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1 Introduction

In recent years, multiple solutions of boundary value problems for impulsive differential
equations in scalar spaces had been extensively studied (see, for example, [1-3]). In recent
papers [4] and [5], Professor D. Guo discussed two infinite boundary value problems for
nth-order impulsive nonlinear singular integro-differential equations of mixed type on the
half line in a Banach space. By constructing a bounded closed convex set, apart from the
singularities, and using the Schauder fixed-point theorem, he obtained the existence of
positive solutions for the infinite boundary value problems. But such equations are sub-
linear, and there are no results on existence of two positive solutions. Now, in this paper,
we shall discuss the existence of two positive solutions for first-order superlinear singular
equations by means of a different method, i.e., by using the fixed-point theorem of cone
expansion and compression with norm type (see [6, 7]), and the key point is to introduce
a new cone Q.

Let E be a real Banach space and P be a cone in E, which defines a partial ordering in
E by x <yifand only if y —x € P. P is said to be normal if there exists a positive constant
N such that § < x <y implies |lx|| < N||y|l, where 6 denotes the zero element of E, and
the smallest N is called the normal constant of P. If x < y and x # y, we write x < y. Let
P, =P\{6},i.e., P, ={x € P:x>0}. For details on cone theory, see [7].
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Consider the infinite three-point boundary value problem for a first-order impulsive
nonlinear singular integro-differential equation of mixed type on the half line in E:

u'(t) = f(t, u(t), (Tu) (@), (Su)(t)), Vte],
Attlmy = L(u(ty)) (kK=1,2,3,...), @)
u(oo) = yu(n) + pu(0),

where J = [0,00), J, =(0,00), 0 <ty < <tg < -, tx > 00, J, = \{t, ..., tks. ..}, f €

ClJs x P, x Px P,P), I e C[P,,P] (k=1,2,3,...),0<y <1, B+vy >1, t_1 <N <ty (for
some m), u(00) = limy_, o, u(£) and

(Tu)(t) = /OtK(t,s)u(s) ds, (Su)(t) = /OMH(t,s)u(s) ds, (2)

K e C[D,R,],D={(t,s)e] xJ:t>s}, He C[J] xJ,R,], R, denotes the set of all nonneg-

ative numbers. Au|;-;, denotes the jump of u(¢) at £ = , i.e.,
Al = ue}) - u(5),

where u(£;) and u(; ) represent the right and left limits of u(t) at ¢ = &, respectively. In the

following, we always assume that

lim Hf(t,u,v,w)H =00, YueP,v,weP (3)
t—0t

and
lirg ||f(t, u, Vv, w) || =00, Vte],,v,weP, (4)
u—0+

(where u — 6* means u > 6, |u|| — 0), i.e., f(t,u,v,w) is singular at £ = 0 and u = 6. We

also assume that
lim || L(u)| =00 (k=1,2,3,..), (5)
u—0+

ie, Ir(u) (k=1,2,3,...) are singular at u = 6.

Let PC[J,E] = {u: u is a map from J into E such that u(f) is continuous at ¢ # &,
left continuous at t = f, and u(¢;) exists, k = 1,2,3,...} and BPC[J,E] = {u € PC[],E] :
sup,; llu(t)|| < oo}. It is clear that BPC[/, E] is a Banach space with norm

llell 5 = sup || u(®)|.
te]

Let BPC[J,P] = {u € BPC[J,E] : u(t) > 6,¥t € J} and Q = {u € BPC[J,P] : u(t) > p~1(1 -
y)u(s),Vt,s € J}. Obviously, BPC[],P] and Q are two cones in space BPC[J,E] and Q C
BPC[],P]. u € BPC[J,P] N C*[], E] is called a positive solution of the infinite three-point
boundary value problem (1) if u(£) > 0 for ¢t € J and u(¢) satisfies (1). Let Q, = {u € Q:
llullg >0} and Qp = {u € Q:p < |lullp < q} forg>p>0.
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2 Several lemmas
Let us list some conditions.
(Hy) sup,¢; fot K(t,s)ds < 00, sup,; [, H(t,s)ds < oo and

[e¢]

lim | |H(f,s)-H(ts)|ds=0, Vte].

t'—t 0

In this case, let

"—sup/ K(t,s)ds, ’ —sup/ H(t,s)d

te] te]

(Hy) There exist 2 € C[J,,R,] and g € C[R,, x R, x R,,R.] such that
@& w,v,w)| < a@g(lul, IvI, Iwll), Vte,ueP,v,weP,
and
. 00
a :/ ﬂ(t)dt( oo,
0

where R, ={x € R, : x> 0}.
(H3) There exist yx >0 (k=1,2,3,...) and F € C[R,,,R,] such that

[0 < wE(lul), VueP, k=1,23,..)

and

[o¢]
V=Y.
k=1

(Hy) Forany t € J, and r > p > 0, f(t, Ppy, P, Py) = {f(t, 16, v, W) : 4 € Py, v, w € Py} and
I (Ppr) = (Ix(w) : u € Py} (k=1,2,3,...) are relatively compact in E, where P, = {u € P:
lull <r}and Py, ={ucP:p < |lull <r}

Remark Obviously, condition (Hy) is satisfied automatically when E is finite dimensional.

