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1 Introduction

Non-smooth differential equations when the vector field is only piecewise smooth, occur
in various situations: in mechanical systems with dry frictions or with impacts, in control
theory, electronics, economics, medicine and biology (see [1-6] for more references). One
way of studying non-smooth systems is a regularization process consisting on approxima-
tion of the discontinuous vector field by a one-parametric family of smooth vector fields,
which is called a regularization of the discontinuous one. The main problem then is to
preserve certain dynamical properties of the original one to the regularized system. Ac-
cording to our knowledge, the regularization method has been mostly used to differential
equations with non-smooth nonlinearities, like dry friction nonlinearity (see [7] and a sur-
vey paper [8]). As it is shown in [7, 8], the regularization process is closely connected to
a geometric singular perturbation theory [9, 10]. On the other hand, it is argued in [11]
that a harmonic oscillator with a jumping non-linearity with the force field nearly infinite
in one side is a better model for describing the bouncing ball, rather then its limit version
for an impact oscillator. This approach is used also in [12] when an impact oscillator is
approximated by a one-parametric family of singularly perturbed differential equations,
but as discussed in [12], the geometric singular perturbation theory does not apply.

In this paper, we continue in a spirit of [12] as follows. Let 2 C R” be an open subset and
G: Q — Ra C?-function, such that G'(x) #0 forany x € S := {x € Q | G(x) = 0} C Q. Then
S is a smooth hyper-surface of Q2 that we call impact manifold, (or hyper-surface). We set
Q4 = {x € Q| £G(x) > 0} and consider the following regular-singular perturbed system:

sx =fi(x) +eg,(t,x,e) forxeQ,, W
x=f(x)+eg (t,x¢) .

forx e Q_
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for £ > 0 small. We assume that the system
X = + f Q+;
a.c filx) forxe 12)
x=f(x) forxe Q.

has a continuous periodic solution g(z) crossing transversally the impact manifold S, given

by

)= qg-(t)eQ_ for —T°<t<0,
7= g:(t) e, for0<t<T?

and g_(0) = g,(0) € S, g_(-T°) = q.(T°) € S. By transversal crossing, we mean that
G (q(£T2))g=(£T2) <0< G'(9(0))g+(0).

We set T, := T° + e T° and assume that g4 (¢, x, &) are T,-periodic in £.

Transversal crossing implies that (1.2) has a family of continuous solutions g(¢,«), & €
(an open neighborhood Iy of 0 €) R"~! crossing transversally the impact manifold S, given
by

q_(t,a) e Q_ for —T_(x) <t <0,
qt,a) =
q.(t,a) e, for0<t<T,(x),

where ¢_(0,a) = q,(0,a) € S, q_(-T_(a),),q (T, (@),) € S, and g+ (¢,0) = g+(¢) and
T+(0) = T?. Moreover, T+ () is C? in &, and the maps & > g(0, ) and & > g(£ T+ (), )
give smooth (C?) parameterizations of the manifold S in small neighborhoods 1/, of ¢(0)
and Uy of g(T?) = q(-T°). Then the map R: Uy NS — U, N S, q(0,a) > g, (T (), ) is
C2-smooth. In this paper, we study the problem of existence of a T;-periodic solution of
the singular problem (1.1) in a neighborhood of the set

lg-) 1t e [-T% 0]} U{q.(e) |t e[0, T?]}.

As a matter of fact, in the time interval [0, T?], resp. [-77, 0], the periodic solutions will
stay close to g, (1), resp. to g_(¢), and hence it will pass from the point of S near g(0) to
the point of S near g, (T?) in a very short time (of the size of ¢ 7°). So, we may say that the
behavior of the periodic solutions of (1.1) in the interval [-T?,eT?] is quite well simulated
by the solution of the perturbed impact system

x = f(x),
R(q_(O,a)) = 61+(T+(05)y06)-

1.3)

It is now clear that our study has been mostly motivated by the paper [12], where a
similar problem on planar perturbed harmonic oscillators is studied. However arguments
in [12] are mainly based on averaging methods whereas, in this paper, we investigate a
general higher-dimensional singular equation such as (1.1) by using the Lyapunov-Schmidt
reduction. We focus on the existence of periodic solutions and do not check their local
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asymptotic properties as, for example, stability or hyperbolicity. This could be also done
by following our approach but we do not go into detail in this paper.

Our results (see Theorems 3.1 and 5.1) state that if a certain Poincaré-Melnikov-like
function has a simple zero then the above problem has an affirmative answer. The proof
of this fact is accomplished in several steps. In Section 2, we show, for any « in a neigh-
borhood of @ = 0, the existence of a unique continuous solution x(f) = x(¢,a, ¢) of (1.1)
near the set {g(¢,a) | t € [-T°, T?]} which is defined in [-T_ + 7,¢T, + 7], Tx ~ T3 and
such that x(t) = g(0, «), for some 7, and x(-7_ + 7, e, ¢), x(e T, + 7,2, ¢) belong to Uy N S.
Moreover, o > x(—T_ +1,a,¢) and a > x(e T, + T, a, &) are C? close to g+ (£ T (a), ) and
thena > x(-T_ +7,a,¢) and o — x(s T, + T, , &) give C? parameterizations of S in neigh-
borhoods of g4 (£7_(«), «). Hence, (- T_ + 7, &, €) > x(e T, + 7, @, €) gives a Poincaré-like
map and a (7° + e T?)-periodic solution is found by solving the equations

x(eT, +1,0,8)=x(-T_+1,0,8),

T +¢eT, = T + 8Tf.

Thus, the bifurcation equation is obtained by putting conditions x(¢ T, + 7, ¢, &) = x(-T_ +
T,0,8), T_+eT, =T%+ STE and the fact that the points x(¢ T, + 7, ¢, ¢) and x(-T_ + 7, @, €)
belong to S together. Then, in Section 3, we use the Lyapunov-Schmidt method to prove
that the above equations can be solved for (T_, T, 7,a) >~ (T°, T?, 19,0) as functions of
& > 0 small provided a certain Poincaré-Melnikov-like function has a simple zero. We will

first study the case, that we call non-degenerate, when

%[%(n(a),a) - q-(-T_(a),@)],_,w#0, V¥weR"" suchthat T/ (0)w=0. (14)

Condition (1.4) has a simple geometrical meaning. The impact system (1.3) has a T°-
periodic solution if and only if the following condition holds:

q.(T(@), ) =q_(-T_(a),), T_-(a)=T°. (15)

Now, suppose there is a sequence 0 # o, — 0, as n — 0o such that (1.5) holds. Possibly

passing to a subsequence we can suppose that lim,_, IZ_:\ =w, |w| = 1. Then, taking the
limit in the equalities:
q(To(@n),0n) = 4-(=T-en) o) _ o T-(a) -T2 _
|ey | ’ |ey |

we see that condition (1.4) does not hold. Thus, (1.4) implies that, in a neighborhood of
a = 0, there are no other T?-periodic solutions of (1.3) apart from g_(t).
In Section 4, we define the adjoint system to the linearization of the impact system

x =f-(x),
x(0) =q-(0,), x(—=T_(a)) = R(x(0)), (L6)
G(-T_(2))=0, -T_(x)<t=<0

along the solution x(¢) = g_(¢,0) and relate the Poincaré-Melnikov function obtained in
Section 3 with the solutions of such an adjoint system.
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Section 5 is devoted to the extension of the result to the case (that we call degenerate)
where ¢, (T, (), &) = g_(-T_(«), ) for any « € Iy. We will see that our results can be easily
extended provided one of the following two conditions hold:

either T'(0) #0 or T_(a) = T° for any a € I.

Section 6 is devoted to the construction of some planar examples, although our results

are given for an arbitrary finite dimension. Finally, the Appendix contains some technical

proofs.

2 The bifurcation equation
We set u, (t,a) = q,(s7't, ), u_(t,a) = g_(t,a) and

u_(t,a) for —T_(x) <t<O0,
u(t,a) =
u,(t,a) for0<t<eT,(x).

Note that

El;t+(t,(x) =f+(u+(t,a)),

(¢, ) =f_(u_(¢,)),

0,a) = u_(0,),

(eT (@), ), u_(-T_(a),x) €S

Uy

Uy

and that u(¢,0) is a continuous periodic solution, of period T° + ¢T?, of the piecewise

continuous singular system:

ex=f,(x) forxeQ,,
x=f(x) forxeQ_.

Obviously, u_(¢, o) extends to a solution of the following impact system:

X =f_(x) forxe Q_,
x(t*) = q.(Ti(o),) whenwx(t”) = g_(0,0)

that can be written as

x* = f_(x) forx e Q_,
x(t*) =R(x(t7)) whenx(t7) e UyNS.

