%, and g(6) is a
r
real continuous function. V' < 0 is a non-zero continuous function satisfying

|V(x)| < C{x)™ for some pg > 2. 1)

Here (x) = (1 + |x|>)2. Let A, denote the Laplace operator on the sphere S~1. Assume
that

-A; +4q(0) > —%(d -2)2 onl? (S‘H). 2)

If (2) holds, then Py > 0 in L(R%) (see [1]).

Under the assumption on V, we know that P(A) has discrete eigenvalues when A is large
enough, and each discrete eigenvalue tends to zero when A tends to some 4 (see Sec-
tion 2). We study the asymptotic behaviors of the discrete eigenvalues of P() in this paper.
The asymptotic behaviors for Schrédinger operators with fast decaying potentials were
studied by Klaus and Simon [2]. In [2], they studied the convergence rate of discrete eigen-
values of H(A) = —A + AV when A — Aq. A¢ is the value at which some discrete eigenvalue
e;(A) tends to zero. The main method they used in their paper is the Birman-Schwinger
technique.

In order to use the Birman-Schwinger technique to P(1), we need to get the asymp-
totic expansion of (Py — a)™! for & near zero, a < 0, which was studied by Wang [1]. In
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this paper, we first show that there exists some A such that when A > A, P(1) has dis-
crete eigenvalues. Then, we define the Birman-Schwinger kernel K(«) for P(A) and find
that there is one-to-one correspondence between the discrete eigenvalues of K(«) and the
discrete eigenvalues of P(1). Hence, the asymptotic expansion of the discrete eigenvalue
of P(A) can be got through the asymptotic expansion of the discrete eigenvalue of K ().
In our main results, we need to use that K(«) is a bounded operator from L? to L2. To get
that, we add a strong condition on V (i.e., po > 6 in (1)). We show that K(«) is a family of
compact operators converging to K(0) and obtain the asymptotic expansions of the dis-
crete eigenvalues of K(«) by functional calculus. After that, the convergence rate of the
smallest discrete eigenvalue of P(A) is obtained.

Here is the plan of our work. In Section 2, we recall some results of Py and define the
Birman-Schwinger kernel K («) for P(A). The relationship between the eigenvalues of these
two kinds of operators is studied. In Section 3, we first study the asymptotic behavior of the
discrete eigenvalues of K («). Then the convergence rate of the smallest discrete eigenvalue
of P()) is obtained. We get the leading term and the estimate of the remainder term of the
smallest discrete eigenvalue.

Let us introduce some notations first.

Notation The scalar product on L>(R*; 7% dr) and L*(R%) is denoted by (-,-) and that
on L2(S%) by (-,-). H™*(R%), r € Z, s € R, denotes the weighted Sobolev space of order r
with volume element (x)? dx. The duality between H'* and H~>~* is identified with the
L? product. Denote H%* = 125, Notation £(H"*, H"*') stands for the space of continuous
linear operators from H"* to H" . The complex plane C is slit along positive real axis so

that z" = e""? and Inz = In |z| + i arg z with 0 < argz < 27 are holomorphic there.

2 Some results for P,

Assume that (r,6) are the polar coordinates on R?. Then the condition
1 2 2 (qd-1
—As+q(6’)>—1(d—2) onlL (S )
implies
A+ >0 (3)

in L2(R%) (see [1]).
Now, we recall some results on the resolvent and the Schrodinger group for the unper-

turbed operator Py. Let

Ono = {v;v =i+ @,keo(—As+q(9))}.

Denote

0 =05 N[0,k], keN.
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For v € 0., let n, denote the multiplicity of A, = v2 — @-2¢ 2

Let (pg), V € 0, 1 <j < n, denote an orthogonal basis of L2(S*1) consisting of eigenfunc-

tions of —A; + q(0):

as the eigenvalue of —A; + ¢(0).

(-2 +40))e? =100, (¢, 07) = 5.

Let 7, denote the orthogonal projection in L?(S%~!) onto the subspace spanned by the
eigenfunctions of —A; + g(6) associated with the eigenvalue 1,, and let néi) denote the

orthogonal projection in L2(S*) onto the eigenfunction ¢:

ny
nf =) (fol) @9l fel?(S™),
j=1
70 = (f,o?) @9, fel*(S*)1<i<n,.
Denote for v € o

2’ ifveN,
zlnz ifveN.