Remark It is clear: If condition (H;) is satisfied, then the operators T and S defined by
(2) are bounded linear operators from BPC[J,E] into BPC[J,E] and ||T|| < k', ||S|| < k’;
moreover, we have T(BPC[J,P]) C BPC[J,P] and S(BPC|],P]) C BPC][],P].

We shall reduce the infinite three-point boundary value problem (1) to an impulsive
integral equation. To this end, we consider the operator A defined by

1 o0
() = 5 — [ / 1 (s,u(s), (Tu)(s), (Su)(s)) ds

n
+(1-y) /o £ (s, u(s), (Tu)(s), (Su)(s)) ds

Page 3 of 24
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m-1
+ Zlk u(tk) +(1- J/)Zlk u(tk)
k=1
/ F(5,u(5), (Tu)(s), (&) ds + 3 L(w(to), Veel. (6)

O<ty<t
In what follows, we write J; = [0, t1], Jx = (tx-1, t&] (k=2,3,4,...).
Lemma 1 Let cone P be normal and conditions (H;)-(Hy) be satisfied. Then operator A

defined by (6) is a continuous operator from Q. into Q; moreover, for any q > p > 0, A(Qp,)
is relatively compact.

Proof Letu € Q, and |lu||g =r. Thenr >0 and

u(t) = A -y)uls) =0, Vtsel,
50,

|u@®)] = N7 B = )lulls, Ve, ?)
where N denotes the normal constant of cone P, and consequently,

N7'B 1-y)r < |u@®)| <r, Vte]. (8)
By condition (H;) and (8), we have

If (&, u(@), (Tw)(@), (Sw)(®)) | < Ma(t), Vte], ©)
where

M= max{g(x,y,z) :N’lﬂ’l(l —y)r<x<r0<y< kKr0o<z< h*r},

which implies the convergence of the infinite integral

/o S (& u(@), (Tu)(t), (Su)(2)) dt (10)

and

/0 S (& u(®), (Tu)(t), (Su)(t)) dt

< /OOO If (& u(®), (Tu)(0), (Su)(®)) | dt < Ma’.  (11)
On the other hand, by condition (Hs) and (8), we have

|2 () | <Dy (k=1,2,3,...), 12)
where

D= max{F(x) NI 1-y)r<x< T},
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which implies the convergence of the infinite series

oo

Zlk(u(tk))
k-1
and
ka(u(fk)) < Z”Ik(u(tk)) | <Dy".
k-1 k=1

It follows from (6), (11), and (14) that

1
B+y-1

[(Aw)@)| < {/ 1f (s, u(s), (Tu)(s), (Su)(s)) | s
n
n
+(1- y)/o Hf(s, u(s), (Tu)(s), (Su)(s)) || ds
00 m-1
DNNCRIRED S
k=m k=1

+/(‘) Hf(s, u(s), (Tu)(s), (Su)(s)) || ds + Z Hlk(u(tk)) ||

O<ty<t

=

1
B+y-1

{/0 £ (s, (), (Tw)(s), (Sw)(s)) | s + ZH[k(u(tk)) I }
k=1

[, (1069, (5006) [ s + Y- i)
k=1

:ﬂ+y—1

B+y
B+y-1

B+y [/(; If (s, 2(s), (Tu)(s), (Su)(s)) | ds + Z”Ik(u(tk)) I }
k=1

< (Ma" +Dy"), Vte],

which implies that Au € BPC[J, P] and

B+y

mmmngj;tE@mf+Dyw

Moreover, by (6), we have

mum)zﬂ+y_l

{ [ o9 1), () s
n

n
L-p) /0 F(s,6), (Tu)(s), (Su)(s)) ds

9] m-1
+ Z[k(u(tk)) +(1-y) Zlk(u(tk)) , Yte]
k=1

k=m =

(13)

(14)

(15)

(16)

Page 5 of 24
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and

(Au)(t) <

“B+y-1 {A f(S, u(s), (Tu)(s), (Sl/l)(S)) ds

n
+(1- y)/(; f(s, u(s), (Tu)(s), (Su)(s)) ds

oo m-1

) L(w(e)) + = y) Y ()
k=m k=1
+ /Oocf(s, u(s), (Tu)(s), (Su)(s)) ds + Z[k(u(tk)), Vte]. (17)
k=1

It is clear,

/0 f(s, u(s), (Tu)(s), (Su)(s)) ds + Zlk (u(tk))
k=1

[ed] n
< L {/ S (s,u(s), (Tu)(s), (Su)(s)) ds + (1 - y) /(; S (s, u(s), (Tu)(s), (Su)(s)) ds
0

=1_ y
oo m-1

O L(ut) + (U= 9) > Le(ute) } (18)
k=m k=1

s0, (17) and (18) imply

1 1
+_
B+y-1 1-y

(A0 < { H [ rts.uton i ) ds
n

f(-y) /O " (5, 1), (Tu)(s), (Su)(s)) ds

00 m-1
Y L)) + (L= y) Y Le(ulti)) } Vie. (19)
k=m k=1

It follows from (16) and (19) that

1 1 1\
(Au)(t)zﬂ+y_1<ﬂ+y_1+l_y> (Au)(s)
= B 1 -y)(Au)(s), Vtse]. (20)

Hence, Au € Q, i.e., A maps Q, into Q.
Now, we are going to show that A is continuous. Let u,, u € Q,, ||u, —u|g — 0 (n — 00).
Write ||i]|g = 27 (¥ > 0) and we may assume that
’_"5”1/5;1”353; (1’121,2,3,..-).