Our purpose is to find a T,-periodic solution x(z, &) of system (1.1), which is orbitally

close to u(t,«) for some o = a(¢) — 0, as € — 07 that is such that

sup |w(t+7(e),e) —u(t,a(e)) >0 ase— 0 (2.1)

—T9<¢<eT?

for some (z(¢g),x(g)) — (10,0) as ¢ — 0. Thus, we may say that, in some sense, the im-
pact periodic solution #_(t,0) approximates the periodic solution x(¢, ¢) of the singular
perturbed equation (1.1).

Page 4 of 33
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To this end, we first set x(¢ + 7) = %, (¢) + u, (t, ) in equation ex = f, (x) + £g, (¢, x, ¢). Then
x,(t) satisfies

ek —f) (. (6, 0))x = ho (6,7, %0, 8) (2.2)

where

h(t, T, %,0,¢)
=fi(x+ up (@) = fi (e (&) = f (s (8, 00)) % + £, (£ + T, % + u, (£,0), 6).
Since u,(0,«) describes Uy N S, we consider (2.2) with the initial condition xg = 0. Let
X, (¢,) be the fundamental solution of % = f(g.(¢,@))x, such that X,(0,«a) = I. Then
X, (¢7't, ) is the fundamental solution of &x = f/(u, (¢,a))x, with X,(0,«) = L. Let T, be

near T°. By the variation of constants formula, the solution of (2.2) with the initial condi-
tion x = O satisfies

t
x.(8) =7 / X, (8_1t,O[)X_1 (8_15,01)1’!(5, 7,%,(5), @, s) ds.
0

+

Thus, we conclude that for p > 0 and T, near T° equation ex = f,(x) + eg(t,x,¢) has a
solution x(t) such that sup,_,.r, |x(t + ) — u,(t,@)| < p if and only if the map x(t) — X(t)
given by

i) =¢7t /tX+ (e_lt,a)X’l(s_ls,a)h(s, r,x(s),a,s) ds, (2.3)
0

+

has a fixed point whose sup-norm in [0,eT,] is smaller than p. To show that (2.3) has a
fixed point of norm less than p, we set y(¢£) := x(e T, £), t € [0,1] and note that x(¢) is a fixed
point of (2.3) of norm less than p, with 0 <t < ¢T,, if and only if y(¢) is a fixed point of
norm less than p of the map:

t
y(t) = T+/ X+(T+t,a)X;1(T+a,a)h(8T+o,r,y(a),a,s) do, (2.4)
0

0 <t < 1. Note that

h(eT.t,T,x,a,8)=f, (x + 4+(fT+, Ol)) ~f (q+(tT+: Ol)) _f+/ (Q+(fT+, a))x

+eg, (z;tTJr + 1,8+ q+(tT+,a),8),

and hence in the fixed-point equation (2.4), we may also take ¢ < 0. Then since (x, T},
a,e) > h(eT,T,7,%a,8),0 <1 <1lisa C?>-map and

|\t 7,30, 8)| < A(1x]) 1] + Nelel,

where

Ngzsup[|g+(t,3?,£)| [teR, % <p+ sup  |g.(t, @)l le| 580},

te[0, T (o)), aely

Alp) = sup{|f' (x + g:(t,@)) = f'(q:+ (£, @) | 1 £ € [0, To ()], %] < o, € Lo},
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the map y(¢) — 7(t) is a C*-contraction on the Banach space of bounded continuous
functions on [0,1] whose sup-norm is less than or equal to p provided p is sufficiently
small, T, is near T, |¢| is small, « € I and 7 € R. Let y, (¢, 7, , T}, ) be the C*-solution
of the fixed point (2.4). We emphasize the fact that ¢ may also be non-positive. Then
%, (t,T,0,8) =y, (e T, 7,0, T}, €) is a fixed point of (2.3) and

x.(et,T,0,€) ::y+(T:1t, 7,0, T,,¢) (2.5)

is C? in all parameters and .
Writing T;'¢ in place of ¢ in (2.4) and using (2.5) we see that

t
x,(et,T,0,8) = / X, (&)X, (s, @)l (g5, T, %, (65, T, 0, 8), 0, €) ds, (2.6)
0
0 <t <T,. We have, by definition, x,(0,7,«, &) + u,(0,) = 4, (0,) € S and
x, (T, t,0,8) +u (eT,,a) €S

if and only if (recall that u, (¢ T,, &) = . (T, @))

T,

G<q+(T+,oz) + X (Ty, o)X (s, )y (85,7, 54 (65, T, 0, €), @, €) ds) =0. 2.7)
0

We remark that equation (2.7) has meaning also when ¢ < 0 but its relevance for our prob-
lem is only when ¢ > 0.

As second step we consider the solution of the differential equation on Q_:

x=f(x)+5g (t,x¢), %(7) = q(0,)
whichisclosetou_(t—t,a)on-T_+1 <t <71, T_ =~ T Let X_(¢, ) be the fundamental

solution of the linear system & = f” (u_ (¢, «))x such that X_(0,«) = I. Setting x(¢ +7) = x_(¢) +
u_(t,a) we see that (for t € [-T_, 0]) x_(¢) satisfies the equation:

x—f(u_(t,a))x=h_(t,1,%0,:¢), 2.8)
x

(0) =0,
where

h_(t,T,x,a,¢)

=f (x + u_(t,a)) -f (u_(t,a)) -f (u_(t,a))x +eg. (t +T,x+ u_(t,a),e).

Again by the variation of constants formula we get the integral formula:

x_(t) = /tX(t,oe)X(s,oz)‘lh (s,7,%-(s), 0, 6) s
0
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which, as before, has a unique solution of norm less than a given, small, p : x_(¢, 7,0, €),
with —T_ < ¢t < 0. At t = —T_ the solution of (2.8) takes the value:

0
—/ X_(—T_,U)X_(S,Ol)_lh_(s,‘E,&L(S,Ol,é‘),ot,&“) ds.

Now, we want to solve the equation
x_(-T_,t,0,8)+u_(-T_,a) =, (eT,,T,0,8) + u, (eT,,x)

that is [again using u, (¢ T, o) = q,(Ty, ) and u_(-T_, ) = q_(-T_,)]:

Ty
q.(Ty,a) + X,r(T,,,oz)X;l(s,oz)h,r (ss, T,x,(88,7,,8),a, 8) ds
0

0
=q_(-T_,a) - / X (=T_,e)X_(s,a) " h_ (s, T,%_(s,7,0,8),0, 8) ds. (2.9)
-T_
Of course, when (2.9) holds, then (2.7) is equivalent to

0
G<q_(—T_,oc) - X_(—T_,Ot)X_(S,Oé)_lh_(S,‘L',x_(S,‘L',O{,E),Ol,&‘) ds) =0. (2.10)
-T_

So, our task reduces to solve the system formed by equations (2.9), (2.10) together with
the period equation:

T +eT, =T° +&T?
that is the equation F(7,,T_,7,a,¢) = 0 where:

T, T.,t,2,¢)

x_(-T_,t,0,8) +q_(-T_, ) —x,. (e Ty, 7,0, 8) — g (T, 0x)
=| Glg_(-T_,a) — fj)T, X (=T_, )X (s, )h_(s,T,%_(s, T, 0, €), 0, &), €) ds)
T —T° +&(T, - Tf)

According to the smoothness properties of x_(¢,7,, ¢) and x,(s¢, 7,0, €), it results that
F(T,, T, t,a,¢)is C2.

3 Solving F(T,,T_,t,0,€)=0
In this section, we will give a criterion to solve equation F(T,,7_,7,a,¢) = 0 for
(T,,T_,7,a) in terms of ¢ for small ¢ > 0. We will use a Crandall-Rabinowitz type result
(see also [13, Theorem 4.1]) concerning the existence of a solution of a nonlinear equation
having a manifold of fixed point at a certain value of a parameter.

Our result is as follows. Consider the linear system

¥'§,(19,0)=0
Vo = [ + 91 G (g(=T° 0)g_(~T°,0) (3.1)
Y12 (= 10,0) - 22(72,0)] + Y1 G (q(=T°, 0))q_(~T°, 0)T"(0) = 0.
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We will prove that if (1.4) holds, system (3.1) has a unique solution, up to a multiplicative

constant, and the following result holds:

Theorem 3.1 Assume condition (1.4) holds and let (W, Y1, ¥2) € R” x R x R be the unique

(up to a multiplicative constant) solution of (3.1). If the Poincaré-Melnikov function

79
M(z) =y / X, (T?,0)X,(s,0)"g, (t,u(0,0),0) ds
0

0
vy / T 0)X (5,07 s+ 711 (5,0, 0) s

0
+ynG (q(—Tf), 0)) / X (—Tf), O)le(s, 0)g_(s +7,4-(5,0),0) ds (3.2)

-70

has a simple zero at t = 1y, then system (1.1) has a T.-periodic solution x(t,¢) satisfying
(2.1).