Here v’ = v — [v], and [v] is the largest integer which is not larger than v. For v > 0, let [v]_
be the largest integer strictly less than v. When v = 0, set [v]_ = 0. Define §, by §, = 1, if
V €0 NN, 8, =0, otherwise. One has [v] = [v]_ +§,.

The following is the asymptotic expansion for the resolvent Ry(z) = (Py —z)~.

Theorem 2.1 (Theorem 2.2 [1]) The following asymptotic expansion holds for z near zero
with 3z > 0:

N-1

Ro(z) = 80 InzGy o7 +Zz’F + Z Zy Z zGU”(gvnV +R0 ( )
j=0 veony  j=[v]-

in L(-1,5;1,-s),s >2N + 1. Here

6o ) bMVWmemrw,véw
vj\Ih,T) =
/ o (75 0), veN,

Fe L(-1,51,-s), s>2j+1,
RE)N (2) = O(|z|N+6) € L(-1,81,-s), s$>2N +1,¢>0.
Here

ije—iu’n/ZF(l V)
V(W +1)--- (v +))

bv’,j = —
for0<v'<1,and

filr,7,v) = (r1) 22D, ()
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with P, (p) a polynomial in p of degree j:

ijd 1 1 J b1 e—irrv/Z
P (p) = — —0)(1-6%)"24d6, a,=- .
i (0) i [1 (P t3 ) ( ) M = TR (1 1/2)

First, we show that P(1) has discrete eigenvalues when X is large enough. In fact, we need
only to show that there exists a function ¥ € L*(R%) such that (v, P(\)¥) < 0.

From the assumption on V, we know that there exists a point x( € R? such that V(xg) =
inf, _pa V(x). Choose § > 0 small enough such that for all x € B(xy,§), V(x) < %V(xo). For
¥ € CP(RY), | (x)|| = 1, supp ¥ C B(xo,8), one has

A
(W, PO = (W, Por) + My, V) < (W, Poypr) + EV(xO)’

when 2 is large enough, one has (¥, P(A){) < 0. This means that P(1) has discrete eigen-
values when A is large enough.

P(X) has a continuous spectrum [0, 0o) for A > 0 because lim,_, o V(%) exists and equals
zero (see [3]). We know that o (P(0)) = o (Py) = [0, 00). Hence, from the continuity of a dis-
crete spectrum of P()), we know that there exists some A such that when A > Ao, P(1) has
eigenvalues less than zero, and when A < A, o (P(1)) = [0, 00). So, P(A) has an eigenvalue
e1(A) < 0 at the bottom of its spectrum for A > Ag. In Section 3 (Proposition 3.1), we prove
that e; (1) is simple and the corresponding eigenfunction can be chosen to be positive ev-
erywhere. (There are many results about the simplicity of the smallest eigenvalue of the
Schrodinger operator without singularity, but there is no result which can be used directly,
because the potential we use in this paper has singularity at zero. Theorem XII1.48 [4] can
treat the Schrodinger operator with the potential which has singularity at zero, but the
positivity of potential is needed. Hence, we give this result.) From the discussion above
and the continuity of a discrete spectrum, one has that e; (1) tends to zero at some A. The
asymptotic behavior of e;(A) is studied in this paper.

To study the eigenvalues of P(1), we first define a family of Birman-Schwinger kernel
operators. Let

K(z) = |[VIV2(Py - 2)7 ! | V|2
for z ¢ o (Py), and

K(0) = |V|V2Ey |V V2.
Then we have the following result.

Proposition 2.2 Let o < 0. Then
(a) Let

A={y e L*(RY); (P() - )y = 0},
B={¢ e L*(RY);K(a)¢ = 17" }.

Then |V|Y2 is injective from A to B, and (Py — o)™ |V |V2 is injective from B to A.
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(b) The multiplicity of o as the eigenvalue of P()) is exactly the multiplicity of A\™* as the
eigenvalue of K().

Proof
(a) First, we prove that | V|2 is injective from A to B. Note that if € A, then

K(a)p =217"¢
with ¢ = |V|¥2y. And if ¢ = 0, then
Y ==A(Po — )V = APy — )| V]"2g = 0.

It follows that | V|2 is injective from A to B.
Next, we show that (Py — a)™'| V|2 is injective from B to A. If ¢ € B, then

(P(V) —a)y =0, withy = (Po—a)'|V["¢.
And if Y = 0, then
0=|VI"?y =K(a)p = A71p.