So, by (7),

N7 A -y)r < |ua(®)| <37, Vte] (n=1,23,..) (21)
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and

N7 A-y)r<2N'B A -y)r < |u(®)| <27 <37, Vte]. (22)
Similar to (15), it is easy to get

lAw,, — Aut|p

< % { /0 1 (5, 1 (s), (Tit)(5), (Sta)(5)) — £ (s, (s), (T)(s), (Sit)(s)) | ds

Y | (n(8)) = I (8) | ] (n=1,2,3,...). (23)
k=1

It is clear that
f(t, u,(t), (Tu,)(t), (Sun)(t)) —>f(t, u(t), (Tu)(x), (Sﬁ)(t)) asn— oo,Vt e/, (24)
and, similar to (9) and observing (21) and (22), we have

If (& ua(®), (Tu,)(®), (Sua) (@) = £ (&, (), (T)(2), (SH)(2)) | < 2Ma(t) = d(2),
Vte] (n=1,2,3,...);d € L[],R,], (25)

where
M= max{g(x,y,z) N 1-y)r<x<3r0<y<3k7r0<z< Sh*?}.

It follows from (24), (25), and the dominated convergence theorem that

[ee]

lim [ (& w0, (Tun)(®), (S)(0)) — £ (& (D), (T)(®), (SR)(®)) | dt = 0. (26)

n—00 0

On the other hand, for any € > 0, we can choose a positive integer j such that

D Z Vi <€, (27)
k=j+1

where
D= max{F(x) NI l1-y)r<x< 37’}.

And then, choose an positive integer #¢ such that

j
Z”Ik(u,,(tk)) - Ik(zft(tk)) || <€, Vn>ng. (28)
k=1
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From (27), (28), and observing condition (H3) and (21), (22), we get

oo o0
ZH[k(un(tk)) — Ie(a(tr)) | < € + 2D Z vk < 3€, Vn>ny,
k=1 k=j+1

hence,
Tim Y |7 (1)) - I (@(2)) | = . (29)
k=1

It follows from (23), (26), and (29) that ||Au, — Au|p — 0 as n — oo, and the continuity
of A is proved.

Finally, we prove that A(Q,,) is relatively compact, where g > p > 0 are arbitrarily given.
Letv, € A(Qpq) (n=1,2,3,...). Then, by (7),

N7 1 -yp < |vu®| <q Yte](n=1,2,3,..). (30)

Similar to (9), (12), (15), and observing (30), we have

f (& va(8), (TV,) (@), (Sva)(®)) | < Mra(e), Vi€, (n=1,2,3,..), 31)

[ 5c(va&) | < Dive (kon=1,2,3,..) (32)
and

”AVn”B < %(Mld* +D1)/*) (l’l :1,2, 3,...), (33)
where

M, =max{g(x,y,2): N 1-y)p<x<q0<y<kq0=<z<hgq}
and
Dy =max{F(x): N (1-y)p <x <q}.

Consider J; = (t;_1,t;] for any fixed i. By (6) and (31), we have
t/
[(Av)(2) = (Av) (@) | < / 1f (5, vn(5), (Tv)(s), (Svi)(s)) || ds
t
t/
< M1/ a(s)ds, Vt,t €], >t(n=1,2,3,...), (34)
L
which implies that the functions {w,(¢)} (n=1,2,3,...) defined by

wlt) = (Av,)(2), Vte; =t til, (n=123..) (35)
(AVn)(tz—_l)r Vi=ti1

Page 8 of 24
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((Au,)(t} ) denotes the right limit of (Au,)(¢) at t = ¢;_;) are equicontinuous onJ; = [t1,4].
On the other hand, for any € > 0, choose a sufficiently large T > 1 and a sufficiently large
positive integer j > m such that

M1/ a(s)ds < e, D, Z Vi < €. (36)

k=j+1

We have, by (35), (6), (31), (32), and (36),

wy(t) = 3 _1[ /n F(8,vu(8), (Tv,)(s), (Svi)(s)) dis
. f F(5,72(8), (T0,)(5), (Sv,)(5)) ds

+(1-y / S (5 vu(8), (Tv)(5), (Sva)()) dHZlk (va(t0))

k=
+ Zlk (va(ta)) + (1 - y)milk Va(tr)) } f S (5,vu(5), (Tva)(s), (Svi)(s)) dls
kel
+ Zlk(vn(tk)), Vte]; (n=1,2,3,...) (37)
and
/T oof(s, va(8), (Tva)(s), (Sv)(8)) ds|| <€ (n=1,2,3,...), (38)
i L(va(t0)|| <€ (m=1,2,3,...). (39)
kel

It follows from (37), (38), (39), and ([8], Theorem 1.2.3) that

a(W@) =

By 1:2/;] oz(f(s, V(s), (TV)(s), (SV)(S))) ds + 2¢

+2(1- /a(f(s, ,(TV)(s), (SV)(s ds+2 Ik +2e

m-1

+(1-y) Za(lk(V(tk)))} + 2/0 a(f (s, V(s), (TV)(s), (SV)(s))) ds
i-1

+ Zol Ik V(tk Vt Gji, (40)
k=1

where W(¢) = {w,(t) :n=1,2,3,...}, V(s) = {v,,(s) : m=1,2,3,...}, (TV)(s) = {(Tv,)(s) : m =
1,2,3,...}, (SV)(s) = {(Sv,)(s) : m =1,2,3,...} and a(U) denotes the Kuratowski measure
of noncompactness of bounded set U C E (see [8, Section 1.2]). Since V(s) C P, and
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(TV)(s),(SV)(s) C P fors € ], where p" = N'87'(1-y)pand g = max{q,k'q,h"q}, we see
that, by condition (Hy),

a(f (s, V(s), (TV)(s),(SV)(s))) =0, Vse] (41)
and

a(li(V®))) =0 (k=1,2,3,...). (42)
It follows from (40) to (42) that

a (W) vte,

)2 5T
which implies by virtue of the arbitrariness of € that a(W(¢)) = 0 for ¢ € J.