Proof To start with, we make few remarks on the functions x. (¢, 7, «, ¢). First we note that

when ¢ = 0 equation (2.8) reads

x :f_( + M_(t,a)) —f_(u_(t,a)),

which has the (unique) solution x(¢) = 0. Thus,
x_(t,7,00,0) = 0.

Next, differentiating equation (2.8) with respect to ¢ we see that %(t, 7,a,0) satisfies the

equation:

x—f(u_(t,o)x=g (t+7,u_(ta),0),
x(0) = 0.

Hence,
dx_ ! 4
x_¢(t,7,0,0):= B—(t, 7,0,0)= | X_(t, )X (s,) " g (s +1,u_(s,a), 0) ds.
€ 0

Next, x.(0, 7, a, ¢) = 0 by the definition and differentiating equation (2.6) with respect to

¢ at ¢ = 0 and using the equalities:
er(O,f,(X,S) = 0) h*,t(oftro’a; O) = 0; h*,x(oyfrora)o) = 0

we get

t
£5.00,1,0,0) = [ X,(6,0)X, 5,008, (1,10.0,0),0) s
0
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So, equation (2.9) at ¢ = 0 and T4 = T+ («) becomes

q- (—T_((X),(X) =4+ (T+(Ol), Ot)

which is satisfied for « = 0. Now we look at equation (2.10). Since 4_(¢,7,0,,0) = 0, we
see that when ¢ = 0 and 7_ = T_(«) the equality is satisfied. As a consequence, we get

q-(-T_(a), &) — g4 (T (), )
F(T(@), T-(a), 7,,0) = 0 (3.3)
T (a)-T°

and F(T?°,7°1,0,0) = 0. Next we look at derivatives of F with respect to T, 7_, « and
¢ at the point (79, 7%, 7,0,0). We have

0
ﬁ[x_(—T_, 1,0,8) +q_(-T-,0) =%, (e Ty, T,00,8) — . (T, ) |

=—x_(-T_,t,0,6) —g_(-T_,a) > —q_(-T_,a), ase— 0,

and similarly, using

ex(eTy,T,a,€) =f(x+(5T+: T,a,8) + 61+(T+,01)) —f(4+(T+,06))

+ sg(t +7,x,.(eT,, T,,8) + q+(T+,oz),8),

we get
a
[x_(—T_,r,a,s)+q_(—T_,(x)—x+(8T+,t,a,8)—q+(T+,a)]
oT,
=—ex,(eTy,7,0,8) — 4, (T, a) > -4, (T,, ), ase— 0.
Next
a
8—[x_(—T_,r,a,8)+q_(—T_,a)—x+(8T+,t,a,8)—q+(T+,oz)]
o
dq_ 9q,
—>i(—T_,a)— 1 (T,,a), ase— 0,
duo Jdo

and

d
8—[x_(—T_,1:,a,£) +q_(-T_,a) —x.(eT,,T,0,¢) —q+(T+,a)] —0 ase—0.
T

So, the Jacobian matrix L of F at the point (7?,T°,7,0,0) is

oF

L=—— (7°7°+1,0,0
8(]1+! T—}Tla)( * h ‘ )
~4.(T?,0) —4-(-T°,0) 0 Z=(-19,0) - %:(719,0)
= 0 -G'(q(-T°,0)g_(-1°0) 0 G(q(-T°0))%(~T°,0)

0 1 0 0
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and (., u_, 7,w) € R x R x R x R"! belongs to the kernel 'L of L if and only if

m- = 0,
[5G (=T2,0) = Z=(T7, 0)lw = 4. (T?, 0) s, (3.4)
G'(q-(-T°,0) 55 (-T2, 0)w =0.

From G(q_(-T_(a),«)) = 0, we get
aq_
G (q(-T°,0)) [—q_ (-T°,0)T'(0) + ai(—T?,O)] =0 (3.5)
o
thus, on account of the transversality condition G'(g(T°,0))g_(-T°,0) #0, (3.4) is equiv-

alent to

[3=(~1°,0) - %=(T9,0)lw = ¢, (T°, 0) i,
T (0)w=0, (3.6)
u_=0.

Next, from G(gq,(T,(«),a)) = 0, we get

& (a(1°,0)) [éﬁ(Tf, 0)7/(0) + - (Tf,o)] o (37)

then subtracting (3.5) from (3.7) and using g(T?,0) = g(-T°,0) we obtain:

G (q(1?,0))[4.(T2,0)T;(0) + 4-(~T°,0) T’ (0)]

-6 (a(13,0))| S (-1%0) - S (00|

o

So, if w € R"! satisfies (3.6), we see that
G (a(%,0))a, (1%,0)T: 0w = & (a(72,0)). (70,0},

and then, on account of transversality, T, (0)w = u,. Summarizing, we have seen that, if

(b4, -, T,w) € NL then p, = T.(0)w, u_ = 0 and w € R"! satisfies
(55 (=T°,0) - 5(T9,0)]w = 4,(T°,0) T, (0)w, (35)
T/ (0)w = 0.

On the other hand, if w € R"! satisfies (3.8), then (77,(0)w,0,7,w) belongs to N'L. So
NL = span{(0,0,1,0)} if and only if system (3.8) has the trivial solution w = 0 only. But
(3.8) is equivalent to

% [Q—(—T—(a):a) - Q+(T+(Ol)»0l)]a:ow = O;
T (0)w =0,

and hence (3.8) has the trivial solution if and only if the non-degenerateness condition (1.4)
holds. We emphasize the fact that, assuming condition (1.4), equation *(7T,, T_,7,®,0) =
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0 has the manifold of fixed points (T,, T_, t,«) = (T?, T°, 7,0) and the linearization of F at
these points is Fredholm with index zero with the one-dimensional kernel span{(0, 0,1, 0)}.
Hence, there is a unique vector, up to a multiplicative constant, U € R™*2 suchthat 'L =0,

ie.,
~4.(T?,0) ~4_(-T°,0) 0 2=(-1°,0) - 2=(12,0)
v’ 0 -G(q(-T°0)g-(-T°0) 0 G'(q(-T°,0)%(~-T°,0) | =0.
0 1 0 0

Writing i; = (Y, ¥, ¥n), ¥ € R, Y, ¢y € Rweseethat v, ¥y, ¥, satisfy (3.1). This proves
the claim before the statement of Theorem 3.1.

We recall that our purpose is to solve the equation F(T,,T_,7,,¢) = 0 for ¢ # 0 and
that F(T,,T_,7,«,0) = 0 has the one-dimensional manifold of solutions (7., 7T_,7,a) =
(T?,T°,7,0) and its linearization along the points of this manifold is Fredholm with the
one-dimensional kernel span{(0, 0,1,0)}. Hence, we are in position of applying the follow-
ing result that has been more or less proved in [13].

Theorem 3.2 Let, X, Y be Banach spaces and F: X x R — Y a C*-map such that F(x,0) =
0 has a C?, d-dimensional, manifold of solutions M = {x = £(u) | u € R%}. Assume that
for any u in a neighborhood of i = 0 the linearization L(i) = D1F(§(w),0) has the null
space Tg(,)M = span{&’(u)}. Assume further that L(1) is Fredholm with index zero and let
I(n): Y — RL(1) a projection of Y onto the range of L(w). Then if the Poincaré-Melnikov
function

[I- (1) ]D2F (£ (1), 0)

has a simple zero at u = 0, there exists € > 0 and a unique map (-&,&) — x(¢) € X such
that F(x(g), &) = 0. Moreover, D1F(x(¢), €) is an isomorphism for ¢ # 0.

Actually the statement in [13, Theorem 4.1] is slightly different from the above. Hence,
we give a proof of Theorem 3.2 in the Appendix.