It follows that (Py — a)™'|V|V2 is injective from B to A.
(b) From (a), one has dim A = dim B. This means that the multiplicity of « as the eigen-
value of P(1) is exactly the multiplicity of ™! as the eigenvalue of K(«). O

From the last proposition, we know that there exists one-to-one correspondence be-
tween the discrete eigenvalues of P(1) and the discrete eigenvalues of K(«). Hence, we
can study the eigenvalues of K(«) first.

3 Asymptotic expansion of the eigenvalues

If Py and V are defined as above, we show that if Py + V has the eigenvalue less than zero,
then the smallest eigenvalue of Py + V is simple. We use Theorems XII1.44, XII1.45 [4] to
prove it.

Proposition 3.1 Suppose Py + V has an eigenvalue at the bottom of its spectrum. Then
this eigenvalue is simple and the corresponding eigenfunction can be chosen to be a positive

function.

Proof Let 0 < x(£) <1 be a smooth nonincreasing function such that x(¢) =1 if |¢] <1
and x(¢) =0 if ¢t > 2. Let x,(¢) = x(¢/n). Set V,, = xn(r)@ +V —{x),Hy=-A+ {x), H, =
Hy + V,, H=P =Py + V. From the proof of Theorem XIII.47 [4], we know that e"#0 is
positivity preserving and {e"#0} U L* acts irreducibly on L?. Hence, by Theorem XII1.45
[4], if H, converges to H and H — V,, converges to Hj in the strong resolvent sense, then
e~ is positivity preserving and {e7'} U L* acts irreducibly on L2. By Theorems XII1.43
and XII1.44 [4], we can get the result. Since Cg"(Rd) is the core for all P, and P, and for
any ¥ € Cg° (RY), Vo — (@ + V)¢ in L2, then we have the necessary strong resolvent
convergence by Theorem VIII.25(a) [5]. This ends the proof. (|
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Proposition 3.2 Assume that 0 ¢ 0o,. PoFou = u in H™Y for any u € H™5, s> 1.

Proof 1fu € H™', then Fou € H"*. For any test function ¢ € C3°(R"), we have (PoFou, ¢) =
(1, FoPo). If 0 ¢ 04, then we have lim,_,o(Py — 2)™' = Fy in H™> for Jz > 0. It follows
(u, FoPop) = lim,_, o (1, (Py — 2) 1Py p) = lim,_, o (11, — 2(Py — 2) ") = (1, ¢) because ¢ and
Py belong to H™'. Hence, PoFou = u in H*, O

Proposition 3.3 Assume that 0 ¢ 0. K(@) is a compact operator for o < 0. And K(x)
converges to K(0) in operator norm sense.

Proof Fora <0, K(a) = |V|Y2(Py —a)7}| V|2, Since (Py — «) ! is a bounded operator from
L*(R%) to H'(R?), and V is a compact operator from H'(R%) to L>(R%), then V(Py — )"
is a compact operator on L?(R?). Using a similar method to that in Proposition 2.2, we
can show that V(Py — )™ and K (a) have the same non-zero eigenvalues, and for the same
eigenvalue e(«), the multiplicity of e() as the eigenvalue of V(Py —a) ™! and the multiplicity

of e(x) as the eigenvalue of K(«) are the same. Hence, K(«) is a compact operator. Because
K(@) = K(0) = |VI"*[(Po - )" = F] IV = [V|"2RY | V"2

and if pg > 2, then |V|1/2R(00)|V|1/2 = o(|a|€) in L*(R?). Hence, K(a) — K(0) in operator
norm sense as @ — 0. This means that K(0) is a compact operator. g

Lemma 3.4 Suppose A1, Ay are two bounded self-adjoint operators on a Hilbert space H.
Set

,l,Ln(Al')Z inf sup (w’Ai‘(ﬁ);
Pl | | <1, €[] -

then |11, (A1) — pa(Az)| < |A; — Asll.