By the Ascoli-Arzela theorem (see [8, Theorem 1.2.5]), we conclude that W = {w,, : n =
1,2,3,...} is relatively compact in C[J;, E], hence, {w,(t)} has a subsequence which is con-
vergent uniformly on J;, so, {(Av,)(t)} has a subsequence which is convergent uniformly
on J;. Since i may be any positive integer, so, by diagonal method, we can choose a sub-
sequence {(Av,,)(£)} of {(Av,)(t)} such that {(Av,,)(t)} is convergent uniformly on each Ji
(k=1,2,3,...). Let

lim (Av,,,)(¢) = w(t), Vte].

It is clear that w € PC[], P]. By (33), we have

B+y

Av, |lp < —————
” nl”B_ﬂ‘F)/—l

(Mia" +Dry’) (i=1,2,3,..),

which implies that w € BPC[J, P] and

B+vy
B+y-1

Iwlis < (Mya +Dyy’).

Let € > 0 be arbitrarily given and choose a sufficiently large positive number t such that

MI/OOa(s)ds+Dlzyk<e. (43)

>t

For any 7 < t < 0o, we have, by (6),

(Av,,)(8) = (Av,,)(1) = / S (8, v, (), (Tv,)(5), (v, ) (5)) ds
+ Y L(va(®) (=1,23,..),

T<{i<t

which implies by virtue of (31), (32), and (43) that

”(Av,,l.)(t)—(AV,,i)(r)H §M1/ a(s)ds + D, Z w<e (i=1,2,3,...). (44)

T T<tp<t

Page 10 of 24
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Letting i — oo in (44), we get
||w(t) - w(r)” <e, Vt>T. (45)

On the other hand, since {(Av,,)()} converges uniformly to w(t) on [0, 7] as i — oo, there

exists a positive integer iy such that
||(Av,,i)(t) —w(t) ” <€, Vtel0,t],i>ip. (46)
It follows from (44) to (46) that

| (A ) (@) = w@) | < [|(Ave)(©) = (A, ) (©)]| + || (Av,,) (@) - w(D)|

+ ||w(r) - w(t)|| <3¢, Vt>T1,i>Ii. (47)
By (46) and (47), we have
lAv,, —wllg <3¢, Vi>i,
hence, ||Av,; — w|lz — 0 as i — 00, and the relative compactness of A(Q,,) is proved. [

Lemma 2 Let cone P be normal and conditions (Hy)-(Hy) be satisfied. Then u € Q, N
C'[J},E] is a positive solution of the infinite three-point boundary value problem (1) if and

only if u € Q, is a solution of the following impulsive integral equation:

u =5 ! / " f s, (Tu)(s) (510(6)) s
+(1-y) fo nf (s, u(s), (Tu)(s), (Su)(s)) ds + glk(”(tk)) +(1-y) V:Z;Ik(”(tk))
+ /0 t £ (s, u(s), (Tu)(s), (Su)(s)) ds + 0<th;t1k (u(t), Vtel, (48)
i.e., u is a fixed point of operator A defined by (6) in Q..
Proof For u € PC[J,E] N C'[J/,E], it is easy to get the following formula:
u(t) = u(0) + /0 t W(s)ds+ Y [u(tf) —utd)], Vee]. (49)

O<tg<t

Let u € Q, N C'[J/, E] be a positive solution of the infinite three-point boundary value
problem (1). By (1) and (49), we have

u(t) = u(0) + /0 f(s, u(s), (Tu)(s), (Su)(s)) ds + Z Ik(u(tk)), Vte]. (50)

O<ty<t

Page 11 of 24
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We have shown in the proof of Lemma 1 that the infinite integral (10) and the infinite series

(13) are convergent, so, by taking limits as ¢t — oo in both sides of (50), we get

u(oo) = u(0) + /0 f(s, u(s), (Tu)(s), (Su)(s)) ds + Zlk (u(tk)). (51)

k=1

On the other hand, by (1) and (50), we have

u(00) = yu(n) + fu(0) (52)
and
n m-1
u(n) = u(0) + /0 f(s,u(s), (Tu)(s), (Su)(s)) ds + Zlk(u(tk)). (53)
k=1

It follows from (51) to (53) that

u0) = 5 ; — { f " (s uls), (Tu)(s), (51)(s)) ds

ca-n | " s uls), (Tu)(s), (Su)s)) ds

0 m-1
Y h(w@) + A= p) Y L(u@)
k=m k=1

and, substituting it into (50), we see that u(¢) satisfies equation (48), i.e., u = Au.