We apply Theorem 3.2 to the map F(7,,T-,7,a,¢) with u = 7. Then L(r) = L is in-
iependent of 7, and hence so is I1(t) = IT. Next [I - 1]z = l—%l—gxz where RL = {{/}* and
Vo= (Y, ¥, ¥n) € RM2 4 € R”, Yy, ¥, € R, is any vector satisfying (3.1). To apply Theo-
rem 3.2, we look at the derivative of ]—'(Tf, T°,7,0,¢) with respect to ¢ at € = 0. First, we

have:

a[x+(8T+’a7 8) —x,(—T,,a,S)]
e F=0

T,
=/ X Ty o)X (s,0) g, (T, u(0,),0) ds
0

0
+ X_(—T_,a)X_(s,a)_lg_(s+ r,u_(s,a),O) ds
-T_

whereas differentiating (2.10) with respect to ¢ at ¢ = 0 we get

0
-G (q-(-T_,@)) /T X_(-T-, )X (s,0)g-(s + T,q_(s,),0) dls.
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We obtain then

E%(Tf, 7°,7,0,0)

- fOTS X+(T?: O)X+ (S: 0)71g+('[, q+(0’ O)’ 0) ds
~ /%70 X_(=T%,0)X_(s5,0) 'g_(s + 7,4-(5,0),0) ds
~G'(q(-T°,0)) [* X_(~T°,00X " (s,0)g_(s + T,4_(s,0),0) ds
0

and then the Poincaré-Melnikov function is:
M(1)
o
=y / X, (T?,0)X,(s,0)"g, (7, u(0,0),0) ds

0
0
+ w*/ X_(-T°,0)X_(5,0)"g_(s + T,u_(s,0),0) ds
-70

0
+ 191G (q(-T°,0)) / X_(-T°,0)X""(s5,0)g_(s + 7,4-(s,0),0) ds. (3.9)

-70
The conclusion of Theorem 3.1 now easily follows from (3.9) and Theorem 3.2. a

4 Poincaré-Melnikov function and adjoint system
In this section, we want to give a suitable definition of the adjoint system of the lineariza-
tion of (1.6) along ¢_(¢) in such a way that the Poincaré-Melnikov function (3.2) can be
put in relation with the solutions of such an adjoint system.

Let R: Uy NS — U, NS be the C'-map defined in Introduction and recall the impact
equation (1.6):

x =f- (%),

x(0) =q_(0,) € SN Uy,

x(=T()) = R(x(0)), (4.1)
Gx(-T(a))) = 0,

~-T(a) <t=<0O.

For « = 0, (4.1) has the solution x(¢) = g_(¢,0), —T° < t < 0. We let x(¢, o) denote the solu-
tion of the impact system (4.1) on [-T'(«), 0]. Then its derivative with respect tox at @ = 0

satisfies the linearized equation:

i=f(q-(t,0)u,

u(0) = %-(0,0),

R'(q(0,0))u(0) = u(-T°) - 4_(-T°,0) T, (4.2)
G(q-(-T2,0)[u(-T°) - 4_(-T°,0)T1] = 0,

T'(00)=T;: R*1 - R.
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Next, recalling (1.1), we consider a perturbed impact system of (4.1) (see also (2.8)) of the
form

x=f(x)+eg(t+1,x¢),

x(0) =¢_(0,) € SN Uy,

2(=T(a,¢)) = R(z;%(0), &), (4.3)
Gx(-T(a,¢))) =0,

~-T(x,e) <t <0

where R : R x Uy NS x (=68,8) — U, NS isdefined as follows: R(t;&,8) = x, (e T, (&, 7,¢8),T,¢)
and x, (¢, 7, €) is the solution of

ex=f,(x) +eg,(t+1,%¢8),

x(0) =&.

Note that R is a C>-map on R x Uy N S x R taking values on I/, NS and R(t;q(0,a),0) =
q+(T,(a),®); moreover, when g, is autonomous then R is independent of 7, so we may take
7 = 0 in its definition. We recall that for simplicity we write R(§) instead of R(7;&,0),& € S.

To study the problem of existence of solutions of system (4.3), we are then led to find

conditions on A(t), d and T; so that the non-homogeneous linear equation:

it = f1(q-(t,0))u = h(2),
u(0) = %=(0,0)0, 6 eR™,

W(=T%) - §_(~T°,0)T - R'(4(0,0))u(0) = d € R", (4.4)
G/(q_ (=T 0))[u(~T°) - 4_(~T°,0)T] = 0,
T=T

has a solution (u(¢),6, T). Let us comment on equation (4.4) (and similarly on (4.2)) that
condition u(—T°)—g_(-=T°,0)T —R'(g(0,0))u(0) = d only involves the derivative of R(§) on
the tangent space TS since #(0) = %‘(0, 0) € T:S, & = 4_(0,0). So, it is independent of any
extension we take of R(£) to a neighborhood of g_(0,0). We also note that for simplicity
we denote again by T the value of the linear functional 7; in (4.4).

Since G(R(q-(0,a))) = 0, we get

G'(R(¢-(0,0)))R (¢-(0,0)) aaq_ (

o

0,0)0 = 0

for any 6 € R"! and then

&' (R(4.(0,0)))d = G (R(4_(0,0))) [u(_Tf) 4 (-T%0)T - R (4(0, 0))83%(0,0)9]

=0.
So, if equation (4.4) has a solution, we must necessarily have

G'(R(q-(0,0))d=0 [& G(q.(T?,0))d=0].

Page 13 of 33
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Next, we define two Hilbert spaces:
X:= {(u,G,T) e WH([-T2,0],R") x R"! x R | u(0) = (o 0)9}
={(hd, T) e L*([-T% 0], R") x R" " x R x R | G/(R(q_(0,0)))d =0}.

Note Y is a Hilbert space and X is a closed subspace of a Hilbert space W'2([-T?, 0], R") x
R"! x R. Then (4.4) can be written as

A(u) 9! T) = (h¢d1 0) Tl)

with
Z —f_/(q,(t, 0)u
0 . 0 ,
Aluy6,1) = | T~ T2 OT =R (g(0,0)u(0)
G'(g-(~T°,0)[u(~T°) - 4_(-T°,0)T]
T
andA: X —> Y.

Lemma 4.1 The range RA is closed.

Proof Indeed, let A(u,,6,, T),) = (hy,d,, 0, T]') — (h,d,0,T;). Then

0
w(® = 2L (6,000, - f XX (1, )hals) i

and
R'(q(0,0))%(0,0)6, — 5=(-T°,0)6,
= —dy — [0 X_(=T°,0)X_(5,0) " 1, (s) ds — g_(~T°, 0) T},
G'(q_(~T°,0))d, = 0.
Since
0
—-d, - / X_(-T°,0)X_(5,0) " hu(s) ds — g_(-T°,0) T}
-70
- 0 —_
- / X_(=T°,0)X_(5,0) () ds — _(~T°,0) T,
-70
and R[R'(¢(0, 0)) (0,0) - ——( T°,0)-] is closed, then G'(g_(~T°,0))d = 0 and there

exists 6 € R™1 g0 that
dq_ 0q_ _
R (q(0,0)) 5= 4 L 0,00 - ai( 7°,0)d
o

=-£z-/0 X_(-T°,0)X_(s5,0)"hr(s) ds — g_(~T°,0) T.

70
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By taking

0
u(t) = ai(z:, 0)0 —/ X_@OX\¢,9)h(s)ds, T=T,
o

t
we derive (h,d,0,T1) = A(i1,0, T) € RA. The proof is finished. O
Next, we prove the following result.

Proposition 4.1 Let (h,d,T) € Y. Then the inhomogeneous system (4.4) has a solution
(u(t),0,T) € X if and only if equation

0
f v(e) h(t)dt + ' d+ Y Ti =0 (4.5)
_T70

holds for any solution v(t) of the adjoint system

v(t) + f(q-(£,0)) v(t) = 0,
[22(0,0)]'[v(0) - R'(g-(0,0)) ¥] =0,
v(=T°) =y + 1 G'(q-(-T°,0)),

v q.(T?,0)=0

(4.6)

and yr, =y q_(=T°,0) + ¥1G'(q-(=T?,0))¢-(=T2,0).

Proof Before starting with the proof we observe that, because of G'(g,(7°,0))d = 0, ¥ is

not uniquely determined by equation (4.5) since changing it with ¥ + AG'(g_(-T°,0))
A € R, the equation remains the same. So, in equation (4.5), we look for ¥ in a subspace
of R” which is transverse to G'(g_(-T°,0))". It turns out that the best choice, from a com-
putational point of view, is to take ¥ so that ¥ ¢, (7?,0) = 0 (see equation (3.1)).
First, we prove necessity. Assume that (4.4) can be solved for (#,0,T) € X and let
(), ¥, ), v e WY([-T?,0],R"), be a solution of equation (4.6). Then
h(t) = it) - f'(q-(t, 0))u(®),
aq_
d = u(-T°) - ¢_(~T%,0)T - R (q(0,0)) 7(0,0)6,
o
0=G'(q-(~1°,0))[u(-T°) - g-(-1°,0)T],
T.=T.