Proof By the definition of 1,(A;), one has

|//Ln(A1) - Mn(A2)|

inf sup (¥, Ap) — inf sup <¢,A21/f>‘
Pl | =1,y €l o] - Pl | =1, €l o] -

S-swp (- s )+ s (- s WA
Pl Y=Y Elb1 ] - Flrestbn \ W= Y €lB1mmpn] -

s[sw - s wawms s @)
Pl [P l|=LY €[P1enpn] 1V 1=LY €[] -

- swp | s @A) - s (VA
Pl [ | =LY €[1,mnp] 1 =1 €1, ]+

= sup sup (¥, —Ary) — (¥, —Axy)|
P [ =L g1,or]

< [lA; = Azl

This ends the proof. O
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Lemma 3.5 Suppose T(«) is a family of compact self-adjoint operators on a separable
Hilbert space H, and T («) = To + o(|a|€) for o near zero. Set

m@) = inf  sup (Y, T@)

Then:

(a) ui(@) is an eigenvalue of T (), and (i () converges when o — 0. Moreover, if () —
Wk, then py is an eigenvalue of Ty.

(b) Suppose that Ey # 0 is an eigenvalue of Ty of the multiplicity of m. Then there are m
eigenvalues (counting multiplicity), Ex(«) (1 < k < m), of T(«) near Ey. Moreover, we can
choose {¢r(a); 1 < k < m} such that (¢r(a), ¢j(@)) = 6 (1 < k,j < m), ¢r() is the eigenvec-
tor of T(«) corresponding to Ex(o) (Ex(a) — Eo), and ¢i(c) converges as « — 0. If ¢r()
converges to ¢y, then ¢y is the eigenvector of Ty corresponding to E.

Proof
(a) By the min-max principle, we know that ui(«) is an eigenvalue of T'(x). By
Lemma 3.4, one has

|1i(e) = i (0)| < | T(@) = To| = O(jex€).

It follows that i (o) converges to the eigenvalue of Tj.

(b) Because Tj is a compact operator and Ey # 0 is an eigenvalue of T, then Ej is a dis-
crete spectrum of T. Then there exists a constant § > 0 small enough such that T has only
one eigenvalue Ey in B(Ey, §) (= {z € C; |z — Ey| < §}). For o small enough, T'(«) has exactly
m eigenvalues (counting multiplicity) in B(Ey, §) because the eigenvalues of T'(«) converge
to the eigenvalues of T by part (a) of lemma. Suppose the m eigenvalues, near Ey, of T(«)
are E1(a), Ex(@), . .., E,u (@), and the corresponding eigenvectors are v (), Yo (), ..., Yu(e)
such that (Y (@), ¥j(a)) = 8. Let

1 -1
Py=—— T(a) - E
o |5750\=5( () —E)

dE.

Then Py = 3 7%, ( Yr(@)) Yk (). Let PO = (-, Y () i), then P, = Y 1, PY. For o near

zero, one has

= O(Ja[).

Let A = {¢; ||¢]l =1,¢ € RanPy}. Let ¢ be an element in A such that ||¢ — ¥ ()| acquires
the minimum value. Then we have

12D s — || < |[PLpr — el | + || waler) — o
= | PP — POW()|| + | vrler) - || <2 vler) — px

’
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and
Iviter -] = H Povna) ~ K@
H ||§Z:ZEQ;H Poyi(@) | + | Povi(@) = Poi(@) | = O(le[).

In the last equality, we use the fact

[Povri(@)]|| = || (Poric(er) = Yrr(e)) + Yaeler) | =1 + O(ler|),

and

H Poyri(a) — Povi()
Il

Poyri(a)]|

1 €
- ‘P°’”k(“)<||z>ow(a)|| _1) H = O(1al")

It follows that [[PX ¢y — ¢y || = O(ler|). Let ¢y(ax) = Py :k Then (¢k(a),¢,(a)):0fork7’
) Dyl =
O

j because POPY = 0 if k #j, and [ ge(e) — ¢xll < ||P(k>¢>k —rll + 110 -
O(|a|€). This ends the proof.

I\P

LetO<a;<ap<---<a; <+ <, and

T(B)=To+ Y _ B (InB)" Ti+ T,(B).

i=1

Here, §; =0 or 1, Tp >0, T; (1 <i < m), T,(B) are compact operators, and 7,(8) =
O(|B|¥m*€) for B near zero. Set

e; = inf sup (W, Tor).