Conversely, assume that # € Q, is a solution of Equation (48). We have, by (48),

!
CB+y-1

u(0) { [ #us), o) sus) s
n

ca-n | " s uls), (Tu)(s), (Su)s)) s

00 m-1
+ Zlk (ultr)) + A -p) Zlk (u(tx)) (54)
k=m k=1

and

1
CB+y-1

u(n) { / f (s, u(s), (Tu)(s), (Su)(s)) ds
n

m-1

n [e¢]
+(1-y) /0 £ (s,14(s), (Tu)(s), (Su)(s)) ds + Y Ie(u(t)) + (1= ) Y T(u(t))

k=m k=1

m-1

n
+ /0 S (s, u(s), (Tu)(s), (Su)(s)) ds + Zlk(u(tk)). (55)
k=1
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Moreover, by taking limits as ¢ — oo in (48), we see that u(co) exists and

1 [e¢]
u(oo) = Ay 1 :/ﬂ S (s, u(s), (Tu)(s), (Su)(s)) ds

n o0
+(1-y) /0 S (s,us), (Tu)(s), (Su)(s)) ds + Y _ I (wlti))

k=m

m-1 o0
F(1=9) > Be(ul) } " /0 S (s,u(s), (Tu)(s), (Su)(s)) ds
k=1

+ Z[k(u(tk)). (56)

k=1

It follows from (54) to (56) that
yu(n) + pu(0) = u(co).

On the other hand, direct differentiation of (48) gives
u'(¢) =f(t,u(t), (Tu)(t), (Su)(t)), vee],

and, it is clear, by (4.8),
Autley = I(u(te))  (k=1,2,3,...).

Hence, u € C'[J,, E] and u(¢) satisfies (1). Since u € Q,, so (7) holds and || > 0, hence
u(t) > 0 for t € J. Consequently, u(¢) is a positive solution of the infinite three-point bound-
ary value problem (1). d

Lemma 3 (The fixed-point theorem of cone expansion and compression with norm
type; see [6, Theorem 3] or [7, Theorem 2.3.4]) Let P be a cone in real Banach space
E and Q,, 2, be two bounded open sets in E such that 6 € Q,, Q1 C Q, and operator
A:PN(2\Q1) — P be completely continuous, where 6 denotes the zero element of E and
Q; denotes the closure of Q; (i = 1,2). Suppose that one of the following two conditions is
satisfied:

@ [Ax| <lxll, VxePNo; Ax) = llxll,  VxePNoky,
where 9$2; denotes the boundary of Q; (i = 1,2).

(b) [lAx[ > llxll, VxePNo; lAx|l < llxll, Vx €PNy,
Then A has at least one fixed point in PN (Q2,\21).

Remark 1 Lemma 3 is different from the Krasnoselskii fixed-point theorem of cone ex-
pansion and compression (see [9, Theorem 44.1]). In Krasnoselskii’s theorem, the condi-
tion corresponding to (a) is

(@) Ax#x, VxePNoQ, Axfx VxePNoQ.
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It is clear, conditions (a) and (a’) are independent each other. On the other hand, in Kras-

noselskii’s theorem, 1 and 2, are balls with center 6.

3 Main theorems
Let us list more conditions.
(Hs) There exist uy € Py, b € C[J,,R,,] and t € C[P,,R,] such that

f&u,v,w) = b(t)t(w)uyg, Vte€],ueP,,v,weP,

and

7(u)
W—)OO asu € Py, ||u|| - oo,
u

and

%

o0
b =/ b(t)dt < oo.
0
Remark 2 Condition (Hs) means that f (¢, u, v, w) is superlinear with respect to u.
(Hg) There exist u; € P,, c€ C[J,,R,.] and o € C[P,,R,] such that
ftu,v,w) = c(t)o(w)uy, Vte],uecP,,v,weP,
and
o(u)—> o0 asuelP,|ul| — 0,
and
. o0
¢ = / c(t) dt < oo.
0

Theorem 1 Let cone P be normal and conditions (H;)-(He) be satisfied. Assume that there

exists a & > 0 such that

N(B+vy)

ﬁ+y_1(Mga*+D§y*)<E, (57)

where N denotes the normal constant of P, and

M; = max{g(x,y,z) N M1-y)e<x<E0<y<k§0<z< h*%'}, (58)
D¢ = max{F(x): N7 (1~ y)§ <x <&} (59)
(for g(x,9,2), F(x), a and y’; see conditions (Hy) and (Hz)). Then the infinite three-point

boundary value problem (1) has at least two positive solutions u’,u” € Q, N C'[J/, E] such
that 0 < ||u'||lg < & < ||u” .
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Proof By Lemma 1 and Lemma 2, operator A defined by (6) is continuous from Q, into
Q and we need to prove that A has two fixed points #” and ™ in Q, such that 0 < ||u’| 3 <

£ <lu”lls.