Plugging these equalities in the left-hand side of (4.5) and integrating by parts, (4.5) reads

v(0) %(0,0)9 -v(=T°) u(-1°) - / » [1®) +f(g-(£,0)) v(8)] u(t)dt

: dq.
oy [u(—TO) - q_(—Tf’,O)T—R’(q(0,0))%(O, o)e]

+91G (q-(-T°,0)) [u(-T°) = ¢_(-T°,0)T] + ¥, T =0
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or

* *

{5 0.0] o-r@00) v o

+[¥ =v(=1%) + 916G (g-(~1°,0)) Tu(-1?)

0 .
- [ [V(®) + 1 (q-(£,0)) v(t)] u(t)dt

T0

+[¥2 =¥ 4-(-T2,0) =1 G (¢-(-T2,0))4-(-T2,0)]T = 0 (4.7)

because of the definition of v, and the fact that (v(¢), ¥, ¥) satisfies (4.6).

To prove the sufficiency, we show that if (4,d, T) € Y does not belong to RA, then there
exists a solution of the variational equation (4.6) such that (4.7) does not hold. So, as-
sume that (4,d,0,T;) ¢ RA. By Lemma 4.1 and the Hahn-Banach theorem, there is an
(¥, %, V1, ¥) € Y such that

(00, Y1, ¥2), A, 0, T)) =0, VY(u,0,T) € X, (4.8)
and

((‘_/’ Ib’ I/_/b &2)1 (h) dr 0, Tl)> =1, (4-9)

where (-,-) is the usual scalar product on Y. We already noted that we can assume that
1/_/*é]+(Tf, 0) = 0, and (4.8)-(4.9) remain valid. Repeating our previous arguments, we see
that v(t) € W2([-T°,0],R") and that (4.8) implies (¥, v/, 1, ¥2) solves the adjoint system
(4.6). Summarizing, if (,d,0,T;) ¢ RA there exists a solution of the adjoint system for
which (4.6) does not hold. This finishes the proof. O

Again we note that equation (4.6) only depends on the derivative R'(g_(0,0)) on T, (0,0)S
since 2(0,0)'R'(q-(0,0))'y = [¢,(T?,0)T.(0) + 3= (T2,0)]'y = 24=(T?,0)"y, where we
use ¥ '¢,(T?,0) = 0 or, in other words, it is independent of any C!-extension we take of
R(§) to the whole Uj.

We now prove the following proposition.

Proposition 4.2 The adjoint system (4.6) has a solution if and only if (¥, V1) satisfy the
first and the third equation in (3.1) (and we take the second equation in (3.1) as definition

of ¥a).
Proof Indeed let v(£) be a solution of (4.6) then
wt) = Y)Y (-T°) 'v(-T°)

Y(t) = X_1()" being the fundamental matrix of the linear equation ¥(¢) + f/(g_(¢,0))" x
v(£) = 0. Then, taking v(-T°) = ¥ + 1 G (q_(-T°, 0))" the two remaining condition in (4.6)
read:

(350,01 V(=T [¥ + ¥1G'(¢-(-T°,0))'] - R (g-(0,0) ¥] =0,
¥'q.(T),0)=0
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that can be written as

%= (19, )”‘[w ¥1G(q-(-T°,0))'] - [¥"'R (g-(0,0)%=(0,0)]" = 0,
1/f*q+(T°, 0)

or else, on account of R(g_(0,«)) = g, (T, («), ®):
¥ (TS, 0) T (T2,00] + 16 (q-(-T2,0) 55 (-T2,0) = 0,
{ v q+(Tf, 0) =
The proof is finished. g
We conclude this section giving another expression of the Poincaré-Melnikov function

(3.2) in terms of the solution of the adjoint system (4.6). To this end, let v(¢) be a solution

of the adjoint system (4.6). Since a fundamental matrix of the linear equation
v+f(g-(t,0)v=0
is X~1(¢)” we see that
ut) = X)X (-T) v(-T°) = X' X_(-T°) [v + ¥1G (¢_(-T°,0)) ]
50:
vi(e)=[v +v1G (q-(-T%0)) | X_(-T°) X' (o).

Then

0 *
M) =y / X (0)7'g:(7,4.(0,0),0) dt + ,/_TO v(t) g-(t+7,9-(£0),0) dt

As for the first term in the above equality, we can show it is related to the impact R(z; €, €).

Indeed, from Section 2 we know that the solution of the singular equation

X =fi(x) + eg(t, x, €)
can be written as
x(t+1)=x,(0) + g4 (s_lt,a)
with x, (¢£) as in equation (2.6). Thus, & = x(t) = ¢,(0,«) € S and
R(v;€,6) =x,(eTy) + (T4, )
Ty

= | Xo(To, )X (s, )l (es, 7,2, (5),0,8) ds + g, (T, cx)
0

Page 17 of 33
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for some T, = T,(t;a,¢). Then

dR e T (T
g(r;q_(O,O),O):%(THO) %% +/0 X+(T+)X+ (S)g+(t,q+(0,()),0)ds

and then, using again ¥ ¢, (7?,0) = 0 we see that

()
w“/ X (T?)X; (5)g+(7,4+(0,0),0) ds = w*z—R(z;q_(o, 0),0)
0 &

.OR o .

M) =y 8—(r;q,(0, 0),0) + / v(t)'g-(t+7,4-(¢,0),0) dt. (4.10)
€ -1

When g, is autonomous, then R is independent of 7, and the expression (4.10) of the

Poincaré-Melnikov function should be compared with the one given in [14, Theorem 4.2]

where a Poincaré-Melnikov function, characterizing transition to chaos, is given for al-

most periodic perturbations of autonomous impact equations with a homoclinic orbit.

5 The case of a manifold of periodic solutions
In this section we assume that g_(-7_(«),®) = ¢, (T, («),«) for any « in (an open neigh-

borhood of @ = 0 in) R”"1. Hence, from (3.3), we see that
0
]-'(T+(oz), T_(Ol),T,Ol,O) = 0
T (a¢)-T°

We distinguish the two cases: T”.(0) # 0 and T_(e) = T° for all & in (an open neighborhood

of @ = 0 in) R”"L, First, we assume that
T°(0) #0.
Then a C?, (n — 2)-dimensional submanifold S of (an open neighborhood of o = 0 in)

R exists such that T_(a) = T° for any « € S. So, for ¢ = 0, (T, T_, t,a,0) = 0 has the

(n — 1)-dimensional manifold of solutions

(T, T-,71,0) =€, 7) = (To(@), T2, 1,00), (2, 7) €S xR,
So, we are in position to apply Theorem 3.2. First, we have to verify that the kernel
ND,F(&(a,7),0) equals the tangent space Ti(q,r) X, X = {§(,T) | (o, 7) € S x R}, and

then that the Poincaré-Melnikov function (vector):

[I- (e, 7)] D2 F (£(et, T),0)
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has a simple zero at («, ) = (0, 7p). Note that

T, (a)v 0
0 0
Tee,0)X = ’ tve TaS
E(a,T) Span 0 1 v
v 0
From (3.3), we get:
le(f(a»f),o)
-4 (Ty (@), ) -4-(-T°, ) 0 F=(-10%0) - % (T,(a),0)
= 0 ~G(q-(-T%0)q-(-T%a) 0 Glg(-T%a) %L (-T%e) |-
0 1 0 0

Note that D; F (£ (a, 7),0) does not depend on 7. Using G(q_(-T°,«@)) = 0and g_(-T°,«) =
q+(T,(a),@) for any « € S we easily see that

Dy F(§(a,7),0) =0

ITg 0,0y %

for any v € T,,S. On the other hand, assume that

1
e
w
~4.(T.(@),) ~4(-T% ) Y (-T0, o) = 225(T (@), @)
eN 0 ~G(q-(-T%a)g-(-T%a) G(g-(-T%a)3E(-T°,a)
0 1 0

for some pi,, u_ € Rand w € R*!, Then u_ = 0 and (i, w) satisfies

~G(To(@) )t + [ (-T2, ) = S(T, (o), o) ]w = 0,
G (q-(-T% ) 2= (-T %, a)w =0

that, on account of g_(-T°, &) = g, (T, (), @) is equivalent to

Q+(T+(0l); a)[TL(Ol)W — /,L+] =0,
G (q-(-T° ) 5= (-T%, a)w =0,

Now, from G(q_(-T-(«),a)) = 0 we get, for any w € R"L:
0q_
G (q, (—T,(oe), oz)) % (—T,(oe), oz)w =G (q, (— T (o), oz))i], (— T (o), oz) T (a)w
and hence

Gla(-1%a) L Toaw=0 & G(g(-T%a))i(-T%a)T (@w=0

da

Page 19 of 33
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which, in turn, is equivalent to w € T, S because of transversality and the fact that T,,S =
NT ().