Then, by the min-max principle, e; is an eigenvalue of T,. Moreover, if e; # 0, then ¢; is a
discrete eigenvalue of Ty because Ty is a compact operator. If e; # 0 is an eigenvalue of Ty
of multiplicity m, without loss, we can suppose that e; = e5,1 = - - - = €54/-1. Then there exist
exactly m eigenvalues (counting multiplicity), es(8), es:1(B), - - -» €sim-1(8), of T(B) near e;.
By Lemma 3.5, we know that there exists a family of normalized eigenvectors {¢;(8);j =
5,5 +L...,s + m =1} of T(B) such that T(B)§;(8) = &(B)ty(B), (@(B).du(B)) = 8 ik =
s,s+1,...,s+m—1),and ¢;(B) (j=s,s+1,...,s + m — 1) converge as B — 0. Suppose that
¢;(B) converge to ¢; for all j such that e; # 0. Then (¢, ¢;) = &. {¢5} can be extended to a

standard orthogonal basis. Set

TiB) =) B )T+ T,(B),  Ty(B)=(bs T1(B)e)-

s=1

Then we have the following.
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Lemma3.6 T(B),e; aregiven as before. Then the eigenvalue of T(B), e;(8) (j =s,s+1,...

m — 1) has the following form:

%, al(B)

ei(B)=es + —
’ Y, 60(8)

Here

a) (B) = Ty(B),
a)(B)=- > (ex—e) Tu(A)Ty(B),

{kse7es)
ay(B) =D (ex — &) er — &) T (B) Tu(B) Ty(B)

kil

—2 ) (e —e) Ti(B) Ty(B) Ty(B),

{kser 7es}

H@--S20¢ @b Y @-bt -
! 2mi |E-es|=6 11,09yl ' !

x Tjy Ty -+ TijdE - forn>2,
b (B) =1,
b(B) =0,
BB = D (es—e) 2 Tu(B) Tiy(P),

{kiexes}
: (-1)" _ _ _
Ngy=_>—-"2_ _ E)2 _B7loo(e.  —E)?
= 7|§E_es|s‘es B2 Y (B (e, —E)

01,82 0e0lp-1

X T/il Tiliz e Tin—l/ dE fOV n>2.

S+

Proof If e; # 0, then e; is the discrete eigenvalue of T. Suppose that the multiplicity of e

is m, and suppose that e; = e5,; = - - - = e, ,-1 as before. Hence, we can choose § > 0 small

enough such that there is only one eigenvalue e, in B(es, §) = {z € C; |z — &;] < §}. We know

that e;(8) (j=s,s+1,...,s + m — 1) converge to e,. It follows that if § is small enough, there

are exactly m eigenvalues (counting multiplicity) of T'(8) in B(es, §) for 8 small. Set

N -1
Pﬁ_—% ‘E_ES‘:a(T(ﬂ)—E) dE.
Then
oy (@ T(B)Psy)
9B = Py

(¢, ToPp ;) s (¢, T1(B)Pg ;)
(@), Pppy) (@), Papj)
(¢, T1(B)Pp )
(¢, Pspy)

=€

Page 9 of 15
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Since

(T(B)-E)™" = (To-E) (I + Ty(B)(To —E)) "

= (To-E)" Y _(-1)'[Ty(B)(To - E)]",

n=0
then
— 1 -1 - n —117
G Pot =55 . |8<¢’j,(To—E) > (~1"[(Ty(B))(To - E) ]¢,>d15.
—esl= n=0
Then
i (_l)n _ _11n
(0] __\ . _ 1 _ 1 .
b= ?|§M8<¢,,<To EV[(T3(8)(To - EY']'6,) dE.

In particular,

Mgy L T BVl JF -
= fgg_e“(q”’(% Eyl¢)dE-1,
() ____1 ) -l 174
o= 7|§E_es|s<¢”(T° EV[(T3(8)(To - Ey )¢ dE
__ 1 B2, N
—_27_”, |Efes|=5(es E) (¢,,T1(,3)¢})dE—O,
0y , -1 1724
W= 7|§E_ES|6<¢,,<TO—E> [(Tu(B))(To - B ") dE
1
aly (es — E) (¢, [(To(B))(To — E) " (T1(B)) |¢y) dE
Tl J|E—e5|=5
1
=0 |E_es|=a(es -E)7 ij<¢,», (Ty(B))dx)(ex — E) M@y, (T1(B)) ) dE
= —L, (es—E) Z (@), (T1(B)) #x)(ex — E) ¢y, (T1(B)) pi) AE
2700 JiE-es)-s {kiex 7es)
- @B S [ (1) =B (1)) a2
—esl= {ksex=es)
= ) (- ) Tl Ti(B).
{k;ex#es}

In the last step, we use that

3 e -e) 2T T8 <€ > (|Tw(B) + | Ty

(ki Hes) {kier#es}

<c(|Ti B+ | 1By ).