By condition (Hs), there exists a r; > 0 such that

B(B+y -1)N?
t(u) > ———ull, YueP,|ul|>r, (60)
(L= y)20 [luo| ' !
SO,
—1)N?
flowvwyz PV DNy g ue P vweblul=n.  (6])
L=9)*b"|luoll
Choose
ry >max{NB(1-y)'r,&}. (62)

For u € Q, ||u||g = r2, we have by (7) and (62),
|u@)| = N BHA-p)llulls =N"BHL-y)2>n, Ve, (63)
s0, (6), (63), (61), and (7) imply

(Au)(®) > %( /0 1 (s,uls), (Tw)(s), (Su)(s) ds)

N? o0
- m( fo |u9)]o69) ds)uo

o Nlluls (/ b(s)ds)uo _Nlels e, (64)
0

~ blluoll llo I

and consequently,
lAullp = lullz, VYueQ llullp=rs. (65)

By condition (Hg), there exists 73 > 0 such that

—-1)N.
o(u) > M YueP,,0<|lull<rs, (66)
A=y)c lwmll
so,
—1)N.
[t u,v,w) > MC(t)ul, Vte],ueP,v,weP,0<|ul<rs. (67)
A =y)c llmll
Choose
0 < r4 < min{rs, £}. (68)

For u € Q, ||u|| = 4, we have by (68) and (7),

ry > @] = N7 B A= y)lulls = N1 - y)r >0, 69)
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so, we get by (6), (69), and (67),

(Au)(®) > ﬁ%y_l( /0 1 (s,u(s), (Tw)(s), (Su)(s) ds)

> *Né </ C(S)dS)m:N—Sul, vVie],
clull \Jo llzas ]

which implies

|An)@)| =& >ra, VEeT,
and consequently,
lAullp > lulls, VueQllullp=ra. (70)

On the other hand, for u € Q, ||u|z = &, by condition (Hy), condition (Hs), (58), and (59),

we have

If (&, u(@), (Tw)(@), (Su)(®)) || < Msa(e), Vte], (71)
and

(@) || < Dewic (k=1,2,3,...). (72)

It is clear, by (17),
(Au)(t) < % ( /0 " F (5,1, (Tu)(s), (Su)(s)) s + ;Ik(u(tk)))f Vie]. (73)
It follows from (71) to (73) that

IAulls < M(Mgof +Dey’). (74)

B+y-1

Thus, (74) and (57) imply
lAull < llullz, YueQ,lulp=5. (75)

From (62) and (68), we know 0 < 14 < £ <1y, and by Lemmal, A : Q,,», — Q is completely
continuous, where Q,,,, = {# € Q:r4 < ||lu|lg < r2}, hence, (65), (70), (75), and Lemma 3
imply that A has two fixed points u’, " € Q, such that ry < ||u'||p <& < ||u” || < r2. The
proof is complete. d

Theorem 2 Let cone P be normal and conditions (Hy)-(Ha) and (Hg) be satisfied. Assume
that

g(x,9,2)
xX+y+z

-0 asx— (76)
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uniformly for y,z € R, , and

F(x)
— >0 asx— o0
x

(77)

(for g(x,y,z) and F(x), see conditions (Hy) and (Hsz)). Then the infinite three-point boundary

value problem (1) has at least one positive solution u” € Q, N C'[J',E].

Proof As in the proof of Theorem 1, we can choose r4 > 0 such that (70) holds (in this
case, we put &£ = 1in (66) and (68)). On the other hand, by (76) and (77), there exists r5 > 0

such that

g, y,2) <ex+y+2), Yx>r5y>0,z>0
and

F(x) <e€ox, Vx>rs,

where

_ B+y-1
CENG ALK s Ty

Choose
76 > max{Nﬁ(l —y) s, r4}.
For u € Q, ||u||s = r¢, we have by (7) and (81),
|lu@)| =N"'B A= y)re>rs, Vie]
s0, (78) and (79) imply

(Tw) @), [Sw®]) < eo([u®] + [(T)@)| + |[(Su)(@)])

< 60(1 +k + h*)r6, Vee]

g([u)

’ ’

and
F(”u(tk) ||) <€ ||u(tk) || <eors (k=1,2,3,...).

It follows from (73), conditions (H,), condition (H3), (82), (83), and (80) that

N . o >
||(Au)(t) || < %:eo(l +k +h )r6/0 a(s) ds+eor6§yk
_ N(B +y)eors

By -1 {(1+k#+h*)a*+y*}=r6, Vte],

(78)

(79)

(80)

(82)
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and consequently,
lAullp < lulls, YueQ,llullp=rs. (84)

Since rg > r4 by virtue of (81), we conclude from (70), (84), and Lemma 3 that A has a fixed

point #” € Q, such that 74 < |||z < 6. The theorem is proved. O

Example 1 Consider the infinite system of scalar first-order impulsive singular integro-

differential equations of mixed type on the half line:

u,(t) = %{l(um(t) D oot Um()* + 5 (g ()7}
# gz Uy D) ds)? + 5[5 a252)2),
YO<t<oo,t#k (k=1,2,3,...;n=1,2,3,...), (85)
Attylek = S5 (tan(K) + (00 ()3} (k=1,2,3,..5n=1,2,3,...),
u,(00) = %un(%) +6u,(0) (n=1,2,3,...).