Hence, we conclude that N'D; F(§ (e, T),0) = Te(g,0) X

Now we consider the second condition. The Poincaré-Melnikov function (vector) [I —
(a, 7)]D2 F (E(r, T),0), @ € S can be written as

¥ (@, 1)Dy F (£, 7),0), (5.1)

where " (, T) is a matrix whose rows are left eigenvectors of zero eigenvalue of the matrix
D, F(&(a,7),0), that is,

¥ (o, T)D1F (§(e, 7),0) = 0. (5.2)

Note that ¥ (o, T) = ¥ (o) does not depend on t since so does Dy F(£(«, 7),0). Then (5.1)
reads:

TO
Mo, 1) = 1//*(01)/0 X (T2, 0) X, (s,0) g4 (7, 9(0,),0) ds

0
+ l/f*(oz)/ X_ (—Tf,a)X_(s,a)_lg_ (s +17,q_(s,@), 0) ds
-70

0

+ l/tl(oz)G’(q(—Tf),ot)) / X_ (—T?,oz)X:l(s,oe)g_ (s + t,q_(s,ot),O) ds

-70

Arguing as in Section 3, equation (5.2) is equivalent to

¥ (@)q+(Ti (@), @) = 0,
wz(a)—[w*( )+ Y1()G (q(-T2, a)))g-(-T2, ), (5.3)
V(@5 (T @) - SE(T (@), a)] +Y1(@)G (q(-T° @) 5 (-T° @) = 0.

Moreover, the adjoint variational system along g_(¢, ) is defined as

v(E) + f(q-(t, ) v(t) =

[32(0,)]'[v(0) - R’(q_(O,Ot))*I/f(Ot)] =0,
V(=T?) = () + Y1 ()G (q-(-T°, @),
¥ (@) (T, (), &) = 0,

(5.4)

where (V" (), ¥1(a), Y2 () satisfy equation (5.2). Then the Poincaré-Melnikov vector can
be written as

T,
M(a, 1) (oz)/ T (o), a)X (t, ot)g+(r q:(0,a), O)

+/ v(t, o) g_(t +7,q-(t,@),0) dt (5.5)
-70
or else
., OR 0
Mo, t) = (a)a—(r;q_(O,a),O) +f v(t,a)'g (t+ 7,q_(t, @), )dt (5.6)
& _70
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v(¢, o) being the solution of (5.4) and X, (¢, «) the fundamental matrix of the linear equa-

tion
& =f](q.(6a))x.

Of course the only difference between the cases T7(0) #0 and T_(a) = T° for all @ € S is
that in the first case the Poincaré-Melnikov function is defined for («,7) € S x R while
in the second it is defined for (o, 7) € O x R for an open neighborhood O of 0 € R"!,
Summarizing, we proved the following result.

Theorem 5.1 Assume that q_(-T_(«),«) = q.(T,(a),«) for any o in a neighborhood of
a =0, and that either T' (0) # 0 or T_(a) = T° for any a (in the same neighborhood). Then
system (5.3) has a d-dimensional space of solutions where d = n or d = n + 1 according
to which of the two conditions T'(0) # 0 or T_(&) = T® holds. Moreover, if the Poincaré-
Melnikov function (5.5) (or (5.6)) has a simple zero at (0,7ty) then system (1.1) has a T,-
periodic solution x(¢, €) satisfying (2.1).

Finally, we note that when we can show that a Brouwer degree of a Poincaré-Melnikov
function from either Theorem 3.1 or 5.1 is non-zero then by following [15] we can show
existence results.

6 Examples
We consider a second-order equation

&%k = f,(x, %) + eg. (t, %, %,8), x>0,
¥ =f(x) +eg_(t,x,%,¢), x<0

with the line x = 0 as discontinuity manifold (i.e., with G(x,%) = x). We write g+ (f,«) =
+
(Zli((t'a))) with g_(0,a) = ( 0 ) (ie. qf(O,a) =0 and 47(0,&) = @ + ap). We also write

fi to a+o()
0

Q+(T+(0l), 0() = (W(Ol)) so that

ot~ (o)
o+ o o(a)

i.e., we take

0
R, 22) = (90(?62 - Olo))

in the plane coordinates (x;, ;). According to equation (5.4), the adjoint variational system
; ¥/ (@)

reads, with ¥ () = (w”(a)):

v =—f(q; (&, a))v2,

1'/2 =—Vn

v2(0) = ¢'(@)¥" (@) = 0,

(=T = 9'(e) + Y1 (o),

vy(=T%) = ¢ (),

V' (@)ela) + v"(@)f(0,9(a)) =0
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which can be written as (with vy = w and v; = —w):

w=f(q7 (t, a))w,
w(0) — ¢'()w(-T°) =0,

v =w(-T°), (6.1)
v'o(a) + ¥"f,(0,¢()) = 0,
Y =-w(-T°) -y

Note that (when ¢(«) # 0) the last three equation are actually the definitions of (&) =

v/ (@)
( v (@)
tion of the boundary value problem:

), and ¥ (@) in terms of the unique (up to a multiplicative constant) bounded solu-

i = £ (g (L e))w,
w(0) = ¢/ (@w(~T°) = 0

and the Poincaré-Melnikov function (5.6) reads:

OR
Ma, 1) = w(—Tf,a) (—f*(g’(z()“)) 1) a(t;q_(o,a),O)

0
+/ w(t,a)g_(t+r,q_(t,a),O)dt

70

whereas (4.10) reads:

0

OR
M) = w(—Tf) <—% 1) g(r;q_(0,0), 0) + /:TO w(t)g- (t +1,q_(t, 0),0) dt.

As an example, we take f_(x) = —x that is we consider the equation
X+x=¢eg (L,x%¢).

The unperturbed equation X + x = 0 with the condition #(0) = 0 has the solutions:

sint
q_(t,a):(a+a0)< ), -m<t<0
cost

and 7_(«) = . Note that, to have g_(t,«) € {(x1,%3) | 1 < 0} for -7 < £ <0 we need o +
g > 0.

We assume we are in the first (non degenerate) case that is it holds (1.4), which now has
the form

R(q—(o’ 0)) =q- (—7T, 0)»

%[R(q_(o,a)) -q-(-m,a)],_, #0. (6.2)

Note 7" (0) = 0 for this case. Since

qua»—qemm=( 0 ),

oa) +a +ag

Page 22 of 33
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(6.2) is equivalent to

@(0)=-ao, ¢ (0)+170. (6.3)

Then it is easily seen that system (6.1), with o = 0, reads

w+w=0,

w(0) - ¢'(0)w(-m) =0,
V" =w(-m),

Yo + ¥"f(0,—a0) = 0,
Y =-w(-m)-y"

Solving w + w = 0, we get w(£) = acos(t + £p) and the boundary condition reads: a(l +

¢'(0)) costy = 0. So, we can take w(t) = cos(t — 7) = sint. Since ¢(0) = —ap # 0, then

y'=0,  ¥'=0, Y1=1

and the Poincaré-Melnikov function reads

0
M(7) =/ g (t+1,00sint,ap cost,0)sint dt.

g

ks
+e Tg
equation X = f, (x, %), x(0) = 0, £(0) = « takes to reach the discontinuity manifold x = 0, we

For example, taking g_(¢,x,%,¢) = —xcosz(n )¢, where T? is the time the solution of

get
v .
M(t) = gao sin(27)
which has a simple zero at 7 = 0.