Page 10 of 15
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Similarly, we can get

‘ (-1)" - - -
0W(g) = — _E)2 _EBli(e. —E)?
by (B) = i 7?5 _es|:5(es E) il,iz?.‘,i 71(% E) (i, —E)

X Tjiy Tiyiy -+ Tiy 1 AE;
and

a) () = Ty(h),
a)(B)=- > (ex—e) Tu(A)Ty(B),

{kiek?/es}

alB)= > (e—e)er—e) Ti(B) TulB)Ty(P)

(Lk:er7ej7er}

—2 ) (ex—e) Ti(B) Ty(B) Ty(B),
{kse 7es}
0=~ 7& |_8<¢;,[(T1(ﬁ))(To—E)_l]m(b,-)dE

C 2mi

) ?.gs =B o (L) T - BT Tip)e) d

T omi

~1)* N
= _( ) fg_mé(es -E)*? Z<¢/’ [(Tl(ﬁ))(To —E)‘l] 1

2wi -
i1

x T(B)¢i )(es — E) " T;;(B) dE

(-1)" 7§ a -1 -1
= - (es—E) (e —E) ---(ei, — E)
X Tjiy Tiyiy - - T dE. 0

First, we study the asymptotic expansion of the smallest eigenvalue e;(1) of P(1). By
Proposition 3.1, we know that e; (1) is a simple eigenvalue of P(1), and the corresponding
eigenfunction can be chosen to be positive. We suppose u(1) is a positive eigenfunction
corresponding to e;(1). Then (1) = |V[2u(r) € L*(R%). Without loss of generality, we

can suppose that [|#(1)||;2ge) = 1. Then we can get the following result.

Lemma 3.7 Assume that 0 ¢ 0. Set vo = min{v; v € 0}. U is defined as above. Then
(1) converges in L>(R%) when A — Aq. If vy < 1 and (L) converges to ¢, then ¢ is the
eigenfunction of K(0), and (¢, |V V2 G,y 07, | V| 2¢) #0.

Proof By the assumption of (1), one has K(e;(1))i(%) = A7 1#(X). One can check that z())
converges in L>(R%) as A — Ao by Lemma 3.5. And also, by Lemma 3.5, we know that ¢ is
the normalized eigenfunction of K(0) corresponding to Ey. ¢ is a positive function since

(1) is a positive function. Let u = Fy|V|"2¢, then P(Lo)u = 0 and u is a positive function

Page 11 of 15


http://www.boundaryvalueproblems.com/content/2013/1/62

Jia and Zhao Boundary Value Problems 2013, 2013:62 Page 12 of 15
http://www.boundaryvalueproblems.com/content/2013/1/62

because | V|2 = |V|V2Fy|V|Y2¢ = K(0)¢ = A5'¢p. Then

(6 VI G 0m VI29)
= 2(IVIY2u, [V 12 G 0 V2V 20)
= A(Z, (Vu, Gy omy, Vi)

2

= )L%CUO |<Vu1 |y|_nTJ+UO¢U0>i

Z0.
In the last equality, we use the fact that

d-2 d-2
Gvo,O = (rr)vobvo,QfO = dl)obvo,o(rr)_T+v0 = Cvo(r-’:)_T‘H)O

Ly
£2° 7 1 and C,, = d,,b,,,0. This ends the proof. O

with d,,, = S Drme

Theorem 3.8 Assume that 0 ¢ 0. ¢ is defined in Lemma 3.7. If py > 6, one of three ex-
clusive situations holds:
(a) If o1 =0, then

e1(A) = —c(A — Xg) + o(A — Ag)

with ¢ = (k|| Fol V12 )72 #0.
(b) If vo = 1, then

A—2Ap A—2Ao
Al =T “(m - Ao))

with ¢ = 332(, V"G om | V[Y2) L #0.
(c) If vo < 1, then

1 1
el(A) = c((A = 210)™ ) + o((h —1g) ™)
with ¢ = 1%, |V[V2 Gy 01 | VIV2) ! #0.

Proof
(a) By Theorem 2.1, one has

Ro(a) = Fo + oFy + RP(@), in £(-1,51,-s),5 > 3.