Conclusion Infinite system (85) has at least two positive solutions {u, ()} (n=1,2,3,...)
and {u,, (£)} (n=1,2,3,...) such that

0< 1nf Zu () < sup Zu (t)<1< sup Zu (1),

0<t<oo =1 0<t<oo =

o0
inf > u,(t)>0.
1

0<t<oo
n=

Proof Let E = 1" = {u = (u1,..., up,...) 0 Yooy |ths| < 00} with norm [Ju|| = > o) |u,| and
P={(u1,...,Un,...): u, >0,n=1,2,3,...}. Then P is a normal cone in E with normal con-
stant N = 1, and infinite system (85) can be regarded as an infinite three-point bound-

ary value problem of form (1). In this situation, u = (uy,...,uy,...), V= (Vi,..., Vy,...),

w:(wl,...,wn,...),tk=k(k=1,2,3,...),K(t,s)=e’(“1)S,H(t,s)=(1+t+s)’2,77=%,y:%,
B=6f=.... n..)and It = (i1, ..., Ixn, - - .), in which
St u, v, w)
1
e & e3¢ 5 1 5
+ u — u + Vo —w ,
20},12\/_ Unil Z m ; m 18713\/E< nty n+2>
Vte], =(0,00),uecP,={ucP:|ul|>0}LvweP(n=123,...) (86)

and

5k 1S -
Tin(u) = n{u2n+§<2um> } YueP, (k=1,2,3,..;n1=1,23,..). (87)
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It is easy to see that f € C[J, x P, x P x P,P], Iy € C[P,,P] (k=1,2,3,...) and condition
(H,) is satisfied and k" <1, &" < 1. We have, by (86),

72t —3t
{1(2” )+ 2 ||-1} ¢ (n 2+l ||3)
ul)" + =llu + viI®+ = |lw
= 20m 2/t 8 9 18m3./t 2

e_Zt : lel? . flaef ™ . Ivi? . Iwl®
2o lll™ + ol ™ + g IvIF + g 1wl ),
ZJ— 40 180 36

Vte],,ueP,,v,weP(n=1,2,3,...), (88)

0 <f.(t,u,v,w

so, observing the inequality > -, nLZ <2, we get

nd 1 1
If & w,v,w)| = E fu(t,u, v, w) < —(—Ilull +—||u||‘ +—||vII +— ||w||3),
n=1 «/—

Vte],,ueP,,v,weP,

which implies that condition (H,) is satisfied for

o2
a(t) = —
(®) 7
and
Lo, 1 1, 1,
gz = ooa + ook gV g
with
. (o] —2t 29
a = dt</ / e 2 dt = 2+—e2
o 14
By (87), we have

57k 1
0<Di(w) < —(llull+=lul"2), YueP, (k=1,2,3,...;n=1,2,3,...), (89)
1612 3

SO,

1 1
|| < §5k(||u|| + gnun%), VueP, (k=123,..),

which implies that condition (Hj) is satisfied for y = %5"( (y = é) and
1
Fx)=0+——.
x)=x+ 33

On the other hand, (86) implies

—2t
——|lul®], VteJ,ueP,v,weP(n=123,..)

w(Lu,v,w
Il 1602f
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and
o2
fult, u,v,w) > Wnun{ Vte],,ueP,,v,weP (n=12,3,..), (90)
so, we see that condition (Hs) is satisfied for b(t) = 1602} (b < %) 7(u) = |u||* and ug =
a..., n%,...) and condition (Hg) is satisfied for c(f) = 1;;):[ (¢ < 22530) o(u) = ||u||™* and
wi=(@,...,%,...). In addition, from (90), we have

n

0 1 —2t
’V(t,u,v;w)ui(z )160[ > WH ul™, Vte],ueP,v,weP,

which implies that (3) and (4) hold, i.e., f(t, u, v, w) is singular at £ = 0 and u = 6. Moreover,
from (87), we get

-k

5
Ton) > ——lul "2, VueP, (k=1,2,3,...;1=1,23,..),

48n2
and so,
X1 \5%* 1 -k 1
@) | = (> = )5z lull™2 > —ul ™2, VueP, (k=1,23,..),
n=1 n

which implies that (5) holds, i.e., I (1) (k =1,2,3,...) are singular at # = 6. Now, we check
that condition (H,) is satisfied. Let £ € J, and r > p > 0 be fixed, and {z""} be any sequence
inf(¢, Py, Py, Pr), where 2 = (zgm), ,zﬁ, ,...). Then, we have, by (86) and (88),

0 Sz(m) <

e‘2‘(29 , 1
n _}’12\/2

1
i (n,m=1,2,3,...). (91)
360 180p 36

So, {z } is bounded, and, by diagonal method, we can choose a subsequence {m;} C {rm}
such that
27 >z, asi—>oo(m=1,2,3,...), (92)

n

which implies by virtue of (91) that

i 2 , 1 1,
0<z, +—+ —r n=1,2,3,...). (93)
n2f 360° ' 180p @ 36
Consequently, Z = (Z},...,Zy,...) € I! = E. Let € > 0 be given. Choose a positive integer #
such that
—2t o
1 29 1 1
e_( Z —2) <%r2 * og %r3> < g (94)
\/z n=np+1 n p

By (92), we see that there exists a positive integer iy such that

€
|20 — 7, < 5 Vivio n=1,2,...,1). (95)
0
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It follows from (91) to (95) that

%) no 00
’kWﬂ_zu=§:kyﬂ_%‘§§:kyﬂ_2A+ 2:‘éﬁ”
n=1 n=1

n=np+1
o0
|_ | € € € Visi
+ E Zyl < -+ -+ - =¢, 1> 1o,
3 3 3
n=ngp+1

hence, z/") — z in E as i — co. Thus, we have proved that f (¢, Py, Py, P;) is relatively com-
pact in E. Similarly, by using (89), we can prove that I;(P,,) is relatively compact in E.
Hence, condition (Hy) is satisfied. Finally, we check that inequality (57) is satisfied for
& = 1. In this case,