To conclude the example we need to find a second-order equation ¥ = f, (x, x) such that
(6.3) holds. We consider

%+ x=fi(xnx)=f (6 + i -1)g(x, %)

with f(0) = 0 and f7(0) # 0. It has the solution x = sint and y = cos¢. So, we take g, (t) =

(sint,cost) and then T? = 7. Note g, (T, (a),«) = (W&)) is equivalent to g; (T, (), ) = 0

and g7 (T, (@), @) = ¢(cr). Then ¢(0) = -1, so we take oy = 1. Furthermore,

9 9
/ _ ot , T = , — gt ,0).
¢'(0) =4, (,0)T,(0) + gL (,0) Ll (,0)

Setting ¢ (¢) := %q{(t, 0), we have

T+¢= 2f'(0)g(sint,cos£)(¢ sint + {cost). (6.4)
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Since ¢ (0,a) = 0 and 47 (0, ) = & + 1, we obtain £ (0) = 0 and z(0)=1. Clearly, (6.4) has a
solution ¢;(£) = cos t. Then the second solution is

t L2f'(0) [ cosog(sino,coso) do )
L(t) = COSt/ e° ds = sin te¥'(©) Jo cosglsino coso)do
0 cos2s

t
+2f'(0) cos t/ g(sins, cos 5)e¥’ (0 Jocosoglsina,coso)do gin ¢ o
0

Hence,
62 (£) = cos ter/(O) fég(Sina,COS o)coso dv
+£'(0) sin 2¢g(sin £, cos £)e? © JEg(sino coso)cos o do
- 2f'(0)sint /r sinsg(sins, cos s)ezf/(o) JogGinocoso)cosodo g
0
+£7(0) sin 2tg(sin ¢, cos £)e¥'© Jog(sino coso)coso do
This implies
@'(0) = &(r) = —e¥ O )5 glsinocoso)cosodo
Consequently, if

/ g(sino,coso)coso do #0
0

then ¢’(0) # —1. So, we conclude with the following.

Corollary 6.1 Let f(r) and g(x,x), g_(t,x,%,&) be C* functions such that f(0) = 0 #f'(0),
g (txx,6)=g (t+(1+e)m,x%¢) and

T
f g(sin¢,cost)costdt #0.
0

Suppose, also, that the function

0
M(t):= / g-(t+1,sint,cost, 0)sintdt

T

has a simple zero at t = 0. Then, for ¢ > 0, sufficiently small the singularly perturbed system

2% +x=f(x* +x* - Dg(x,x) ifx>0,
X+x=eg (L,x%¢) ifx<0

has a (1 + &)m -periodic solution orbitally near the set {(sint,cost) | -7 <t <m}.

To get a second example, we change the above as follows: we take

Q, = {(x,y'c) |x<0,5c>0} and Q_=R?\Q,
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with equations:

X+x=¢eg (t,x,%¢) for(xx) e,
&% +2x+3x2=0  for (x,%) € Q.

It should be noted that the discontinuity line is the union of the two halflines {x = 0,% > 0}
and {x < 0,% = 0} which is not C'. However, all results hold true as long as we remain
outside a (small) neighborhood of (0, 0).

The unperturbed equation on 2_ has the solutions:

—Cost 3
g-(t,a)=(a+1)| , ——mw<t=<0
sint 2

with g_(0,a) = —(& + 1)(3) and q_(—%n,a) = (o + 1)(?). Then g, (T, («),@) = R(g_(0,®)) is
Z+(t:0‘)) f

the value of the solution (2+ o)

3
X+2x+ Exz =0, x(0)=-(1+a),x0)=0

at the time T, (o) where z, (T, (@), &) = 0. Since the equation has the Hamiltonian H, (x, %) =

2

&2 + (x + 2)x%, we see that z, (¢, «) satisfies

22(t) + (z(t) + 2)22(15) =1-a)1+a)? 2z0)=-1-«, (6.5)
and hence
0
R(q-(0,0)) = g,(T: (@), ) = ((1 o) m) : (6.6)

We observe that T? is the first positive time such that x(7?) = 0 where x(¢) = z, (¢, 1) is the
solution of

Zrx+2)x2=1, x(0)=-1,
hence

~1.88292. (6.7)

TO_/O dx
N V1-x2(x+2)

More related results are derived in the Appendix.

Then equations (6.2) have to be changed to
3
R(9-(0,0)) =q- (—En,o),
0 3
—|R(g-(0,@)) —g_[ —=m, 0.
o Fo0m) o ()] 4

(6.8)
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But

R(q_(O,oz)) —q_(—%n,oz) =(1+a) (\/%_ 1)

and (6.8) easily follows. Now we compute the variational equation and the Poincaré-

Melnikov function. From (6.6) and g_(0, «) = (_(‘;‘)"1)), it follows that we can take

0
R(xlrx2) = <—x1m>

from which we get

R (g-(0,0)) = (_O 8) .

1
2
Note % +2x + 3x? = 0 has a homoclinic solution —2(3 tanh[%]2 —1), so the solution ¢, (¢, &)

is a part of a periodic solution inside of &2, bounded by the homoclinic one (see Figure 1).

Then, since in a neighborhood of q,(—%n, 0)= (?) we have G(x1,x;) = —x; we get

o(e(39)-()

Finally, since the equations on 2, can be written as

.561 =X%2,
Xy = —2%] — éxf

2

-1.0 -0.5 0.0 0.5 1.0

Figure 1 The upper parts of homoclinic and periodic orbits of X + 2x + %xz =0.
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we get

fi(g:(To(@), @) =£. (0,1 + )1 - @) = ((1 + a)(;/m> '

Putting all together we see that the adjoint variational system reads:

w+w=0, w+w=0,
(1) - (4)1=0, MO=2v"

-3 _ oy a1 < w(=3m)=v",
(gﬁ‘%”)l () + (o) W(=37) = =y + 4,
(W/) 0)=0 ¥ =0

The first three equations give the boundary value problem
. . 3
w+w=0, 2w(0)—w(—5n) =0

possessing the unique solution (up to a multiplicative constant) w(¢) = cos ¢ which gives

v'=0, Y¥"=0, Yp=-1

and, since g, (¢, %, €) = 0, the Poincaré-Melnikov function is

0
/\/1(1:):/3 g_(t+t,—cost,sint,0) cos t dt. (6.9)
-Sr

2

We conclude with the following.

Corollary 6.2 Let T° be as in equation (6.7), g_(¢,x,%,¢) be a (r + £ T?)-periodic, C* func-
tion and suppose that the function (6.9) has a simple zero at Tt = 0. Then, for € > 0, suffi-
ciently small the singularly perturbed system

% +2x+3x2=0  ifx<0andi>0,
X+x=¢eg (t,x,x¢) elsewhere
has a (7 + e T?)-periodic solution orbitally near the set {(—cost,sint) | —%n <t<O0}uU
{(z:(t,0),2,(t,0)) |0 <t < T}}.

As an example of the second situation, we consider the case where f, (x) = f_(x) = —x,
Q_ ={(x,x) | x <0}, 2, ={(x,%) | x > 0}, i.e., we take

ifx>0,

6.10
ifx<0 ( )

2% +x=0
X+x=¢eg (t,x%¢)

where g_(¢,x,%,¢) is a (1 + &) -periodic, C? function. Since

int
q+(t,a)=(a+ao)(sm ) O<t=<m
CoSt
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we get p(«) = —a — g for any « in a neighborhood of « = 0 and & > 0. Hence, we are in
the degenerate case considered in Section 5. The adjoint variational equation along g_(t, «)

reads now

w+w=0,

w(0) + w(-m) =0,
1/f” = W(_ﬂ))

—(a + o)y’ =0,
Y = —i(—) = .

The first two equations have the two-dimensional family of solutions w(£) = ccos(t + to).
We take the two independent solutions: w; (£) = cos t and w,(¢) = sin ¢ with the correspond-

ing vectors:

¥=-1L  ¥{=0, ¥{'=0,
Yy =0, y5=0, y2=1L

With g, (¢,x,%, &) = 0 (which implies R(7; &, ¢) is independent of ¢) the Poincaré-Melnikov
vector is then

M(a,7) = (f—on g-(t+7,asint,acost,0) costdt) '

f_on g (t+T,asint,acost,0)sintdt
Then we obtain the following corollary.
Corollary 6.3 Letg (t,x,%,¢) bea (1+¢)m-periodic, C? function and suppose that M(a, T)

has a simple zero at a = ag, T = 0. Then the singularly perturbed system (6.10) has a (1 +

&)1 -periodic solution orbitally near the set {(sint,cost) | - <t <m}.

Appendix
A.1 Further properties of the solution of (6.5)
From the identity

2ta) + (2.6 a) +2)22 (L a) = (1 - o)1 + )’

we derive

2(t,a) L
A-a)1+a)?-(z.(t, @) +2)22(t,a)

(7.1)

Note that

(1—a)(1+a)2—(x+2)x2:—(1+a+x)(—1+a2+x—ax+x2)

=(Ay —x)(x — By)(x — Cy),
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where
~-1+a++5-2a-3a?
Ay = 5 s By=-1-q,
-1+a—-+5-2a-3a?
C. - vz o - 3«a

and, for « sufficiently small (in fact for « € (-1, %))

Ay >0>B, >C,.

Using formula 3.131.5 in [16, p.254] we know that, forany A > u > B> C:

/“ dx _ 2F(x,p)
5 VA-x)x-B)x-C) JA-C
where
_ . [A=-C)u-B) _ |A-B
k := arcsin m, pi= e

and F is the elliptic integral of the first kind.