Then if p > 6, we can get K(a) = K(0) + |V|Y2(aFy, + RV (@))| VY2 in £(0,0;0,0). Because
e1(1) is the simple eigenvalue of P(1), then A 7! is the simple eigenvalue of K(e;(1)). Since
V <0, one has that P(1) is monotonous with respect to A and so is the e;(A). Hence,
K(e1(2)) and the eigenvalues of K(e;(A)) are monotonous with respect to A. Therefore,
we have that A ! is the biggest eigenvalue of K(e;(1)). If not, suppose that @ > 7! is an
eigenvalue of K(e; (1)), then by the continuity and monotony of the eigenvalue of K(e; (1))
with respect to A, we know that there exists a constant A" < A such that A € o (K(e1(1"))).


http://www.boundaryvalueproblems.com/content/2013/1/62

Jia and Zhao Boundary Value Problems 2013, 2013:62 Page 13 0of 15
http://www.boundaryvalueproblems.com/content/2013/1/62

It follows that e; (1) < e1(1) is an eigenvalue of Py + A V. This is contradictory to that e; (1)
is the smallest eigenvalue. By Lemma 3.7, we know the normalized eigenfunction () of
K(e1(A)) converges to ¢. It follows z()) = % with Py = —ﬁ |57£0|=5(K(61()‘)) —E)YdE.
Then

(¢, K(e1(1))Pr¢p) ‘

1(en(n) = (@), K (e(1))a(r)) = @, Prd)

Here p(e1(1)) is the eigenvalue of K(e;(A)) corresponding to the eigenfunction #(A). By
Lemma 3.6, we should compute (¢, |V[V2F,|V|Y2¢). Let = Fy|V|"2¢. From the defini-
tion of ¢, one has K(0)¢ = A;'¢. Hence,

(Po + 2o V)¥r = PoFol VI"?¢ + o Vo[ V[¢ = 0.
In the last equality, we use the fact PyFy| V|"/2¢ = |V|V2¢, which can be obtained by Propo-

sition 3.2. Since vy > 1, we have ¥ € L*(R%) by Theorem 3.1 [1]. So, ¥ is the ground state
of P(Aq). We also have

V" = K(0)¢ = 15",

(Po—a) V1Y = 45" (¥ + aRo(@)¥).
Hence,

[VIZEIVIT¢ = ho| VIR VT VY
= hoa VIV (Ro(@) = Fo) IV Iy + O(jer|)
= oo V"5 (¥ + aRo (@)Y — ) + O(Jat[€)
= [VI"*Ro(@)y + O(lt|).

It follows

(6, IVI2RIVI20) = lim (V[ Ro(c) )

= (Fol V"¢, %)
=y > #o0.

So, () = A" + o + o(|ae|'€) with ¢; = IEoIVI2o)%. By the Proposition 2.2, one has
u(er(r)) = 171 It follows

A =gt + e (A) + O(Jlen(W)[).
Since 17! = A5t =252 (A — Ao) + O(|A — Ao |*), we can get the leading term of e; (1) is —c(A — Ao)
) 1o
with ¢ = (Aol Fol V|2 []) 2.

(b) If vg =1, then

K(a) = K(0) + alna| V|V Gy om | VY2 + O(a).
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By Lemma 3.7, one has
(6, 1VI"2Grom | VI"¢) 7 0.
Then we have
o) = kal +caalna +o(a)
with ¢; = (¢, |V[Y2Gom1|V[Y2¢). As in (a), using u(e; (1)) = A~ and
A =00 = Ag2 (A = &) + O(IA = Aol?),
one has —A72(1 — X¢) + O(JA = Ag|%) = ce1 (1) Ine; (1) + o(e; (1)). To get the leading term of

e1(1), we can suppose that e; (1) = (A — A9)f (A). Then, by comparing the leading term, we
can get f(1) = 1/1In(A — Xo). It follows

A= o A=ho
al) =~ T O(ln(x —)»o))

with ¢ = A32(¢, | VY2 Grom | VY2 ¢) L.
(c) If vy <1, one has

K@) =K(©0)+ Y _ o' |VI"G,om, V"> + O(|e).

O<v<1

By Lemma 3.7, we know that (¢, |V|2G,, 07, | V[/2$) ! # 0. Using the same argument as
before, we can conclude

(o) = Ayt + o™ + o(lalv‘))
with ¢ = (¢, |V[V2G, 01y, | VIV2¢). As above, we can get that
1 1
e1(A) = c(h —Xg) "0 +o((h—2o)™)

with ¢ = 15%(e, | VY2 Gy 07 | VV2) L. 0
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