1 1 12 1 1 7
M; <max{gx,y,2): —<x<1,0<y<1,0<z<1{<—+—+—+—=—
12 20 90 9 18 20

and

2./3

1
Di=max{F(x): — <x<1p <1+ — <22,
12 3

S0,

N(B+vy)
B+y-1

. o 1377 29 1 1,651
(Mla +D1y)<— %x—+2.2><— = <1,

11 14 32 1,760

i.e., inequality (57) is satisfied for & = 1. Hence, our conclusion follows from Theorem 1. (]

Example 2 Consider the infinite system of scalar first order impulsive singular integro-
differential equations of mixed type on the half line:

M/n(t) = 11 {\/ Mn(t) + 2”n+1(t) + (Z;il MWI(t))_Z}

n3t3 (1+1)3

1 t up(s)ds 1 R =5 inl(f _ 1
* n4t%(1+z)4 ( 0 1+ts+s2 )2 + (fO € " sin (t S)MSVI(S) dS)S}»
VO <t<oo,t#2k(k=1,2,3,...;n=1,2,3,...); (96)

—k —k 00 _
Attyleonk = S5 (201 (2K))3 + 25 (300 4 (2K))73
(k=1,2,3,...;n=1,2,3,...),
4u,(00) = 3u,(7) + 2u,(0) (n=1,2,3,...).

Conclusion Infinite system (96) has at least one positive solution {u, (t)} (n=1,2,3,...)
such that

Proof LetE=1"={u=(u1,...,Up,...) 0 3 ooy lthy| < 00} with norm ||ul| = Yo7, |u,] and P =
{u=(n,...,uy...)€ll:u,>0,n=1,2,3,...}. Then P is a normal cone in E with normal
constant N =1, and infinite system (96) can be regarded as an infinite three-point bound-
ary value problem of form (1) in E. In this situation, u = (4, ..., Uy, ...), v=V1,..., V.. ),
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W= Wi Wa.. ), B =2k (k=1,2,3,...), K(t,s) = (1 + ts + s2)7L, H(t,s) = e~ sin’(¢ — ),
n="7,y= %,,3: %,f:(fl,...,f,,,...) and Iy = (Ija,..., Iy, . . .), in which

-2
1 > 1
Hlbuwv,w) = ——— {\/un + 22Uy + (Z um> } + ———(v3, + w3,),

n3t3(1+1¢)3 n*t3(1+t)*

m=1

Vte],ueP,,vyweP(n=12,3,...) (97)

and

ek

Ikn(u)— u2n+1+ (Zum> (k=1,2,3,...;1=1,2,3,...). (98)

Itis clear that f € C[J, x P, x P x P,P], Iy € C[P,,P] (k=1,2,3,...) and condition (H;) is

satisfied and k~ < 72’, K" < 1. We have, by (97) and (98),

1 _ 1 1
0 <fut,u,v,w) < ————(V/3llull + lul >+ [vI2 + [w] 3),
m3t3(1+¢)3

VieJ,, ueP,,vyweP(n=12,3,...)

and

-k

2
0 <L) < - (lull + ul®), VueP, (k=1,23,..;n=123,.),
n

so, observing

f (& u,v,w)| < e (2~/_/W+2llull‘2+2llwl2 +2[wl3),
Vte],,ueP,,vyweP
and
4| < 2’k+1(||u||%‘ +ul ), VueP, (k=1,2,3,..),

which imply that conditions (H;) is satisfied for

at) = ——
t3(1+1¢)3

and

gx,9,2) = 2V3x+2x72 + 2y% +223
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with

a_/ooot3(1+t)3 /0 / (1+t)3:§

and (Hs) is satisfied for y; = 27%*1 (" = 2) and
F(x) = X3 +x75,

By (97), we have

1
fn(t,u,V;W)Zm”UH_Z, Vt€]+,u€P+,V,W€P(Vl=1,2,3,...) (99)
nt3(l+1¢

so, condition (Hg) is satisfied for

1 .13
c(t)y= 4—— <c :a“‘<—>,
t3(1+1)3 8

o(u)=lul?>and iy =(1,..., n%,.,.), Moreover, (99) implies

-2
flaell

1 ”u”_Z’
5(1+1¢)3 t3(1+1¢)3

E
o

el = (355) ot

- +t)

VteJ,,ueP,,v,wePb,

s0, (3) and (4) are satisfied, i.e., f(t,u,v,w) is singular at £ = 0 and u = 6. Similarly, (98)

implies

=1
| 2(w) | > (Z E)2-k||u||-3 >27Kull3, VueP, (k=1,2,3,..),

n=1

so, (5) is satisfied, i.e., [y (1) (k =1,2,3,...) are singular at « = . Similar to the discussion
in Example 1, we can prove that f(¢, Py, Py, Py) and I (P,,) (for fixed t € J, and r > p > 0;
k=1,2,3,...) are relatively compact in E = 11, so, condition (Hy) is satisfied. On the other
hand, we have

1

3
) x+y+2) 2 +x2(x+y+2)7"

0< g—(x,y,z) = 2\/§<

X+y+z X+y+z

)2(x+y+z)_5 +2<

<23x 0 +x73 42477 42473, Vx>0,y>0,z>0,

b
) (x+y+z)73

2
(x+y+z X+y+z

50, (76) is satisfied. Moreover, it is clear that (77) is satisfied. Hence, our conclusion follows

from Theorem 2. O
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