Next note -1 — o < z,(t,@) <0, z.(t,a) > 0 for ¢t € [0, T, («)] and z,(0,a) = -1 — @,

z,.(T,(«),a) = 0. Hence, (7.1) gives

T, () T () >
z. (Lo
T, (o) = f dt = +69)
0 0

VA -a)1+a)? - (2.t a) + 2)22(¢, @)

dx ~ 2F(Ky» Po)

0
-/Ba \/(Aot _x)(x_Bot)(x_ Ca) - \/Aa - Ca

where

. [ 10 + 6a ]
Kq = arcsin
5+ 30 + 345 - 2a — 3a?

_\/1+3a+\/5—2a—3cx2
o 2/0-a)5+30)

So,

2F (Kgs Par)

Y5 20 —3a%

T+(Ol) =

We are interested in o = 0. Then

arcsin|: 10 :| 1++/5
Ko = |, =
° svavsl T AvE
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and hence
A/ 1+«/§)
(7.2)

2F (arcsin[, / —2-],
V57 a5l .
=1.88292.

T,(0) =
J5
On the other hand, by (6.7), we directly verify that 7., (0) = 1.88292 by a numerical inte-
gration. But we derived (7.2) to get an explicit formula for T, (0) and in general for T’ (c)

Furthermore, the above computations also give
(7.3)

dx _ 2F(Ka(t)7pa)
5 - 20 — 3a?

z4 ()
‘= fB VA, -2 - B - Co)

forany 0 <¢ < T,(¢) and

Ko (2)
VA -a)5+3a)1 +a+z.(ta))
V5 =20 -3a02)(1-a++/5-2a -3a? +2z,(t,a))

= arcsin [2
(1+3ax+

}. (7.4)

Solving (7.3), we obtain

Ka(t):am(x/S 200 — 302 ,pa),

where am is the Jacobi amplitude function. Solving (7.4), we obtain

z.(t, @)
1+ a)(-3++5-20—3a2-3a(-1+Hy(t) + (3 ++5—-2a —3a?)H,(t)) 7.5)
V5 -2 — 302 — 3a(-1 + Hy(t)) — Hy(t) — /5 — 20 — 302H,(¢) ’
(7.6)

for
(t) := cos?(ky(2)) = cn® (v4 5-2aq— 3052%,]90[),

H,
where cn is the Jacobi elliptic function. Formulas (7.5) and (7.6) give explicit solution

(7.7)

z,(t,a). For a = 0, we derive
t A 1+4/5

—3+\/§+(3+\/_)cn(\/—2, [f
z,(t,0) =
s iy,

(1++/5)en(/54, )
We can also compute the Taylor series of (7.7) integrating by series the equation X + 2x +

= -1, %(0) = 0. Setting

342 = 0 with x(0)

[o¢]
a
x(t)=-1+ E — "
=2 n.
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we see that the following recurrence condition holds:

ﬂVH—Z An-h ah 3 " n
— _Z(n ! o = an+2+2an+52<h) a,_pay =0,

h=0

where we set (8) =1landag = -1, a; = 0. Since a; = 0, we see by the induction that ay,; = 0

for any k € N (note that in the product a,aok.1-, one of the two indexes is odd). So,

o 2
X(t) =-1+ ;ﬂznm

and

3 2n
Ax(n+1) + 242, + Z <2l’l) An-nyazn = 0.

For the first few indexes, we get

1 7
a2:a4:§1 a6:a4—9a§:—1, a8:a6_45ﬂ2a4=—13,

137
ayp = ag — 84&2&6 - 1056li = Tﬂlz =day — 1356126!3 - 630614616 =1463

so that:

7 13 137 1463
z.(t,0)= -1+ 2+ th - e R
22! 2-4! 4-6! 8! 4 - 10! 12!

On the other hand, using Mathematica, we can expand (7.7) to get

t2 t 7t6 1328 137£19 1912
z,(t,0)= -1+ — + — - + +
4 a8 2,880 40,320 14,515,200 = 6,220,800
2,531¢14 82,291¢1° 179,107¢18
+ — p—
63,402,393,600 3,804,143,616,000 166,295,420,928,000
1,972,291£%°

cey

" 17,013,300,756,480,000

which coincides with our above analytical expansion.

A.2 Proof of Theorem 3.2
Here, we prove Theorem 3.2. We emphasize the fact that proof mainly follows the idea in
[13, Theorem 4.1].

Proof of Theorem 3.2 The existence part is quite standard so we sketch it and give em-
phasis to the proof of invertibility of D;F(x(¢g),¢) for ¢ # 0. Since F(§(r),0) = 0, we get

L(w)€' (1) = 0 and, differentiating twice, DIF(€ (1), 0)(€"(1), &' (1)) + L(w)€"(n) = 0. As a
consequence, &'(u) € N'L(u) and

DIF(&(1),0)(v,w) € RL() for any v,w € NL(u).
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Let TT(w) : Y — RL(u) as in the statement of the theorem. We write x = z + £(u), with
z € NL(n)*. Applying the Implicit Function Theorem to the map (z, u, &) > TT(u)F(z +
£(u), ), we get the existence of a unique C2-solution z = z(u1, ) € N'L(11)* of the equation

IT(w)F(z + £(), €) = 0. From uniqueness, we obtain also
z(u,0) = 0.

Next, differentiating the equality IT(u)F(z(u, €) + £(u), &) = 0 with respect to ¢ and to ¢ at
(u,0), we get:

(L) 2, (11, 0) + E' ()] =0 = 2,(1,0) e NL(w),

() [L(1)ze (1, 0) + DoF(E(),0)] =0 = L(1)ze(1s,0) = ~T1(1) Do F (£(w), 0).

Next, for & # 0, equation [I — IT(u)]F(z(u, €) + (), &) = 0 is equivalent to e[ — TI(1)] x
F(z(u,e) +& (), €) = 0, but the Lh.s. tends, for ¢ — 0 to [I - IT(u)] D2 F(§ (1), 0) which gives
the Poincaré-Melnikov condition. We conclude that, if the Poincaré-Melnikov condition
is satisfied, for ¢ # 0 (small) there exists a unique solution of equation F(x,¢) = 0, x = x(¢) =
z(u(e), &) + &(u(e)), with 14(0) = 0.

Now we prove the invertibility of D1 F(x(¢), ¢). Since D1 F(x(¢), ¢) is Fredholm with index
zero, it is enough to prove that equation D; F(x(g), €)z = 0 has, for ¢ # 0, the unique solution
z = 0. Although F(z, &) := D;F(x(¢), &)z is only C! with respect to ¢, it is linear in z. Thus,
we can still apply the existence and uniqueness argument given above. Of course, F(z,0)
vanishes on the linear subspace M := {z € N'L(0)}, and clearly N Dy F(z,0) = {z € NL(0)}.
Next RD; F(z,0) = RL(0) so that [1(w) = I1(0). Thus, from the existence and uniqueness
result it follows that A'D; F(x(g), €) = {0} if the following condition is satisfied:

ze NL(0) and [I-TI1(0)][D}F(0,0)x'(0) + DiD,F(0,0)]z=0 = z=0.
On account of x(e) = z(1u(&), €) + £(14(¢)) we are led to look at the solutions of
[I-11(0)][D{ F(0,0)(2,,(0,0)14'(0) + 2:(0,0) + £'(0)14'(0)) + D1D>F(0,0)]z =0
with z € A'L(0). From the previous remarks, we get:
D7F(0,0)(2,(0,0)1/(0),2z) € RL(0) and D;F(0,0)(£'(0)u'(0),2) € RL(0)
for any z € N'L(0), since z,,(0,0)1'(0),£'(0)'(0) € N'L(0). So, the claim to be proved is
[I- 11(0)][D?F(0, 0)z:(0,0) + DiD2F(0,0)]£'(0) #0,

where we have replaced z with £’(0) since N'L(0) = span{&¢’(0)}. Now we differentiate the
equality

L(11)ze (11, 0) = =T1(1) Do F (& (1), 0) = M(u) — DoF (& (1), 0)
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with respect to i at = 0 to get

D}F(0,0)z:(0,0)&'(0) + L(0)z¢. (0,0) = M'(0) — D1D2F(0,0)€'(0).
Hence,

[I-T1(0)][DiF(0,0)z:(0,0) + D1D,F(0,0)]&'(0) = [I - T1(0)]M'(0) #0

since, from [I — IT(u)]M(u) = M(u) and M(0) = 0 we get [I - I1(0)]M'(0) = M’(0). The
proof of Theorem 3.2 is complete. d
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